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C. 1. MemBesinanu

IlocTpoenmne nokasaTeJbHBIX IIPOrPaAMM apupMeTuKN
HaTypPaJIbHbIX YHCEJ B JIBOUYHOM IIPE€/ICTABJIEHUU

Annoranus. llognepxkka sasucumovir munoé B QYyHKIMOHAIBLHOM SI3BIKE
nporpammupoBanus Agda co31aéT BO3MOXKHOCTB BKJIIOYATH B IPOrPAMMY
MAaIllMHHO-IIPOBEPSIEMbBIE JI0Ka3aTe]bCTBa. PaccMOTpeHa 3a/1a4a JOKa3aTeJIbHOTO
BKJIFOUEHUsI AJITOPUTMOB apuMEeTHIECKIX AeHCTBUN HAJ HATYDPAJIbHBIMU YUCIAMU
B JIBOUYHOM IIPE/ICTABJIEHUH.

ITocrpoena 6ubanorexa NOKA3aTENILHBIX IPOIPAMM AJITOPUTMOB OOBITHBIX
NHMCBbMEHHBIX BBIUUCJIEHUH, JeHCTBYIOMMX HaJ CIUCKAMU JIBOMYHBIX Pa3psi/IOB
uncest. OHa COAEPXKUT MAIIUHHO-IIPOBEPsiEMbIE JOKa3aTe/bCTBA HEOOXOIUMBIX
CBOMCTB IPUMEHEHHBIX AJIFOPUTMOB, HCIPABJISET U CYIECTBEHHO JONOJHSET YaCTh
Bin cranmaprHoit 6ubiauoreknu lib-0.16 s3wpika Agda.

Kmoueswie crosa u ¢pasnvi: komnbioTepHas anrebpa, apudMeTuka [BOMYHBIX KOAOB, AOKa3aTeNb-
Hoe mporpaMmmupoBaHune, si3bik Agda.

1. Bsepenne

B nporpaMmax Ha aJrOPATMUYECKOM fA3BIKE OOBIYHO OIUCHLIBAIOTCS
3Hauerus 1 munv, (MHOXKECTBA 3HAUEHNH ). 3a6ucumbie munsv. CyTh Te
THIIbI, KOTOPBIE 3aBUCAT OT 3Hadenwuii 1], |6]. Hanpumep, Tun Beex crmckos
JUTMHBL 0 3aBUCHT OT YUCJIA 1.

Hasume 3aBHCHMBIX THIIOB JaéT BO3MOMKHOCTD BKJIIOYATh B IPOIPAMMY
MAIITHHHO-TIPOBEPsIeMble JI0KA3aTeIbCTBA B B OOLIYHOIO HPOrPAMMHOTO
KoZa PYHKIUHA. DTO 3HAYUT, YTO IIOMUMO AJTOPATMA BBHIYHCJICHHS IPOrPAM-
Ma MOYKeT COJepyKaTh MaTeMaTHYeCKue Olpe/Ie/eHus i YTBEeP K IeHUs, U 9TH
HOCTIEHIE MOT'YT OTHOCUTBCSI K aJI'OpUTMy. Takue onpene/ieHus U yTBep-
JKJICHUSA MIPEJICTABIAIOTCA B BHE OObABICHUIT TUIIOB C UCHOIb30BAHIEM
coorsercreust Kappu-Xosapza ([6], [7]). B sTom coorsercTBrn
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e MATEMATUYECKOMY (JIOMMYIECKOMY) BBICKA3BIBAHUIO COOTBETCTBYET THII,

e JIOKa3aTeJbCTBY BBICKA3bIBAHUS COOTBETCTBYET JII000€ BBIPArKEHIE,
IIprHaJJIezKallee JaHHOMY THILY,

e HEJIOKA3yeMOe BbICKAa3bIBaHUE COOTBETCTBYET IIyCTOMY THILY L C IIyCTLIM
MHO>KeCTBOM 3HaYeHWUI,

o MMILIUKAIA COOTBETCTBYET TUIY (DYHKINH MeXKIYy COOTBETCTBYIONIMA
TUTIAMH,

e KOHDBIOHKIIMU COOTBETCTBYET IIPSAMOE IIPOU3BE/ICHIE _X_ THUIIOB,

e JIU3BIOHKIINN COOTBETCTBYET CyMMa _W_ TUIIOB,

e OTPUIIAHUE BBICKA3BIBAHUS COOTBETCTBYET THUILY BCeX (DYHKIIUIA,
0TOOPAaKAIONINX JIAHHDIM THI B IyCTOH THIL.

3a/laHne TAKUX THIOB U JEHCTBUS ¢ HUMU aJIeKBATHO OJIIEPXKUBAIOTCS
HAIIPUMEP B U3HAYAJILHO OOJIee OPUEHTHPOBAHHOM Ha MPOrPAMMUPOBAHIE
JIOKA3aTeIbCTB, UeM Ha BbluucjeHus:, s3bike Gallina [3]. Hasee Gyaer
PACCMOTPEH MPUTOHbI [T BEIMHCICHIH A3BIK mporpaMvuposanns Agdal,
no cyru pacmupsitormuii Haskell [2] korcrpykumeit 3apncnmvpix Tunos. Ox
TAK¥XKe OTJIMYAETCS YUCTON (DYHKIIUOHATBHOCTBIO U «JIEHUBON» MOJIEIIHIO
BBIYUCJICHUIL.

Taxk, B mokazarenbcrBax B Agda-mrporpaMMax MpuMeHEHUE JIEMMbI
BBIPAXKAETCs B BUJIE BBI30Ba (DYHKITHH, & JTOKA3aTEIHCTBO 110 WH/LYKITUU
BBIPAYKAETCS B BUJIE PEKYPCHH.

KoHCTpYyKTUBHBIE BBIYUCIEHUST U JIOKA3ATEIbCTBA € UCIOIHL30BAHIEM
3aKOHA UCKAIOYEHH020 MPEMbE20 BO3MOYKHBI TOJIBKO B CJIydae aJro-
PUTMHYECKON Pa3pelnMOoCTd OTHOIEeHUs. B qacTHOCTH, BBIMUCICHUS U
JoKazaresbersa Buga «Ecam x <y, To crrocob 1, mrade criocob  2» mpe-
[0JIAraioT ONPEJIEIEHHOCTD (DYHKIUKM CPABHEHUS «<» B PACCMATPUBAECMON
obsactu.

Cleyromnmuii WITIOCTPATUBHBINA TTPUMEDP BBOJUT HEOJATOTOBJICHHOTO
YUTATENs B JIOKA3aTEbHOE TPOIPAMMUPOBAHIE.

1.1. MNMpumep pokasatenbcrea Ha s3bike Agda

[TPuMEP 1. Dopmasusosamsv u dokazamsd ymeepoicoerue

(1) «0A8 1106020 HAMYPAALHOZ0 YUCAG I
6HINOANEHO ceoTicmeon + 1 =1 +n».

1http ://wiki.portal.chalmers.se/agda/pmwiki.php
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HarypaJibHable duciia pecTaB/ieHbl B YHAPHON 3aluCh, ¢ KOHCTPYK-
TOPOM suc JIJIsl TOCTPOEHUsI cyaemyioniero ancaa. Hanpumep, quciio 2
IpeJICTaBUMO B BuJle suc (suc 0). OyHKIUSA CIOXKEHUS _+_ OIpeJiesieHa B
BHUJIe PEKYPCHUBHON IIPOrPaMMBbI, UCIIOJIB3YIOIIEH COMOCTaBIEHNE ¢ 00Pa3IOM:

+_ : N> NN -- S— T ecTs Tunm ¢pyEkumi u3 Tuma S B Tum T

0 +n=n
(suc m) + n = suc (m + n)

st mroboro tuma T BhIpaskeHne «x : T» O3HAYAET OODbSIBICHUE <X
umeer tuil T». IleseBoe BbickaspiBanue (1) B HallleM IIpUMepe BbIPAXKAETCs
B Bujie THIa si3bika Agda ciemyiomum obpa3om:

(n:N)->n+1=1+n -- Ha30BéM 3ToT THIO F
TOYHEEe — B BHUJIE CEMENCTBA TUIIOB, 3aBUCIIIETO OT IMapaMeTpa n. Taxoit
rmapaMerp HasbIBaeTcs urndexcom Ajsi Tuna. JIrobas dyHKIUsT lemma,
nMeromas TUl F, 0ObABISIeTCST KaK

lemma : (n : N) -n+1=1+n

s mr000ro yTBEp2KIeHus JTI000€e BhIPAXKeHUe, IPUHAJIeYKAIIee THITY,
COOTBETCTBYIOIIEMY 9TOMY yTBep2KIeHuio B cMmbicie Kappu-XoBapma,
Ha3BIBACTCs CE8UJEMEALCMBOM M KOHCTPYKTUBHBIM JOKA3ATEIbCTBOM JIJIst
9TOrO yTBepKieHus. TaK, B HaIIEM HIPUMepe IEJIbI0 SBJISETCH IIOCTPOUTH
BBIpaykeHne — Tesio MYHKINH, UMeroIeil Tu F.

Turmn + 1 =1 + n eCTh THUII CBUJIETEIHCTB 3TOI'0 PABEHCTBA JJIs BCEX
n. Tun F moctpoen u3 tumoB (n : N) u (n + 1 = 1 + n) OpuMeHEHTEM
KOHCTPYKTOpPa «—». OH OIMUCHIBAET MHOXKECTBO BCEX OTOOparKeHUil, 0To0pa-
2KAIOIINX BCIKOE HATYPAJJIbHOE UUCJO N B CBUJIETEJIHCTBO JJIs PABEHCTBA
n+1=1+n.

s dyskimn £ Tuna F n 3HadYeHnsi n @ N BBI30B (f n) JIOJIKEH COIJIACHO
cMbicty GyHKIUA B a3bike Agda MOCTPOUTH TaKoe CBUAETENBLCTBO. JIiobast
Takas QYHKIUs JaET KOHCTPYKTUBHOE JTOKA3ATEIbCTBO YTBEPKICHU ST
(1). Eciin xoMImiisiTopy He IPEIbsABIEHO HUKaKOM (byHKumu Tuna F,
TO OH CYUTAET, 9TO JIOKA3ATEIHCTBO OTCYTCTBYeT. PaccmoTpum mpumep
JIOKa3aTeIbCTBa yTBep K qeHust (1):

lemma : (n : N)»n+1=1+n
lemma O = refl
lemma (suc n) = cong suc (lemma n)
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3aech Tuil N, KOHCTPYKTOD suc («CJIeYIONHil» ), OTHOIIEHUE = PABEHCTBA,
KOHCTPYKTOD refl U (pYHKIHS cong Jijisl IPABUJI BBIBOJA OIPEJIEIEHBI B
craHgapTHON bubsamoreke. Jloka3aTesbCTBO IIOCTPOEHO MHIYKITAEH 110
IIOCTPOEHUIO 3HAYEHUS N U IIPEJCTABJIEHO B BUIe Teja (DYyHKINN lemma.
Epmany koMmmraTop 3aMensieT Ha BbIpaxkenne (suc 0). IlepBoe mpemgio-
KeHue (DYHKIUY [IPeCTABJISIeT JTOKA3aTEIbCTBO OCHOBAHUS WHTYKITUU.
CoOTBETCTBEHHO, B IIPABOI YACTU CTOUT JOKA3ATE/JILCTBO yTBEPXK IEHUS
0 + (suc 0) = (suc 0) + O.

CuMBosibHBIE BbIuucsienus (6e3 IpuIaHus 3HAYCHUN [IePEMEHHbIM) Bbl-
paXKeHus 110 IporpaMMaM, HaXOJAIIIMCS B II0JI€ BUJUMOCTH KOMIIUJISTOPA,
Ha3BbIBAIOTCS HOPMAAUZAUUET. KOMIMIITOD IPUMEHSIET HOPMAaJIU3aIIAIO
aBToMaTndecku. Hampumep, Beiparkenue (suc 0) + n B HAIIEM CJIydae
HOPMAaJIN3yeTCsI K BBIPAXKEHMIO suc n. Tak»Ke u Tud (suc 0) + n = suc n
HOPMAaJIN3yeTCs K TUIYy Suc o = Suc .

KoucTpykTop refl B epBoM INpe/iozKeHIN (DYHKINN lemma O3HAMAET,
9T0 00€ YACTU PABEHCTBA

0 + (suc 0) = (suc 0) + O
HOPMAJIM3YIOTCS 110 IIPOrpaMMe it PYHKIIAA +, 1 HOPMAaJIbHbIE (DOPMBI
cpaBHUBaIOTCA cuHTakcudecku. OyHKIHMS + ONpesiesieHa BhIIIE TaK, ITO 9T,
HOpMaJIn3aIus JaéT PaBeHCTBO suc 0 = suc 0. Ero jokasaresbcTBOM
ABJIAETCA KOHCTPYKTOD refl.

OyHKINSA lemma JJIs JI060T0 k : N JIO2KHA B COOTBETCTBUU C €6 TUIIOM

CTPOUTDH JIOKA3aTEJIBCTBO PABEHCTBA

k + (suc 0) = (suc 0) + k.

Omna onpejiesieHa peKypcuBHO. uc/Io k MOXKET UMETh B YHAPHOM cucTeMe
BuJ 0 i Buf (suc n). OyHKIUS lemma 3a/1aHA T€PE3 COMOCTABJICHUE C
obpasmom. [TosToMy B j1eBOil 9acTu IIEPBOIO IIPEJJIOXKEHUsT €CTECTBEHHO
TIOCTaBUTH 0Opa3zer; (lemma 0), a B JIEBO YACTH BTOPOTO IIPEJTOKEHUST
eCTeCTBEHHO 1ocTaBUTh obpaser (lemma (suc n)). Torma B jokazareabcTBe
OyzmeT pa300paH MOJHBIN HAOOP CJIyJIaeB.

Coaydait (lemma 0) COOTBETCTBYET OCHOBAHUIO WHILYKITUU.

Coayuaii (lemma (suc n)) IpejcTaB/isieT mar UHAYKIuU (k = suc n).
Tak kax g a1000ro k 3uadenne (lemma k) OODbSABJIEHO MMEIOIIAM THUII

k + (suc 0) = (suc 0) + k,
TO JJIs1 JTI0O0ro n 3HadyeHne (lemma (suc n)) JOIKHO UMETH THII
(suc n) + (suc 0) = (suc 0) + (suc n)
(kommusIsiTOp HOZICcTAaBIsAET (suc n) BMecTo k). [Tosromy B npaBoii uacTu
BTOPOIO NPEJJIOKEHNs (DYHKIINN lemma KOMITAJISTOD OXKUJIAET HOCTPOEHIE
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JO0Ka3aTeJIbCTBa PaBEHCTBa
(2) (suc n) + (suc 0) = (suc 0) + (suc n).

JleBast 9acTh ITOr0 PABEHCTBA HOPMAJIU3YETCsI K BBIPAYKEHITIO

suc (n + (suc 0))
B CHJIy BTOPOI'O IpejioxKeHust pyHKImu +. [IpaBast 4acTh HOpMaJu3yercs K
BBIPAKEHMIO suc (suc n). DTO NPUBOJAUT PABEHCTBO (2) K BUIY

(3) suc (n + (suc 0)) = suc (suc n).

KoMumisitop jeaer HOPMAJIM3AIMIO U 3aMEHsIeT 1edb JI0Ka3aTeIbeTBa (2)
na 1eib (3). To ectb B paBoil 9acTU BTOPOrO IIPEJIOKEHUS IIPOrPAMMBI
lemma JIOCTATOYHO [OCTPOUTH JOKA3aTeILCTBO paBeHcTsa (3). B mpasoii
JacTU 3TOrO IIPEJJIOXKEHHUsI CTOUT BbIparkeHue cong suc (lemma n). DTO
KOMIIO3UIUS BLI30BOB (PYHKIUiI lemma U cong.

OnHa paBHOCHJIbHA BBIPAZKEHUIO

let
p:n+ (suc 0) = (suc 0) + n
p = lemma n
in
cong suc p -- QyHKIOHS cong HMeeT gBa apryMeHTa

ITo pekypcun, p ecTb HEKOTOPOE JTOKA3ATEIHCTBO PABEHCTBA
n + (suc 0) = (suc 0) + n
DOyHKINA cong MPEJICTABISIET AaKCUOMY U IIPABUJIO BBIBOJA U3 BCAKOTO
paBeHCTBa x = y paBeHcTBa £ x = £ y. llHade roBops, 1jis j1000it byHKIINI
f U e€ apryMeHTOB x U y YTBepKJieHne cong £ q : (£ x = £ y) BBIIIOJI-
HEHO, KaK TOJbKO q : x = y. [losToMy BBI30B (cong suc p) CTPOUT U3 p
JOKa3aTeJIbCTBO PABCHCTBA
suc (n + (suc 0)) = suc ((suc 0) + n).

IIpaBast ero 9acTh HOpMAaJM3YETCsI K BBIPAXKEHUIO suc (suc n), JOKa-
spiBast (3). Jduist KOMOWJIATOPA 9TO TO KE CAMOE, UTO JOKA3ATEIbCTBO
pasencTBa (2). Jloka3aTeabcTBO IOCTPOUII BBI3OB cong suc (lemma n).

Mp1 yBHI€/IM, YTO TEJIO (DYHKIMH lemma IIPE/ICTABIISIET WHIYKTUBHOE
JIOKA3aTeIbCTBO, B KOTOPOM PEKYPCHS IIPEJICTABJIsIET IIal B WHIyKTUB-
HOM pacCyzKJeHnn. 3aJadeii KOMIWIATOPA ABJISETCS ITPOBEPKA TAKUX
IOKA3aTeILCTB. O
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1.2. Opyrve obuwime 3ameyvaHns

IlepeunciienHble Y€PTHI CHCTEMBI TUIIOB JAI0T BO3MOXKHOCTH aBTOMAaTHU-
YEeCKOI MPOBEPKU PA3JIMIHBIX CBOUCTB IIporpamm. B wacTHOCTH — €8
IIPaBUJILHOCTHU, KOTJIa 3Ta IIPABUJIbHOCTb BbIPakeHa B BHUJE THUIIA U JIaH
UCXOZHBIH TeKCT (k00) DYHKIUHE COOTBETCTBYIOIIETO THIIA.

TIporpaMMHBIl MOIYJIb BKIIOYAET OObSABICHUA TUIIOB M UCXOIHBI KOJI
dyuxmmii. B mokazaTeslbHOM IIPOrpaMMUPOBAHAN TPOTPAMMHBINA MOJLY/Th
OIUCBIBAET HE TOJBKO AJITOPUTMBI, HO U HEKOTOPYIO CBSI3AHHYIO ¢ HUMU
bopMaIbHYI0 TEOPUIO, CONEPKAIILYIO onpedeseHus U J0Ka34MEALCMEA, BOC-
IpUHEMAEMble KOMIIIATOpoM. HarpumMep, aaropurM yuopsodeHus ClucKa
COTIPOBOXK/IAETCS ONPEJIETIEHNEM TIOHATHS YIIOPSIOYEHHOCTH CITHCKA 1
BKJIIOYaeT (MJIM COIPOBOXKIAETCs) JI0KA3ATEIbCTBO(-0M) TOI0, YTO PE3y/ILTaT
SIBJIACTCS YIIOPSIOYCHHBIM CIMCKOM, COJEPKAIIUM T€ Ke IJIEMEHTBI, YTO U
MCXOMHBIN crucoK. JIpyroit mpumMep: byHKIUIO JBOUTHOTO KOJTUPOBAHUS IHC-
JIa, €CTECTBEHHO COIPOBOXKJIATD JIOKA3ATEILCTBOM B3AMMHON OJJHO3HAYHOCTH
5TOro orobpaxkenusi. To ecTh mporpaMMa MOMKET MPEJICTABIATD U3JI0KEHIE
HEKOTOPOIi Teopuu, Kak B HAY4IHOH cTaThe wim B Kaure. Ho sta Teopus
JIOJZKHA, OBITH MOJHOCTHIO (DOPMAILHON 1 IIPOBEPSIEMOi KOMITAISITOPOM.
Ona MOKeT OBITH TOCBAIIEHA KAKAM-TO BBIYUC/IUTENBHBIM METO/IAM, &
MOXKeT OBITh €IIE TIOCBAIIEHA CBONCTBAM KAKUX-TO OTHOIIeHu. Hanpumep,
BBICKA3bIBAHUE «ECJIH [IPOCTOE YUCJIO JEUT IIPOU3BEICHUE LEJIbIX YUCEI, TO
OHO JIeJIUT II0 KpaliHell Mepe OJVWH U3 COMHOXKUTeNel» BbIpazkKaeT CBOWCTBO
OTHOIIIEHUSI JIEJIMMOCTHU, U OHO JIOKA3BIBAETCHA B PA3IMYHBIX ITPOrPAMMAX
JIOKA3aTeJIbHOrO TPOrPAMMUPOBAHHUS.

[Tpn pasyMHOM COCTABJIEHWU TPOTPAMMBI HAJMINE B HEHl IOKA3ATEIHCTB
HE BJIUsIET CYIIECTBEHHO HA MPOU3BOUTENHHOCTD UCIIOJHIEMOTO KOJIA, XOTsI
HEen30€KHBI JOIOJHUTEIbHBIE 3aTPATDI Ha KOMITHJISIIHAIO.

O n02uMecKuT Meopemuneckus ochosar: obmast dumocodust mocTpoe-
HUsI JIOKA3aTeIbCTB, IPUMEHsIeMas TIPU TIOCTPOEHUN OUOIMOTEKHN, OIUCAHA,
HalpuMep, B craTbe [4] 0 KOHCTPYKTHBHON MaTeMaTuke (3a MCKIIOueHneM
TOro, 9TO Arjia HE MOJJIEPKUBAET HEKOTOPKIH 0co0bIi npuanun Mapkosa,
[4], pacimMpeHHO TOJIKYIOIIMI JOKA3ATEIBLCTBO 3aBEPIIAEMOCTH AJITOPUTMA).

Peaymzanus a3pika Agda B 9acTu npeicTaBieHus KOHCTPYKTHBHBIX
JIOKA3aTeIbCTB OIMPACTCs Ha WHTYUIUOHUCTCKYIO TEOPUIO TUIIOB [5], Ha
nousitne nzomopdusma Kappu-Xosapza [6], mossosistromee mpecTaBasTh
Jornyeckre (MaTeMaTHIeCKNe) YTBEPXKIEHNs B BUJIE 3aBUCUMBIX THIIOB, &
JIOKA3aTE/IbCTBA 9TUX YTBEPXKIACHUNA — B BUJE aJrOpUTMOB (DyHKIMIA,
Iporpamm).
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PaGotrer [5] u [6] HyKHBI JHIIb TEM YATATENSIM, KOTOPBIE IMEIOT
COOTBETCTBYIONUIT yrIyOMEHHLIN aKkaeMudecKuit narepec. Hu s paspa-
6oTku O6ubsmoTeku Binary, HU 711 €€ MOHUMAHUS YUTATENEM, HU /I €€
HCIIOJIb3OBaHUA B IPOI'PaMMUPOBAaHUN HET HeO6XOJII/IMOCTI/I n3yvaThb 3TU
UCTOYHUKH, JJOCTATOYHO MHTYUTUBHOI'O IPECTABJICHUS, OIIMCAHHOTO BBIIIE,
1 PACCMOTPEHNs HECKOJIBKUX IIPUMEPOB.

1.3. Uenb un pe3synbrartbl pa3paboTku

Hesbro mannoit paboThI SABJISETCS MOCTPOEHUE TAKAX J0KA3AMEALHOLT
(ceprudunupoBanHbIx) HporpaMMm Ha s3bike Agda s apudyeruku
JIBOMYHBIX 3aIMCENl HATYPAJIBHBIX YHCEJN, KOTOPblEe UMEIOT MOPSIIOK CTOM-
MOCTH BBbIMUCJIEHUs (B CMBICJIE KOJIMIECTBA JeHCTBU HaJl Pa3psIaMu )
TAKOIl »Ke, KaK U3BECTHBIE AJITOPUTMbBI CLIOCODOM «B CTOJIOUK». BoJtee
[POU3BOJUTE/ILHDIE AJITOPUTMBI TIOKA HE PACCMATPUBAJIKCH (XOTsI, HAIIPUMED,
MO2KHO OBILI0 OBI COCTABUTH HEOOXOUMBIE (DOPMAJIbHBIE JOKA3ATEIHCTBA
ntst eiocoba Kaparty6sr (8] s ymHOMXKeHMs1).

T'naBHBIM pe3ybraToM paszpabOTKU SBJISIETCS PEaAU3AUUS OUOAUOMERY
Binary, koropasi Bkiirouaer B cebst 0ObsiBjeHHBIE Bbile uepTbl. OHa
ucnbitana B cucreMe Agda-2.5.4. Jta GubIMOTEKA pEASTN30BaHa B BBITYCKAX
3.2 u 4. Vlcxonmble TpOrpaMMbl 9TUX BBIILYCKOB JIOCTYIIHBI COOTBETCTBEHHO
Ha WWW CTPpaHHUIIaX https://github.com/mechvel/Binary-3.2 U
https://github.com/mechvel/Binary-4. JIaHHAS CTAThs OMUCHIBAET UJICOJIOTUIO
51Ol paspaborku. Boimyck Binary-4 siBisiercs: yirydiineHueM mo CpaBHEHHIO C
BBIITyCKOM 3.2. Bepcust 4 ocHOBaHa Ha JPYTrOM MPEJICTABICHUN JIAHHBIX
U JIPYTUX aJITOPUTMAX, OHA COJIEP2KUT 0OJIee MPOCTHIE AJTOPUTMBI U
JoKazaresancTBa. Jannas cmamova noceawena sunycky 3.2. Ho muorue eé
JacTU OOIIEro XapakKTepa OTHOCATCS U K BBIILYCKY 4.

Apudmernka B mpejiaraeMoil 6ubIMoTeKe peaTn30BaHa OObITHBIMEI
AJTOPUTMAME «B CTOJOUK», JHEHCTBYIONMMHI HAJ CIUCKAMU JIBOMIHBIX pa3-
psamoB. IlocTpoenne cOOTBETCTBYIONNX MTaHHON apudmeTuke (popMaTbHBIX
U TOJIHBIX JI0Ka3aTeJbCTB B IIPOrPAMMe OKa3bIBAETCsI HE CTOJIb IIPOCTHIM,
KaK MOZKET IIOKa3aTbCd. STO BUJHO U3 CIIMCKa JIEMM, II€PpEeYUC/JI€EHHbIX B
JTAJIbHEAIIEM U3JI0KEHUN, OCOOEHHO 9TO KaCaeTCsd TEeXHUKHU MOCTPOECHUS
JIOKa3aTesIbeTBa 3aBepiiaemMoctu ajiropurma (Pasmeis: 4.5, 6).

Ilosygyennas aBTOpoOM IporpamMma HUCIPABJISIET U CYIIECTBEHHO J0-
oJIHgeT 4acTh Bin cranmaprnoit 6ubiaunorekn lib-0.16 a3bika Agda. Dta
IpPOrpaMMa MOYKET OBITh BKJIIOUEHA B YKA3aHHYIO CTAHIAPTHYIO OUOJIMOTEKY.

B wactu Bin crammaprHoit 6ubmoTekn HEIOCTAECT:


https://github.com/mechvel/Binary-3.2
https://github.com/mechvel/Binary-4
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e JIOKA3aTEJBCTBA M30MOpPGU3Ma apudMETUKN YHAPHBIX YUCEJ U
apudMeTUKU UX JBOMYHOIO [PEICTaBJICHUs (B YACTHOCTH, B3aMMHON
OJTHO3HATHOCTH OTOOPAXKEHNSA KOIMPOBAHMST fromN),

e JIeHCTBUA BBIYUTAHUSA, C JOKA3ATEIBCTBOM €TI0 ONPEIE/IAIOMNUX CBONCTB,

e JICYCTBUA JEJICHUA C OCTATKOM, C JTOKA3aTEJIbCTBOM €r0 ONPEIeIAIONTINX
CBOICTB

U HEKOTOPBIX JPYTUX JEHCTBUN U JI0KA3aTEIHCTB, KOTOPhIE OY/IyT Ha3BAHDI
B JlaJibHelieM. 3aMeTHM, 9TO IepPBOe U3 IEPEUnCIEHHBIX JOKA3aTe/bCTB
SIBJISIETCS ODOCHOBAHMEM CaMOI'0 3aMbICJ/Ia BBEJIEHUsI JIBONYHOIO IIPEJICTAB-
JeHusi. be3 Hero BBejeHMEe JIBONYHOIO IIPEJICTABJIEHUS J[aKe HE UMEET
CMBICJIA.

OrcyrcrBue Takoro opMaabHOrO 0OOCHOBAHUS IIPUBEIO K HEXBATKE B
CTaHIAPTHOH OHOIMOTEKe KAaKOil ObI TO HU OBLIO OBICTPO MUCHOJHAEMON 1
IIPUTOM J0Ka3aTesbHOIl apudmMeTnku. VIMEeHHO: HAMBHBIE aJITOPUTMBbI
JJ1si YHAPHOU apudMETHUKH COIIPOBOXKIAIOTCSH BCEMHU HEOOXOIMMBIMU
JOKa3aTeIbCTBAME, HO [IJIS UX BBIIOJHEHUS TPEOYIOTCS HEIPUEMJIEMO
GoJIbINIE PECyPChl. A TIPOM3BOAUTENLHBIE AJITOPUTMBI YHAPHON apudMeTHKn
UCIIOJIHSIIOTCST BBI30BOM BCTPOEHHOTO KOJIA, U UX CBOWCTBA HE IIOITBEPIKIEHBI
nokazaresbcrBaMu. Hakonerr, apudmernka TBOMYHBIX 3aIMCEHl MMEET BBICO-
KYIO IIPOU3BOJIUTEJBHOCTD (B CMBICJIE HOPS/IKA BBIUUC/IUTEIBHOI CTONMOCTH)
— HO OTCYTCTBYET (POPMaJIbHOE OOOCHOBAHKE, TO €CTh MAITMHHO-TIPOBEPSIEMOE
JIOKA3aTeIbCTBO U30MOP(U3MA ¢ YHAPHOU apudPMETUKOIA.

B ocuoBHOM mpesaraemoe B Halmelr 6u0IMOTEKE YCUIEHUE COCTOUT
B TOM, 9TO JI00ABJIEHBI MHOTE HEOOXOANMBIE MAITUHHO-IIPOBEPSIEMbIE
JOKa3aTe bCcTBa. B 9acTHOCTH JH00ABJIEHO JTOKA3ATEIHCTBO TOTO, UTO
apudmernka obsacTu N 1t yHAPHON 3amucu ducia m3oMopdHa apudmernke
obiacTu IBOMYHBIX 3amuceil. JleificTBrs CJIOKEHUS U YMHOXKEHUs 13 00enx
apudMeTUK 3amporpaMMUpOBanbl Ha Arjie B cTaHIapTHON 6ubmoreke. D10
MAIIIMHHO-TPOBEPSIEMOE JIOKA3ATEIHCTBO JIEJIAET OCMBICJIIEHHBIM [TPUMEHEHIe
JBOUIHON aprMeTuKH.

Koneuno, nedopmaabHOe T0KA3aTETHCTBO TAKOTO M30MOpPPU3MA,
M3BECTHO JABHO W JIOBOJILHO mMpoKo. Ho cucrema Agda momepkusaer
oJIHBbIE (POPMAJIbHBIE JIOKA3aTEIbCTBA. 1[09TOMY €CTECTBEHHO OXKHJIATH OT
CTaHIAPTHON OUOJIMOTEKN HAJMYMSI B HEll COOTBETCTBYIOIIETO (POPMAIBHOIO
J0Ka3aTeJabCcTBa. IIpeaIorkeHne COCTOUT B TOM, YTOOBI JIOOABUTH STHU
JIOKa3aTe/IbCTBa, pa3pabOTaHHBIE ABTOPOM.

Takxke B bubsmoTeke Binary mpemorkena peanmsanus T0Ka3aTeIbHBIX
IPOrPaMM ISt CJIEIYIOIINX JIEHCTBUI HAJT JIBOMIHO-IIPEICTABICHHBIMUI
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qucjaaMu: swnumanue, desenue ¢ ocmamrom, HOZ. VIx orcyrcrBue cyiie-
CTBEHHO JIJI CTAHJAPTHON OUOIMOTEKN. DTHU aJTOPUTMBI COIPOBOK TAIOTCS
bopMAIBHBIME JT0KA3ATEILCTBAME OIIPEIEIIAIONINX CBOICTB JJIs TaHHBIX
JleficTBUIA.

BoJtee moapobuo Bce 9TH mocTpoerust onucanbl Huke. CyIlecTBEeHHO,
9TO JIOKA3ATEIbCTBA BBIMIEHA3BAHHBIX OCHOBHBIX CBOICTB apudMeTUKN
IIOCTPOEHBI HE I T€X AJTOPUTMOB, JJIs KOTOPBIX ITO JIerde CAeIaTh, a
JUUIS QJITOPUTMOB CIIOCODOM B CTOJIOMK, KOTOPBIE HMEIOT ITOPSIOK CTOUMOCTH
BBIYUCJIEHUS TOPA3/I0 MEHBIIINA, YeM COOTBETCTBYOIIUE NeHCTBUAS HAJL
yHapHBIME 3anucaMu. [1o1poOHOCTH 00bsICHEHB! B JAJbHEHININX pa3iesax.

ABTOp He mepBbIil, KTO JIe/IaeT JAHHYIO ITPOIPAMMHYIO pa3paboOTKy
qutst si3bika Agda. Hueke naspiBarorest jse jpyrue paborsl. OfHa u3 HIX
COJIEP’KUT BCIO MEPEYHCIEHHYO (DYHKIIMOHAJIBHOCTE, KpoMe jeiicteuss HOJI.
Bropas — meckosbko Henosna. Ho obe mpejicraBieHbl TOIBKO B BUJE KOJA,
OTCYTCTBYIOT CTATHU WJIU JOKYMEHTAIUS, KOTOPbIe OObICHSIIN ObI TIOAXO/ K
IIPOEKTY.

B nanmoit Ke cTraTbe MpeACTaBIEHBI O0bsICHEHUsI. UTO KacaeTcst
peasM3anuu aaropuTMoB (B 9acTh JefiCTBUN BBIYUTAHUS, JEJIEHUS C
ocrarkoM, HOJT) u dopMaabHbIX J0KA3aTEIHCTB, TO OHA pa3paboTana
aBTOpPOM He3aBucuMo. Harma craTbst COJepKUT 00bSICHEHHSI O TOM, KaK 9TO
CIIeJIaHO.

06 ocobennots wacmu pa3pabomxu: KOHCTPYKTHBHAS MATEMaTHKa TPEe-
OyeT J10Ka3aTeabCTBA 3aBEPIIAEMOCTH KaXKJ0T'0 UCIOIB3yEMOI'0 aJroOpuTMa
(byukuun Arapr). st GopMasbHOrO J0KA3aTEIBCTBA 3aBEPIIAEMOCTH B
npejiaraeMoi OnbIMoTeKe YaCTO UCHOJIb3YeTCsl CIETUYNK — HATYPATIHHOE
YUCJI0 B YHAPHO 3aluch. DTOMY €CTh aJbTePHATUBA, HO KaXKJIbI TTOIXO/T
CBsI3aH C HEKOTOPBIM YCJIO2KHEHHEM IIPOrPAMMBbI, CBOHCTBEHHBIM JIAHHOMY
mojixoty. Vcrnonp3oBaHue TaKoro CY6TINKa HOTPEOOBAIO OCTOPOKHOCTH.
Hampumep, mpu HEOCTOPOXKHOM HCIIOIB30BAHAN CIETINKA, JJIs (DYHKIIUN
nenennst ¢ ocratkoM (Pazzern 4.5) cronMocTb BhIOIHEHNs DYHKIMK HMeTa
OBl TIOKA3aTeIHbHBIN TOPsI0K. Mbl TOAPOOHO PACCMATPUBAEM ITOT TOHKHI
acriekT B Pasznese 6, ¢ pazbopom mpumepa.

1.4. Uctopus paspabortkn

OTMeTHB BBINIECONUCAHHBIN TIPOOE B CTaHIAPTHONH 6UOIMOTEKE, aBTOP
PEeInI 3alpOrpaMMIPOBATH HEJIOCTAONLYI0 YaCTh. JTO OBLIO JIFOOOIBITHOE
yIIpasKHEeHUe B JI0Ka3aTeTbHOM IporpamMupoBannu. OHO oTpeboBaso
ropaszao OOJIBbIINX YCHJINNA, YEM aBTOP OXKUIAJL.
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Bo Bpems pa3zpaboTKu aBTOp Y3HAJ U3 MUCEM, 9TO y¥Ke HECKOJBKO JIeT
cymecrByer Oubimoreka A. Asekceesa (https://github.com/Rotsor/BinDivMod),
KOTODAsl 3aII0JIHAET STOT Ipobesi (BO3HUKAET BOIIPOC: II0YEMY B CTAHIAPTHYIO
6ubIMOTEeKy He BHECEHBI COOTBETCTBYIOIINE 0OABKUT).

Kax 651 TO HE OBLIO, 3TOT MaJEHLKHIA IPOEKT BLIIOJIHEH, U 3/16Ch JaéTCs
OIMCaHWe ero WJIEOJIOMUU U IIPUBOMATCS COILYTCTBYIOIIE COOOPAXKEHUST U
HabOJIIOAEHUS O JOKA3aTeIbHOM IIPOrPAMMUPOBAHIH.

Crarba (naxe 6e3 [Ipunoxenus) 3anumaer B Tpu pasa 6osibinmii 06bEM,
9eM OBbLJIIO M3HAYAJILHO HaMEeUIeHO. TaK MOJydIr/IoCh U3-3a JT00aBICHUS
yacTeil, KOTopble BMECTe COCTABUJIU 110 CyTU HEKOTOPOE PYKOBOJICTEBO IIO
[IpOrpaMMUPOBaHUIO Ha A3bike Agda. D10 cieslaHo pajy TOro, 9To0bl He
3aCTaBJISITh YUTATEIs IIPEABAPUTE/ILHO U3yUaTh TaKUe PYyKOBOICTBA II0
KHHTAM.

1.5. Mpeanonaraemsiii Kpyr YntaTtenein

OTa crarThs aJpecoBaHa TeM, KTO MWHTEPECYEeTCs] TeXHUKOMN JIOKa-
3aTeIbHOI0 IPOrpaMMUPOBAHUA BbIYMUCJ/IEHUIT B MaTeMaTUKe Ha YUCTO
QYHKIIMOHATILHOM SI3bIKE. DTa TeXHUKA MOKA3aHa Ha IIPUMEPE aJrOPUTMOB
apuMeTUKH HATYPAJbHBIX YUCE]I B JBOMYHOM IipejcraBiennn. CyiecTBeH-
HO, YTO IIPX 3TOM HCIIBITBIBAIOTCS ITPAKTUYECKHE BO3SMOXKHOCTHU ITPUMEHEHUS
uMeHHO cucrembl Agda.

O6mmpaas 6ubmoreka hOPMATBHBIX MATEMATHIECKUX TOKA3ATEIHCTB
umeercs auist cucreMbl Coq [3], To ectb BoamoxkuocTu cucrembl Coq yixke
[IPOBEPEHBI HA OOJIBIIIOM KpyTre 3a/a4.

Cucrema Agda 6osiee MOJIO/Iast, OHA CHJIBHO OTJIMIAETCsI OT CUCTEMbI
Coq. Ona npenHazHadeHa JJIsd J00UTe el 9ucTo PyHKIIMOHATIHHOTO
nporpaMMupoBanus. VICriob3yercst Apyrasi s3bIKOBasi apaurMa.

B nmamnoit cratbe He pazsbUpaOTCH pa3IMansd ITUX JABYX cucTeM. Mbr
ONUCHIBAEM HCIBITAHUE CUCTeMbI Agda Ha ONpeJIeJIEHHOM TpuMepe, u
320/THO TIOJIy9aeM W OIMChIBAEM HEOOXOMMOE MCIIPABJIEHNE CTAHIAPTHON
OUOIMOTEKN.

S1a cucreMa (sI3bIK + CTaHJApPTHAs OnOIMOTEKA + peaiu3sanys) Tpedyer
MPaKTUIECKOro ucnbiTanus. bubsmoreka Binary mpejcrasiisier uror Takoro
UCIBITAHUS HA OTHOCUTEIHFHO HecJ0KHOM npumepe. CylecTByer ropas3zio
6oJiee CJIOKHBINA MpUMep, B Buje GUOIMOTEKH IPOrPaMM BBIYHCIUTETHHON
asreopsr: S. D. Meshveliani, DoCon-A «A library of provalbe programs for


https://github.com/Rotsor/BinDivMod
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computer algebra»?, VlcXomHbIil TEKCT IPOrpaMM U PYKOBOJICTBO, IIOCICIHITI
BoITyck — 2018 roga, Ho 31ech sTa mporpaMma He 00CYKIAETCH.

Kakoro posa ncneitanns nmerorcst B Buy ! Hampumep, Mbr iuimmem
«IIPU Pa3yMHOM COCTaBJICHUM IIPOIPAMMBbI HAJIM4UE B Heil MallMHHO-IIPOBe-
PAEeMBIX TOKA3aTeJIbCTB He IMOHUZKAET CYIIEeCTBEHHO IIPOU3BONUTEILHOCTHI
UCIIOJIHSIEMOTO Koj1a». Ho MOryT ObITh pa3Hble «II0IBOHBIE KaMHu». He
OKazKeTCs JIU YTO JOKa3aTesJbHas IIPOrpaMMa BBIYUTAHWUS MMeEET, HallpAMep,
KBa/IPATUIHBII WJIN JlaKe IT0Ka3aTeJIbHBIN MOPSI0K CTOMMOCTHY BBIITOJTHEHU ST
TOr7a, KaK OH JOJI2KEH ObITh JuHeiHbIM? [pyToit mpuMep: He OKaXKeTCs Jin
sanuck onpegesnenns HO B Buje 3aBUCHMOIl 3aIIMCH TaKO IPOMO3JIKOIA,
9TO BO3HUKHET BOIIPOC O MIPUMEHUMOCTH si3bika Agda K JI0Ka3aTeIbHOMY
nporpamMMupoBanuto ajarebpor? He okarkercst Jiv, 9TO JIJIsi KOMITHJISIITAN
6ubsmorexku Tpedyercss HeecTeCTBEHHO MHOTO pecypcoB? U Tak masee.

B nepBoM u mocseiHeM cirydastx HaJI0 OyJIeT BBIACHITH MPUIHHY: 9TO
(a) HeyIadHOe IIPOrpaMMUPOBAHUEC UAU
(6) HEZOCTATOK peaTU3AIMHA A3BIKA, UAU

(6) NIPUHIUINAJIBHBIA HEIOCTATOK IIPUMEHAECMON aJrOpUTMUAYECKON TeOpun
THIIOB.

OnrcaHHBII 3/1€Ch ONBIT MOATBEPXKIAECT, YTO 8 JaHHOM Mpoexme He
BOBHUKAET HUKAKUX MOJOOHBIX 3aTPY/IHEHUI.

1.6. Copep>xxaHue crtatbun

B paszene 2 naérca mekoropoe BBereHue B s3blk Agda, KpaTko
OIIMCBhIBAIOTCHA pa3JIMYHbIC IIPpEJACTaBJICHUA JJIsd HaTypPaJIbHbIX YHUCEe/I 1
COOTBETCTBYIOIINE CIIOCOOBI TPOTPAMMUPOBAHUS APH(METUKNA HATYPATHHBIX
quceJI.

B pasznene 3 nepeunciisiercsi, Kakux (pyHKIUI U [J0KA3aTEJIbCTB HE
XBaTaeT B CTAHIAPTHON OMOIMOTEKE B YaCTU apUPMETUKH TBOUTHBIX
3amnuceil, ¥ HA3bIBAIOTCsI COOTBETCTBYIOIINE 100aBIeHUs 13 OMOIMOTEKH
Binary.

B pazzene 4 uznaraercst ocHOBHOE cojiepxkanue paspaborku. OnmchiBa-
10TCsd PYHKIUH apudMETUKNA JTBOUIHBIX 3AIMMACEH, BKIIOYas BHITUTAHNIE U
JeJIeHne C OCTaTKOM, CbOprIa,HHSyIOTCH IOHATHUA C HUMHU CBA3aHHBbIE, OIINCHI-
BaeTCd IIOCTPOEHNE JJO0Ka3aTE/ILCTB HX.OCHOBHbD(CBOﬁCTB.B JaCTHOCTH,
OIINCBIBAETCA IIOCTPOCHUE ﬂOKa3aT€HbCTBa‘H3ONKHXbH3NH%(OTHOCHTGHLHO

*http://www.botik.ru/pub/local/Mechveliani/docon-A/
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CJIOXKEHMsI U YMHOXKeHMsI) apu(METUKY HATYDPAJIbHBIX YUCEJl B YHADHOM U
JIBOMIHOM TPEJICTABICHUSX.

B pasznese 5 obbsacHsgeTcs crpoenne mpearaeMoil OnbInoTeKn B
I[EJIOM, TIEPEUUCIISTFOTCS IIPOrPAMMHbBIE MOJIYJIN, U3 KOTOPBIX COCTOUT
6ubIMoTEKA, U [JTsi KAXKJIOI0 MOJYJIS HA3BIBAIOTCS HAanbOOjIee BasKHbIE
CTPYKTYPBHI U (PYHKITUU, KOTOPbIE OH COJIEPKUT.

B pasznene 6 pacckazbiBaercs 00 OIHOM HMIMPOKO IIPUMEHSIEMOM CIIOCODe
JIOKA3aTeJIbCTBA 3aBepIIaeMocT (PYyHKIMN B s3bike Agda u pazbupaercs
[IpUMED ero NMpuMeHeHUs K (DYyHKIUU JIeJIEHUS ¢ OCTATKOM.

B pasnese 7 maércs HeKOTOPBI 0030p APYTruX pabOT IO TAHHOMY
IpeJIMeTYy.

B zaksiouennn moibITOKUBAECTCS TPEJICTABIEHHBIN B CTATHE OIBIT
U YKa3bIBAETCsI HA BO3MOXKHBIN IIPOEKT B CMEXKHON JacTu OUOJIMOTEKN
apuMETHKH IUCE.

IIpunoxenune 1 comepkut mprMep TPOrpaMMUPOBAHUS JTOKA3ATETHCTBA,
Ha si3bike Agda.

[Tpumoxkenne 11 comep:kuT MHIAEKC UMEH TUIIOB W (DYHKITHIA.

2. HekoTopble BBOAgHbIE NOHATUS O NPEACTABACHUN YNCES U A3bIKE
Agda

O caosoynompebaenuy: 36k Agda MBI TaKKe HA3BIBAEM IMTO-PYCCKU
Arsa, u ckitoHsIEM 3TO uMs 10 majexam. CioBo «Oubmoreka» B JaH-
HOIl cTaThe 03HAYAET TOJILKO KaKylo-TO Oubsmoreky mporpamm. Ciosa
«CTaHIAPTHAA OUOIMOTEKAa» O3HAYAIOT CTAHIAPTHYIO OMOIHOTEKY S3BIKA,
Agda. Apudmerndeckue 3aKOHBI aCCOIUATUBHOCTH, KOMMYTATUBHOCTU U
JIUCTPUOYTUBHOCTH HA3BIBAEM COOTBETCTBEHHO 3AKOHAMHU COYEMAMEADHVIM,
nepecmanosouHbm U pacnpedesumenvhoim. CrioBo «pyHKIMsI> 0003HATAET
BCIOJLy HUKe mporpammy (mogmporpammy) Ha Arje (byHKIIMOHAILHOM
sI3bIKE [IPOrPAMMUPOBAHHUS ).

O nmreparype: JIJIs YUTATEJIs] JKEJATEIHHO [TPEeIBAPUTEIHHOE 3HAKOM-
CTBO ¢ (DYHKIIMOHAJIBHBIM [IPOrPAMMUPOBaHUEM BooOIIe U ¢ a3bikoM Agda
(pyxoBogcTio [1] u crarba [10]).

2.1. O cunTakcuce si3bika Agda

Agda BocupuauMaeT cuMBOJIbI B KojupoBke UTF-8. 910 mozBossier
UCIIOJIb30BaTh B TEKCTE IIPOIPAMMBbI MaTeMaTuIeckue 00o3HadeHust N, ~, 3,
# <, % 0, x !, =, ¥, = U JApyTue, BKJIOYasi CHMBOJI KOHIIA JIOKa3aTeIhcTBa M.
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UTF cumBOJIBI BBOIATCS B MPOrPpaMMYy 9Y€pe3 TEKCTOBBII pPeIaKTop,
HACTPOEHHBIN Ha pexkuM agda-mode. B atom pexkume pegakTop Takzke
MPABUJILHO OTOOPAYKAET STU CUMBOJIBI HA IKPAH.

Nwmena (upentudurkaropsl) B Agda-nporpamme paspeisiiorcsa (B
OCHOBHOM) TOJIbKO IIpoGesioM. B yacTHOCTH MMs oneparopa Ui HepeMeHHoi
BBIJIEJIIETCsI IPODEIaMU, HETIOCPEJACTBEHHO MPUMbBIKAsT K 00bEMJTIOIIIM
CKOOKaM.

ITPUMEP 2. Paccmompum ompuieor koda

m: N

m = fool

n = foo2

2%n>m : 2 * n > m -- 06bABII€HHE NPUHALAIEXHOCTH THIY

2%n>m = f m n -- npumeHenwe QyHKImME f

P = g 2*n>m -- IpHMeHeHHe QYHKIMM g K 3HavYeHHH 2*n>m u3 Tuma (2 * n > m)

3decy 2%n>m ecmv uma nepemernot. Ono 0603HAMAEM 3HAYEHUE 6 MUNE
2 * n > m. CumMBOAbL «k», » 6 BLPANCEHUY AL IMO20 MUNG 0003HAYAIOM,
CO0OMBEMCMBEHHO ONEPATNOP U KOHCTMPYKMOP MuUna, uwbo oHy omaeseHyl
npobesamu.

3aMeTuM, UTO UMsi 2*n>m sIBJISIETCS BhIPA3UTEJIbHBIM: B HEM KPAaTKO
OTPazKEH CMBICJI 3TOH IIepeMEeHHOMA. U

2.2. YHapHas 3anucb HaTypasbHOro 4mucna

B usnavyasbHOM OIpejiesIeHnH HATYPaJIbHOE YUCIIO MIPEJICTABIISETCS
[IOCJIEI0BATEIbHOCTHIO OJIMHAKOBBIX 3HAKOB — KAaK PsJI CIETHBIX MMAJI0YEK.
DTO ecTh 3aNUCh YUC/Ia B yHAPHO cucreMe. B cranmaprroit 6ubsimoreke
VHapHBIE 3AIMCU HATYPAJIBHBIX YUCEJ UCHOJIb3YIOT KOHCTPYKTOD suc
cieyiomero 3a aprymentom dncaa. Hamnpmvep, 0, 1, 2) u 3 npezcrasisorcs
Kak 0, suc 0, suc (suc 0) u suc (suc (suc 0)). Bce dynkuuu u nanusie B
oubmoreke Binary Kak u B cTaHZapTHON OMOIHOTEKE 3aIUCAHDI HA SI3BIKE
Agda).

06 ucnoavsosanue YynapHotl apuPmemuru: B HEKOTOPBIX (DYHKITIIX
oubmoTexn Binary ncnonb3yercs yaapHas apudMeTuKa HATyPaJTbHBIX THCET.
IIpu sToM mHOrIA OHA IPUMEHSIETCS HE TOJBKO B YACTHU JI0KA3ATEJHLCTB,
HO ¥ B 4aCTHU, KOTOPAasl BBIYUCJISIETCs B UCIIOIHAEMOM Kojle (IpuMepbl
npusesensl B pazaenax 4.1, 6). Do mesaercs Tak, 9Tobbl €€ UCIOJIB30BAHHE
HE YBEJIMIMBAJIO HOPSIKA CTOMMOCTH BBIYUC/ICHUS eJIEBON (DyHKITIH, TaxKe
B IIPE/IIOJIOZKEHUH, 9TO YHAPHAs apiu(dMETHKA BBIIOJHIETCS HE BCTPOEHHBIM,
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a SIBHBIM CIIOCOOOM, KaK 3TO OKA3aHO B MPOrPaAMMAaxX YHAPHOTO CJIOXKEHUS
7 yMHOXKEHUS B pasnenax 2.3, 2.4.

2.3. ConocrtaBneHue c obpa3suom. CtonmMocTb BblUMCAEHUSs

ITPUMEP 3. Caooicenue 6 yraproli 3anuct, ecms coedunerue Cnuckos
odunaxosvT 3nakos, adacasueeca’ 6 cmandapmmoti bubsuomexe Gyrryuet

+_ : N> N> N -- S— T ecTs Tum QyHrumi u3 THma S B THD T

0 +n=n
(suc m) + n = suc (m + n)

IlepBas cTpoka obbaBaAsieT TUN PYyHKINN. Bhipaxkenne S — T — U
03HAYAET THUII (PYHKIHIA OT JBYX apryMEHTOB, — TUIIOB S U T COOTBETCTBEHHO,
— co 3HavyeHusimu B Tune U. CkoOKuU paccraBistorcs Tak: S — (T — U). To
ecTb Jirobast PyHKIHsT ITOTO THUIIA MPEJICTABIIsieTCsS KaK (DYHKIWs U3 TUIA S,
KazKJi0e 3HAYeHne KOTOPOil ecTh (QyHKIMS OT apryMmeHTa u3 T.

JlBe npyrue CTPOKU COCTABJSIIOT peanu3anuio (Tesao) hyHKIMN B
BU/IE TIPE/IJIOZKEHMIT Ha SI3bIKE COIOCTABJIEHHsT ¢ 00Pa3IOM — KaK B sS3bIKe
Haskell. 0

UcnosanTe b TPOrpaMMBbl ITBITAETCS TPUMEHUTDH MTPEJJIOXKEHNS B
TOM TOPSIJIKe, B KAKOM OHH PACIIOJIO’KEHBI B ITporpamme. Bee mporpaMmbl
oubsmoreku Binary HammcaHbl Ha 3TOM IOJI-sI3bIKE COIIOCTABJIEHUS C
00pasuoM (emg NIPUMEHSIOTCsST KOHCTPYKIMK where, let, case, KOTOPLIE B
OCHOBHOM CBOJISITCSI K BBI30OBY (DYHKITHIA, 33/ TAHHBIX Y€PE3 COMOCTABJICHUS C
o6pasuom).

CTOI/IMOCTB BbIYUCJIEHUA MBI U3MEPAEeM KOJIMIEeCTBOM ,Z:[ef/’ICTBI/IfI CO-
ITOCTABJIEHUSI ¢ OOPA3IIOM, CIEJAHHBIX B XOJI€ BBIIIOJHEHUS TPOIPAMMBIL.
Hamnpumep, ipu m > 1 BeIYUC/IEHHE CYMMBI mM+n [0 IPUBEIEHHON BBIIIIE
uporpamme Tpedyer (1+2m) IONBITOK COLOCTABJIEHUS ¢ OOPA3IOM.

Takoe moHsSTHE JUIIb TPUOJIU3UTETHHO COOTBETCTBYET ITPOU3BOIH-
TEeJIbHOCTH IIPOIPAMMBbI UCITOJIHSIEMOI B JleficTrBuTe IbHOCTH. Hampumep,
CTOMMOCTbH OJIHOTO COIIOCTABJIEHUSI ¢ 0OPA3IOM 3aBUCHT OT pa3Mepa odpasIa,
OT TOT0, KaK Peau30BaHO ITO comocTrapjenue. [[oJTHOCTBIO aJeKBaTHO
dbopMan30BaTh MOHATHE CTOUMOCTH BBIYUCIEHUST JIJIsT MAIIIUHBI COTIO-
CTaBJIEHUS ¢ 00Pa3IoM B 00bEMe 3TOM cTaThbu He yaacTcs. OrpaHnauMcst
JIAHHBIM TPUOJIM3UTENbHBIM ToHsATHeM. OHO 0TBEYaeT MHOIOYHCIEHHBIMA

3B mocyieJHIX BEPCHSIX CTAHIAPTHON GHGIMOTEKN CIOMKEHNE 3aJaHO BCTPOSHHON
dbyHKmeil.
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pUMepaMy MPAKTUIECKUX BBIYUCICHUI, 0 KpaliHeil Mepe B 9acTh Pa3Jjii-
YUl JIMHEWHOTO, KBAIPATHIHOTO, HHOT'O CTEIIEHHOT'O MOPSIJIKA CTOUMOCTH,
WK K€ TOKA3aTe/IbHOrO Mopsijaka. Hanpumep: mpu 3anucu COpTUPOBKU
crmcKa OyKB CITOCOOOM BCTaBKU M CITOCOOOM CJIMSIHUSI, YBUIUM UTO TIEPBAast
nporpaMma JaéT KBaJPaTHIHBI POCT BPEMeHH BBITOJHEHNsI (B Xy/IIIIeM
cllygae) B 3aBUCHMOCTH OT JJIMHBI 7 CIIUCKA, & BTOPas JAET POCT IIOPsIIKA

O(n - log(n)).

2.4. O peanusauuun apnMeTrKn HaTypasibHbIX Yncen B
pa3nnyHbix bubnnorekax

B usnauasibHOM ompesiesieHnu (B BUJIE CUETHBIX NAJIOYEK ) IIPOU3BEICHUE
m * n HATYPAJbHBIX YUCEN 38/[aH0 KaK IIOBTOPHOE MTPUCOEINHEHNEe KOIUH
psifia m TAJ0YeK: JJIsi KaXKJIOTO YJIeHa, CIUCKA n K TEeKYIIEMY HUTOrY
IIPUCOEIMHSIETCS CIIICOK m. B CTapbIX BEPCHSIX CTAHIAPTHON 6ubmoTexn’
9TO BBIPAXKAJIOCH IUKJIOM:

X _ : N—» NN
m *x 0 =0
m *(suc n) =m + (m * n)

71T 9TUX MCXOAHBIX MOHSITUH U aJrOPHUTMOB HETPYIHO JIOKA3aTh
HEKOTODBIE X OCHOBHbBIE CBOMCTBA: COUETATEILHOCTD U II€PECTAHOBOMHOCTD
CJIOXKEHUS ¥ YMHOXKEHHUSI, PACIIPEIEINTEIBHBIA 3aKOH, MOHOTOHHOCTD 3TUX
JIeMCTBHI OTHOCUTEIHHO OTHOIIEHUS [IOPSIIKA U HEKOTOPBIE ApyTHe. DTH
JI0OKa3aTeIbCTBA BXOJSAT B IIPOrPAMMBI CTaHIAPTHOH 6ubinorekn. OHu
ABJIAIOTCA (DOPMAIBHBIMU U IIPOBEPSIOTCS KOMIUIATOPOM aBTOMATHYECKH.

Texuuka cocraBIeHUs U IPUMEHEHHs TAKUX (POPMAIbHBIX JOKA3a-
TeJIbCTB OCHOBAHA HA MHCTPYMEHTE 3G8UCUMbIT MUNOS, OHA O0bSICHEHA B
IMpumepe 1.1, pykosogcrse [1] u B crarhe aropa [10].

Ha npaxktuke apudmerntieckne AefCTBUS HAJ, IHCIAMI B YHAPHOI
3aIlICH HeIIpHeMJIeMO 3aTpaTHbl. Hanpumep, yMHOXKEHHE «CTOJIOUKOM
qmces B BouuHol 3amucu umeer croumoctb O(12), e | ecTb KommaecTBo
pa3psiIOB B COMHOXKHUTEISIX. A COOTBETCTBYIOIEe yMHOXKEHIE B yHAPHOI
sammcu crout 6ommbie gem 2!, HanGosee mponssouTebias apudMeTnka
HATYPAJbHBIX YHCEN JJIs COBPEMEHHBIX ((bOH-HEIIMAHOBBIX JBOMYHBIX )
MAIIIH PEaIH3yeTcs [l IPEJICTABJICHIS YUCJIa B BHJIE CINCKA (MK

4B nocseHnx BepcHsIX CTAHIAPTHON GHOIMOTEKH YMHOYKEHUE 3a,1aHO0 BCTPOEHHOMN
dbyHKImeil.
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MaccuBa) mMakpouudp, rie mMakpouudpa IPeJCTABIeHA MAINTUHHBIM
cioBoM. Ha3oBéM Takoe mpejcraBieHne mMakpoyu@posvim. BoraucnrebHast
CTOMMOCTD JIBOMYHOI apudMETHKI UMEET TOT YK€ IOPSIIOK, YTO U CTOMMOCTh
apudMeTuKn MakKpoUn@POBOro MPEICTABJIEHUS, HO OHA OTINYAETCS
[TOCTOSTHHBIM MHOXKHUTejieM. B 6ubsimoreke Binary peasimzoBanbl JieiicTBust
CJIOJKEHWS!, BBIYUTAHNS, CDABHEHHUSI 110 YIOPSIIOYEHIIO, YMHOXKEHHUSI, JI€JIeHIS
¢ ocrarkoMm, HOJI. s mepBBIX TPEX M M3 HUX TOT MHOXKUTE]Ib OIPAaHUYEH
CBEpXy YHMCJIOM HpUOJU3UTEHLHO paBHbIM F, e E 9uciio paspsiaoB B
MaIllMHHOM cJIoBe. J[Jisi yMHOXKEHUsI U JIeJIEHUsI C OCTATKOM OIDAHMYEeHUe
ectp F2, nast HOJI, orpanuaenne ects E3.

JlJist TOCTUXKEHUS YI0BJIETBOPUTEIBHOI IIPOU3BOIUTEIBHOCTU COBPEMEH-
Hasl BEPCUsI CTaHIAPTHON OuOJIMOTeKH ATIbl BHIIIOJIHAET apu(dMETHIECKIe
JeficTBUs HAJl yHAPHBIMU 3amucsiMu (Tull N), BbI3bIBas BCTPOEHHBIE (DYHKIUH
u3 6ubsmorexku Glasgow Haskell, koropbie 06pabaTbiBaoT dncsia B Makpo-
1 POBOM IIpeJICTaBIeH!H. BBIXOAUT, YTO dokazamesvemesa 6 cmandapmmot
bubsuomere oOMmHOCUMENLHO apuPmemury 0baacmu N He OmHOCAMCA K
mem aA20PUMMaM, KOMopvie 6 JeTCMBUMEALHOCTIU UCTLOAHAIOM, MY
apugpmemuxy. A coiicTBa apudMeTuKy Ha N IPUHUMAOTCS U UCIOJIb3YOTCSI
KaK aKCHUOMBI, 0€3 J10Ka3aTe/IbCTBA.

DTOT HEIOCTATOK MOXKET OBITh MCIPABJIEH IIOYTH MOJHOCTHIO. VIMeHHO,
apudMeTnKa MakporudpPOBOro IPeJCTABICHAS MOXKET ObITh 3aIPOrPaAMMIU-
poBana Ha si3bike Agda B Bujie SBHOM 00pabOTKM CIIMCKOB MaKpOIUdP, ¢
HeOOXOIMMBIMI (POPMATHLHBIMU J0Ka3aTeabcTBaMu. Ho J171s coxpaneHust
[IPOU3BOIUTEILHOCTHU MTOHATOONUTCS HEKOTODBII HEOOIBINON HAOOD JeiCTBHUIT
HaJ[ MAaKpOIudpaMu UCIIOJHATH C IOMOIIBIO BCTPOEHHBIX (DYHKITUH 1
HEKOTOPBIE CBOMCTBA 3TUX (PYHKIUN HPUHSTH KaK aKCUOMBI. [losyanTcs
peam3aiys J0CTaTOYHO IPOU3BOANTEILHON apudMETHKN, B KOTOPO aJIro-
pUTMbI BepupUIUpoBanbl Ha AT/e BILUIOTH JI0 YPOBHS 00J1aCTH MAaKpOIUMDD.
[TocTaBjieHHOE BBIIIE CJIOBO «IOYTH» OTHOCUTCSI K TOMY, YTO OIPEIEJISIIOIIIe
CBOWCTBa HEKOTOPOTO HEOOJIBIIOro Habopa JAeicTBuii B 0bacTH Makporudp
OCTAHYTCS HEJIOKA3aHHBIMU Ha Arjie U OY/IyT IPUHSITHI KAK AKCHOMBI.

Ecau 3a makporudpy IpUHITH IBOMYHBIA pa3psi, TO IOJIYIUTCH
apudMeTnKa JIBOUYHBIX 3alMCeil. 31ech 00J1acTh Udp COCTOUT U3 IBYX
9JIEMEHTOB, U apudmMeTnka udp 3anuckiBaercd Ha Ariae 6e3 morepu
[IPOU3BOANTEILHOCTA U BMECTE C HEOOXOIUMBIMH JIOKA3ATEJHCTBAMU.
[Toygaercs MOTHOCTHIO JOKa3aTeIbHas apuMeTHKa HATYPAIbHBIX THUCET,
MMeEIOIAasl MPOU3BOIUTEILHOCTD TAKOIO Ke MOPSIIKA, KaK apudMeTHKa
MakporrdpOBOro MpeICTaBIeHnsl (HO TIPOU3BOUTEIBHOCTh MEHBITE Ha
BBIIIEYIIOMSIHY ThIi IOCTOSTHHBINA MHOXKUTEJID ).
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B coBpemennoii crangapraoit 6ubaunorexe (lib-0.16) Arapl peanusaiust
apudMETUKH JTBOUYHBIX 3aIIUCEH CYIECTBEHHO HenoJHa. OTCyTCTBYIOT
HEKOTOpbIe HEOOXO/IMMBbIE JIOKA3ATEIbCTBA U HEKOTOPbIe HEOOXOIMMbIe
ornepanun (IepedrCIeHHbIE B CJELYIONEM Pa3Iee).

B »sT0it cTaThe onmchiBaeTCs, KAKUM 00pPa30M MOCTPOeHa, OuOIMOTEeKa,
Binary, ucpasssionas u T0M0IHAONAS 9acTh Bin cramgapraoit Onbmorekn

lib-0.16 st3p1ka Agda.

2.5. Ewé o uucnax B ctaHgapTHoii bubnmnoteke n unx
npeacraBaeHnsIX

O6bsicauM GoJtee MOAPOOHO MOJIOKEHNE aPUMDMETUKN IUCEST B CTaH-
JApTHOM OUOIHMOTEKE.

B cranmaprroit 6ubnmoreke lib-0.16 peanuzoBana apudmeruka st
qucesi CaeAyomux TUIoB. HarypasbHble ducia, 1ejble auciaa (Majio
YeM OTJIMYAIOTCS OT HATYPAJbHBIX B CMBICIE CTPYKTYPBI U AJITOPUTMOB),
PAIMOHAJILHBIE YUCJIA. AJITOPUTMBI JJIs BCEX ITUX apu(PMETUK OMUPAIOTCS
Ha apudMETUKY HATYPaIbHBIX YHCEJ B YHAPHOM IIPEJCTABICHUA. A TIpu
BBIUUCJIEHUSX 9Ta yHAPHAsA apu(DMETUKA BBINOJHIETCS 9€PE3 BCTPOCHHBIE

PYHKITAN.

B pamaunx Bepcusix crapgapTHO# 6uOIMOTEKN apudMeTnKa yHaAP-
HBIX YUCEJI BBIMOJIHSIACH 10 HAUBHBIM AJIIOPUTMAaM, 3allUCAHHBIM Ha
Arne. Hampumep, ofinH 1iar BBIYNUC/IEHUs] CJI0YKEHUS] BBIIOJIHSICS Yepes
COIIOCTABJIEHUE ¢ 0OPA3IOM B IIPABUJIE

(suc m) + n = suc (m + n)

NnmennHo jytst TaKUX IPOrpaMM CTaHIapTHAsT OMOINOTEKa BKJIIOIAET
MaIlMHHO-[IPOBEPsieMble JloKa3aTesnbeTa (ceprudukarel) Ha si3bike Agda B
vacTu ynapuoi apudmerunku. Ha nmpakTtuke Takas apudMeTHKa Helpueme-
MO MeJTeHHa. [103ToMy B TTOC/IETHUX BEPCUSIX CTAHIAPTHON OUOIMOTEKHN
apudmMeTnIecKrne AefCTBAs HaJ| YHAPHBIME IUC/IAME BBITOJHSIOTCA HE IO
aJIrOpUTMAaM, HAIMCAHHBIM Ha Arse, a yepe3 obpalleHne K BCTPOCHHBIM
dyukimsivM, HanucanHbiM Ha Cu wim Ha accembjiepe. 9TO HETPY/IHO YBUIETh,
HAIIPUMED, 10 CKOPOCTHU HMCIIOJIHEHMS [IPOTPAMM U 10 OO'bsIBJIEHUIO

open import Agda.Builtin.Nat public wusing ( zero; suc; _+_; _*_ )
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B HauaJjie mojyssa Data.Nat.Base.agda. Hausnbie nmporpamMmmbl yHAPHO
apudMeTHKN OCTAJIUCH JIUIIb B CTAPbIX BEPCUAX U B IIOCOOUSIX II0 MPOrPaM-
MUPOBaHUIO Ha Arie.

IIpu sTOM mOKa3aTeIbCTBa CBOWCTB yHAPHON apmdMeTuKn, JaHHBIE B
cTaHIapTHOH Oub/moTeKe, 60jiee He sIBJIIOTCS cepTUdUKATAMU YHAPHON
apudMEeTUKN, OHU OTHOCATCS HE K TeM IporpaMMmam, M0 KOTOPBIM B
JeACTBUTEILHOCTH MCIIOTHSIIOTCS apudMeTndeckue aeiicTsust. Takoit moaxoT
o3HavaeT: «ApudMernka yHAPHBIX YUCE]I — BCTPOEHHAsI, €€ HeOOXOIUMbIe
0a30BbIE CBOMCTBA He J0Ka3aHbl Ha Arie, a mocryauposanbl g Araer. Ho
BCE OCTaJIbHbIE TIPOTPAMMbBI HAUCAHBI HA ATJe U cepTudUIUPOBAHBI».

B cranmapruoit 6ubsimoreke omnpesesisieTcs TUM Bin, KOTOPBIN IIpeJI-
CTaBJIsgeT HATypaJIbHbIE YUCJIa B JBOWYHON CHCTEMe, HO OH HUT/e He
[IPUMEHSIETCS B YKA3aHHON OubJyimoTeke.

Bubsmoreka Binary ucnpasisier cranjgaprayio 6ubimoreky. C Touku
3pEHUsT HAJINYIUS T0KA3ATEIHCTB, JBOMYHOE IPE/ICTABICHIE HATYPAIbHBIX
qrces1 npeanodruTesbaee. 1160 anroputmbl apudMeTuKy, He UCHOIL3YIONHe
BCTpOeHHble DYHKIMH, OYAyT CepTHMOUINPOBAHBI.

Ho sta apudmernka B gecaTKu pa3 MedIeHHEe, 9eM BCTPOEHHAS
apudMeTnka i yHapHBIX duces u3 lib-0.16.

Jlastee, nMeeT CMBICJ pa3zpaboTaTh CepTHMOUIMPOBAHHBIE ITPOIPAMMBI
JJ1s1 HATYPAJIbHBIX YUCEJI B IIPEJICTABIEHNN CIIMCKOM MAaKpOIudpP, KaK
ONHUCAHO BbINIE. JTa aprudMeTnKa OyIeT ITPOMEKYTOIHON IO CKOPOCTHU
MEXKJIy JBOMYIHON M BCTPOEHHOM, 1 OyJeT cepTuduIimpoBana B TOM CMBICJTE,
KOTOPBIil 00bsicHéH Bbite B Pazzere 2.4.

Ecnu nonws3oBaress mpenedbperaer ceprudukaimueil apudMeTuky B
YACTU HATYPAJIBHBIX YUCEJ PAJIA IIPOU3BOIUTEIILHOCTH KOJIA, TO OH Oy1eT
HCTIOJIb30BATh THIT N YHAPHBIX YUCEJ U €r0 BCTPOEHHYIO apudMeTuky. A
TOT TEJIAHT, KTO YKeJIaeT ONUPAThCS HA CEPTUPUIMPOBAHHYIO aprUMOMETHKY
HATYPAJIBHBIX IUCET CMOXKET MOJB30BATHCS TBOMYHBIM (THUI Bin) min
MakpOoIudPOBLIM IIpejcTaBIeHreM (CKaxKeM, THil NM).

Bropoit moxo1 mMeeT MaJio MPaKTUIECKOTO CMBICIIA, 8 UMEET HEKOTOPHIIt
dopMAaTHEHO-TEOPETHIECKHIT CMBICII, CMBICJI TIOJTHOTHI JIOKA3aHHOCTH. Beé-
TAKU YKEJATEJbHO UMETh €r0 Pean3aliuio.

JlBouuHasi apudMeTHKa eI1é UMeeT Pa3HbIE «TOYEUHbIe» TPUMEHEHMUSI.
Hamnpumep, B ctangapTHyI0 OUOIMOTEKY MOXKHO OBIJIO Obl BKJIIOYUTDH
dbyHKIMIO GBICTPOro BO3BE/IEHUs B CTENEHDb B JIIOOOM MOHOM/IE (IBOMYHbIH
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C110c00, ¢ MaJIbIM KOJIn4ecTBOM yMHOXKeHuit). Takoe neiicrsue x fi yuo6-
HO IPOrPAMMUPYETC JijId HATYPAJbHOIO N, 3AIUCAHHOIO B JBOUIHOM
[IPEICTABIICHIH.

Bcé au doxaszameavbroe npopammuposaHue 6CMpPesaemcs ¢ maKuMu
Heydobcmeamu 8 4acmu npou3sodumMesdbHOCTU, KAKUe HA36GHbL OAA
APUPGMEMUKY HAMYPAAOHOIT HUCEN T

Her. Harypaspable unciaa — 3TO UCKIIOUEHUE.

Hanpuwmep, myctsb Ha Arie HAIIMCAHO TIPIJIOXKEHNE: CePTU(MUIIPOBAHHBIE
IPOTPAMMBI JIJIsi OBICTPBIX AJTOPUTMOB BBIYHUCIUTEIHHOM aarebphl, CKaXKeM,
JUIs apuPMETUKY MHOTOYJIEHOB C PAIlMOHAJIbHbIME KO3 dimenTamu. 1 oHO
onupaerca Ha 6ubsmorexy lib-0.16 u npuMensier yHapHyo apudMeTUKy
HATypaJbHBIX gnces. U mpu sTom Ha Arje 10Ka3bIBAETCs MEPECTAHOBOYHOCTD
YMHOXKEHUSI MHOTOY9JIeHOB. HACKOJIBKO JIOCTOBEPHO, UTO MPU UCIIOJTHEHUN
YMHOXKEHUsI JJIsI KOHKPETHBIX MHOTOUJIEHOB f U g BBIIOJHUATCST CBOWCTBO
f * g~ g * £7 OHO BBIIOJIHATCS — €CJIU BCTPOeHHAsT apU(METHKA YHAPHBIX
HATYPAJbHBIX IHCEJ PAOOTAET IPABUIHHO.

To ecTh npu ucnosb3oBanun Tumna N (BMecTo Bin mim NB) Bee Agda -
cepTudUKATHI OYIYT JTEHCTBUTETBHBI — <O MOJYJIIO» NPABUIHLHOCTH
apuMETHKN YHAPHBIX HATYPAJIBHBIX YuCesl (3Ta apudMeTUKa IPUMEHAETCS
HOYTH BCIOJLY B Pa3INIHBIX 6ubinorekax Agda-mporpamm).

Harypanbuble qncia SBISIOTCA UCKJIIOYEHUEM [IJTsi JJOKA3aTEIbHOTO
MIPOrPAMMUPOBAHUS B BBINIEOIMCAHHOM CMBICJIE 10 CJIEyIomel (hyHIaMeH-
TAJIbHOI pUYMHE.

Ilyist neiicremii HaL Makporudpamu Agda-0Ka3arebCTBa UX OCHOBHBIX
CBOICTB BO3MOXKHBI TOJIBKO €CJIM 9TH JeHCTBHUS 3allUCaHbI KaK IIPOIPAMMBbI Ha
Arzie. 910 poTUBOPEUNT TPEOOBAHUIO OBICTPOTHI JAeHCTBUI HaJ Iudpamu.
Hanpumep, ecim gucia npejacrasieHbl B 16-udHOi cucreme, T0 DyHKIHSs
yMmHOXKeHus 1udp OyeT cojepxkarh 256 npeyoxkennii s3pika Agda. Eciu
JKe TIPOrPaMMUIPYeTCs CHCTeMa, HCHNCAeHns Mo ocHopanmio 204 (kax B
COBPEMEHHBIX OMOJIMOTEKAX [IPOrPAMM), TO COBCEM Y2Ke He IOHATHO, KaK
[pecTaBiIaTh Ha Arie Takue nudpsbl, 9T0Ob UX apudMernka Oblia ObICTPOil
Agda-iporpammoii 1 94T00OBI 3TA IIpOrpaMMa Obljia cepTUdUINPOBaHA.

SameruM Takxke, 9TO OMOJIMOTEKA Binary mHOIIa UCIOJB3YET YHAPHYIO
apudmeruky. Ho 310 nesaercs Tak, 9T0o 9TO HE yBEJIMYNUBAET IIOPSIIOK
CTOMMOCTHY BBIYUCJIEHUS, JayKe eCJIM yYHAapHAs apu(MeTHUKa, BITOJIHIETCS
HaUBHBIM criocoboMm 1o Arja-niporpamme. Jljist Haa@KHON TTPOBEPKHU
s derTa mpuMeHeHNsT HAUBHON yHAPHOI apudMeTnKn OO ObI XOPOIIO
MMETh BO3MO2KHOCTH TJVIODAJBHO HMEPEKII0IATh BCTPOEHHOE BBITIOJTHEHNE
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YHApHO! apudMeTHKd Ha HAMBHOE, TO €CTh UMETh JBE BEPCUH CTAHIAPTHOI
OMOJIMOTEKN.

2.6. O cocraBneHun gokasaTtenbCTBa Ha si3bike Agda

Ob61ue puEMBI TIOCTPOEHNUSI JIOKA3ATE/IbCTE 1TPEJICTABIEHBI B COOTBET-
creun Kappu-XoBap/ia, Kak 9TO OIMCaHO B Hauaje Beemenust. 3ech ke
JmaauM 0oJiee IOIPOOHBIE OO'bIICHEHUSI.

Omemynaenue 06 OMHOWEHUY PABEHCMEG: HAYKE 3HAK = O3HAYACT B
CTaHJAPTHON Oub/moTeke cuHTakcudeckoe (propositional) paBeHcTBO —
B orauune ot onpezesiemoro (definitional) paBencrsa =, 3agaBaeMoro
[IPOTPAMMUCTOM IO-CBOEMY JIJIsl KaXKJIOr0 PacCMaTpUBAEMOro Tuna. Pa-
BEHCTBO = IPEJIOIPE/IESIEHO KaK 00IIee JJIst BCeX THUIIOB Yepe3 MPaBUIIO
pediiekcuBHOCTH x = x. Hanpumep, [JIs HATYpaJIbHOTO YUCIA 1 PABEHCTBO
1 + n =1+ nnUMeeT B KA4eCTBE JI0KA3ATEIbCTBA KOHCTPYKTOP JIAHHBIX
refl, OO OHO SIBJISIETCSI IOJCTAHOBOYHBIM CJIydaeM IIPaBujia PedIIEKCUN.
Jlpyroii ipuMep: paBeHCTBO 0 + n = n J0KA3aHO KOHCTPYKTOPOM refl MJIH
He JIOKa3aHO B 3aBUCUMOCTHU OT TOI'O, HAXOJUTCSI JIU (DYHKIUS _+_ JJIsi
Tuma N B 00/1aCTH BUAUMOCTH KOMIUJIATOPA. ECu OHa HAXOAUTCS B IOJIE
BUAMMOCTU (MMIIOPTUPOBAHA), TO KOMIIUJISITOD BBIUUCIISET HOPMAAUSALUIO
BBIPAYKEHUST BBI30BA 3TON (DYHKINY 110 (DYHKIUSIM U3 BUIUMOTO OKPYKEHUSI.
DTO MPUBOJUT JIEBYIO YACTh PABEHCTBA K BUJY 1, U OISITh, KOHCTPYKTOP
refl MaéT MJOKa3aTEIbCTBO.

Hamee, i WUIIOCTpAIAA JOKA3ATEIHHOTO MMPOrPAMMUPOBAHUST
pazbepém mopoOHO YACTh JOKA3ATETLCTBA HEKOTOPOU JIEMMbI M3 HAaIlei
6ubsmorexu (obiee BBeJEHUE B [IPOrPAMMUPOBAHKE HA ATje COIEPIKUTCA B

[1]).
I[TPUMEP 4. Paccmompum ymeepotrcdenue

(4) «ONA M00BIT 060UNHBIT 3anuceti a Ub 6ePHO
pasercmeo (suc a) +b=suc (a + b)».

Imo ymeeporcoenue NPedcmasAAEMCA MUunom

(a b : Bin) — (suc a) + b = suc (a + b)

DTOT THUII, KOTOPBIil Mbl 0003HaYNM 4depe3 T(a, b), SBHO 3aBUCHUT OT
nmepeMeHHbIX a, b. Hampumep, kKommumisaTop cantaet, ¥To Tumbl T(a, b) u
T(a+b, b) pasmbie. JItoboe 3HaUeHNE U3 3TOTO TUNA T(a, b) MpPEACTABIISIET
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JTOKA3aTe/IbCTBO JTAHHOTO yTBepKaeHus. [loaromy, ecim Kakasi-to byHKIUS
(asropuTM) OT a U b BBIIAET 3HAYEHUE ITOTO TUIIA, TO 3Ta (DYHKIM IPEJi-
CTaBJISICT JIOKA3aTEILCTBO TOTO YTBEPKICHUs. TaK ITO BBHIMICITPUBEICHHAS
JieMMa (POPMYJIUPYETCs U JTOKA3BIBAETCS (DOPMABLHO B BUJIE CJIETYIONIETt

IPOTPAMMBI:
suc-assoc : (a b : Bin) — (suc a) + b = suc (a + b) -- ¢opMynIHpOBKa yTBepXLeHHS
suc-assoc O# b = cong suc (sym (0+ b))
suc-assoc a O# = begin (suc a) + O# =( +0 (suc a) )

suc a =( cong suc (sym (+0 a)) )
suc (a + O#)
]

suc-assoc (bsA 1#) (bsB 1#) =

3nech O# ecTh ABOMYHAS 3AIMCH HyJisA, (bsA 1#) TBOMYHAs 3AINCH IIPO-
U3BOJILHOTO HEHYJIEBOTO ducaa. [IpoBog CUMBOJIbHBIE BHIYUCICHUS C
TeJIOM (PYHKIMY KaK C BBIDAXKEHHEM OT IIEPEMEHHBIX a, b, KOMIIUJISITOD
yOexKJaeTCs, ITO 3Ta (PYHKIMS BO3BPAIAET UTOT HYKHOTO Tuta. I sToT
UTOT €CTh CBUIETEIHCTBO BBIIIOJIHEHNUS YTBEPXKIEHUS IS JAHHBIX a U b.

OyHKIUS suc-assoc 3aJaHa PEKyPCHEll 10 TOCTPOEHUIO 3HAYEHUIA a U
b. OcHOBaHME PEKYPCUU COCTABJISIOT CJIy4aM, KOIJa IePBbIil mjin BTOPOii
apryMeHT dBJjdeTcd HyJIEM. JloKa3aTesbCTBO I 9TUX CJIydaeB 3/1€Ch
LPUBEJIEHO, a JIs CJIydasi HEHYJIeBBIX onepaHioB (bsA 1#) (bsB 1#) (mar
UHJYKIUY) 3aMEHEHO MHOIOTOYHEM.

Pazbepém monpobHO TOBKO caydail aprymMeHToB Buja O# b. /[y Hero
JIOKA3aTeIbCTBO (CBUJIETENBCTBO) eCTh 3HavYeHue cong suc (sym (0+ b)). D1o
3HaYeHHne JIOJI2KHO UMeTh TUIl (suc O#) + b = suc (0# + b).

CoryacHo TporpamMe Jijist _+_ Jijist OOJIACTH Bin JieBasl YacTh 9TOrO
BbIpa2K€HUs TUIla YIIPpOIIaeTCd, U THUII HOPMaJIU3YyETCA K BbIPpazKE€HHIO

suc b = suc (0# + b).

Jlemma 0+ yTBep2KIatommasi, 9To O# + x = x JijIst JIFOOOTo x B OMO/IMOTEKE
JokazaHa pamnbline. [Ipumenenme (0+ b) pyHKIHM 0+ K 3HAYEHUIO b
IpeJICTaBIIsieT TpuMeHeHue JIeMMbI K b. OTciofia (0+ b) ecTh JI0Ka3aTeIbCTBO
paBeHcTBa O# + b = b.

Akcuoma sym U3 CTaHJIAPTHONH GUOINOTEKU BHIPAYKAET CUMMETPUY-
HOCTh paBeHCTBa _=_. IlosToMy sym (0+ b) mmeer Tun b = 0# + b. Ilo
aKCHOME cong M3 CTAHIAPTHON OMOIMOTEKN TpuMeHeHne JTI000# MyHKITIN
£ (LOAXOZSIIEro THUIIA) K YAaCTIM JII00Or0 PaBEHCTBAa 1 = r BBIBOIUT
paBencTBo (f 1) = (f r). Tenepn dpyurmus (cong suc), IPUMEHEHHAS K
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CBUJIETEJILCTBY PABEHCTBA b = O# + b, BRIJAET CBUIETEIHCTBO PABEHCTBA
suc b = suc (0# + b).
Komnozumust HopMasm3anum Mo mporpaMMe U BCeX 9TUX MPUMEHEHUH
JaéT BbIpakeHue cong suc (sym (0+ b)) mpaBoii yacTH, KOTOPOE €CTh
JIOKa3aTeJIbCTBO PaBEeHCTBa
(suc O#) + b = suc (O# + Db).
]
Kaxk B cBoeil mosiHOTE BBITJISIAT JI0KA3aTeILCTBA B bubsmoreke Binary
nokazano B [Ipumoxkennu [. Tam nmpuBeéH OTPBHIBOK KOJIa, TTPEJICTABJISIONINI
HEOOXO/IMMbIE OIPeIeJIeHNsI U JOKA3ATEIbCTBO YTBEPXKIEHUS O CJIOKEHUN
JIBOUYHOM 3aITMCU C HYJIEM.
Jlpyrue mpuMepbl MAIIIHHO-TIPOBEPSIEMBIX JIOKA3aTEIHCTB 10 WH LY KITN
umerorest B crarbe [10] n B nexosHbIx TekcTax Gubsnorekn Binary.

O svivucaerut 8 doKa3amessbemsear: HEKOTOPBIE JIOKAa3aTeIbCTBA, JIJIs
apudMeTuKn IBONIHBIX 3aruceil B oubymorere Binary ccpuiatorcs Ha
aJIroOpuTM toN, KOTOPbIl UMeeT MOKA3aTe/IbHBIN TOPSIJIOK BBIYUCIATE b=
HOI cromMocTu. Biinsier ji 3TO Ha MPOU3BOAUTEIBHOCTD UCIIOJIHIEMOMN
IpOrpamMMBbI?

B nanHOM citydae cyIecTBEHHO He BJIASIET, TAK KaK (PYHKIIIS toN
[IOCTaBJIEHA B IIPABUJIbHBIX MeCTaxX.

OTHoIIeHne K BBIYHUC/IEHUIO B JIOKA3aTEJILHOM ITPOrPAMMUPOBAHUN
TAKOBO, KAaK B y4eOHUKaX. B y4eOHUKEe MOXKET OMUCHIBATHCHA OBICTPO-
JIECTBYIOIINI AJITOPUTM ¥ IIPU STOM IIPUBOIUTHCS JIOKA3ATETbCTBO €r0
MIPABUJIBHOCTHU, U 3TO JOKA3ATEJIbCTBO MOXKET CChLIATHCS Ha, aJIlOPUTM
OOJIBIIION BBIYUCIUTEIBHON cTouMocTh. UTo Kacaercs Agda-miporpamMm
oubsmoreku Binary, dpyHKIUs toN mocTaBjieHa B TeX MeCTax, IJie OHa
YACMUYHO BBIUHACISETCS BO BPEMsl KOMITMIISIITUK (BO BPEMsl IPOBEPKA
THUIIOB), HO He BO BPEMs UCIIOJHEHNsI. TaM 3Ke, TJie OHA BBIUHCJISIETCS IPU
HCIIOJIHEHNH KOJIA, 9TO BLIYMCJIEHNE NMeeT MaJIblil OPAI0K CTOUMOCTH (KaK,
HAIIPUMED, TIPH PA3PENIeHNN TOPSIKA Ha JBOMIHBIX 3aIACIX).

3. Y710 ectb n 4ero He xBaTaeT B CTaHgapTHoW bubnunorteke ans
obnactun Bin

3.1. Yro ectb B cTaHpgapTHO bubnnoteke gns obnactm Bin

Tum Bit comep:KuT aBa 3HAYECHUS: TBOMIHDBIE Pa3psiabl Ob 1 1b.
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Koncrpykrop Tumos List kKaxoMmy Tuiry T conocTaBisger Tun (List T)
KOHEYHBIX CIUCKOB 3jieMeHTOB u3 T. Hampumep, (List Bit) ecTb TUI
BCE€X CIIMCKOB JIBOUYHBIX DPa3PsiIOB. Beaknit Tunn Buna List T umeer
KOHCTPYKTOPBI JIaHHbIX []1 (Iycroit cimcok) u _::_ (IpUCTaBJIEHHE 3JIeMEHTa
u3 T CIIEPE/N K CIIUCKY ).

O cuHTaKCHCE: 3HAK «_», IPUCTABJIEHHBIN CJIEBA WU CIIPABA K NUMEHU
oTiepaTopa B O0bIBJICHUU TUIIA ONEPATOPA, O3HATAET, ITO ITOT OIEPATOP
nMeeT apryMeHT, 3allMChbIBAeMBbI COOTBETCTBEHHO CJIeBa MU CIIpaBa OT
3HaKa omeparopa. Hampumep, onepaTtop — KOHCTPYKTOP _::_ 3aIIMCHIBACTCS
C OJHUM apryMEHTOM CJjeBa U OJHUM apryMEHTOM cIpaBa.

ZLBOI/I‘{HaH 3allUCh YUCJIa OlIpeaeJIeHa KaK THUII JaHHbIX

data Bin : Set where O# : Bin
_1# : (bs : List Bit) — Bin

3HaK # eCTh 9aCTh UMeH ITUX JBYX KOHCTPYKTOPOB (IIOSICHEHUS O
cuaTakcuca Arapl ganel B Pasmene 2.1).

Majmme paspsiibl CTaBATCS B HAYAJO CIIMCKA. _1# €CTh MOCT(UKCHBII
KOHCTPYKTOP, KOTOPBIIf COOTBETCTBYET MIPUIUCHIBAHUIO €IUHUIIBI KaK
CTapINero paspgama. DTO IPeJACTABICHAE TaéT CACIYIONEee COOTBETCTBIE:

o# -- 0,
[0 1# - 1,
(Ob :: [1) 1# - 2,
(1b :: [1) 1# -- 3,
(0b :: Ob :: [1) 1# -- 4,
(1b :: Ob :: [1) 1# -- 5

7 Tak JraJiee.

Kak Buzmno, nanmnoe tuma Bin €CThb IMOYTH TO K€, 9TO JAHHOE THUIIA
List Bit. OHu oTyimuaroTcs mapoit (PyHKINA [TePeKOJIMPOBKU: toBits,
fromBits. DTu MYHKIUU IPOCTHI U UMEIOT JINHEHHBIN MTOPSIIOK CTOMMOCTH
Boranciienusi. g npumepa 3amuiieM OHY U3 HUX:

toBits : Bin — List Bit
toBits 0 = [ 0b] -- cmucok (Ob :: [1) m3 ommHoro ameMeHTa
toBits (bs 1#) = bs ++ [ 1b ] -- _++_ ecTp QyHKUUS COEHUHEHHA CIHUCKOB

BameTuM, 9TO 3JIEMEHTAM Bin COOTBETCTBYIOT IIPU 3TOM OTOODAXKEHUM HE
BCe CIIMCKU JIBOUYHBIX Pa3psJiOB, a TOJIBKO IIyCTOI CIUCOK U €IIE BCe Te
CIINCKHU, KOTOPBIE 3aKaHUYUBAIOTCA €IMHUYHBIM Pa3PAIOM.
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OTu crucku B OubnoTeke Binary MPUHATHL 33 6MOPOl KAHOHUYECKUT
6ud 060uNHOU 3anucy. YCIOBAE TTPUHAIJIEIXKHOCTU CIIMCKA, KO BTOPOMY
KAQHOHUYIECKOMY BHJIY BhIparkeHo QpyHKImeil HasLast1if — «3aKaHINBaeTCs
HA eJIMHUILY, €CJIA He MYCT>.

I[TPUMEP 5. Yucao 0 60 6mopom KaHoHuweckom ude npedcmas-
aerno cnuckom [1, edunuuya npedcmasaena cnuckom 1b :: [1, wucao 5
npedcmasaeHo cnuckom 1b :: 0b :: 1b :: [1.

O

Oyukiusg toN : Bin — N peam3yer oToOpakeHne u3 006acTy Bin B
obsacTb N HATYpAJIbHBIX YUCEJI B YHAPHOM IpejacraBieHun. Jjis Kaxk o
ABOMYHOU 3anucu x (toN x) eCTh HaTypaJIbHOE YUCJIO, JJid KOTOPOr'o X
eCTb ABOMYHBLIN KOJI. PyHKINS fromN : N — Bin BBIJIAET JIBOMYHYIO 3aIUCh
HaTypPaJbHOI'O YUCJA.

Peannzosannr oneparnmu _+_ and _*_ j1s1 obsracTa Bin, omepariumn
suc («caemyoumiis ), pred («IpeiblLIynHiis ), <-cmp (CpaBHEHHE BHUIA
«MeHbIIIe-00JIbIIe-paBEeH» ). DTH OIEPAIUH UMEIOT €CTECTBEHHBII TTOPSAI0K
cronmoctu. Hampumep, mefictBust x +y n (<-cmp X y) UMEIOT CTOUMOCTD

O(max(|zl, |y[)),

rue dyHKnus |_| BBLIAET YUCJIO Pa3ps/IOB B JIBOMYHON 3AIUCH.

CrannaprHast 6n0moreKka peajn3yeT CTPYKTYPY Pa3pPemMOoro CTpororo
JIMHeHHOro opsiika ( StrictTotalOrder) Ha OGJIACTH Bin OTHOCHTEJILHO
YHOPALOIEHNs <-cmp.

3.2. Yero He xBaTaeTt B CTaHOAPTHOW Oubnnoteke anst obnacrtm Bin

He xBartaer ciesmyiomrero.

o JlokazaTenbcTBa B3aWMHOM OJHO3HAYHOCTU OTOOparkeHusi toN u
TOTO, 9TO toN B3aUMHO-00PATHO ¢ fromN.

o JlokazarejabcTBa TOro, 9TO toN 1 fromN COXPAHSAIOT JIefCTBUAS _+_ U

o JlokazaTeabcTBa 3aKOHOB IIEPECTAHOBOYHOCTH, COYUETATEILHOTO U
PACIPEIEJIUTEJIbHOTO JJIsd JIeHCTBUN _+_ U _*_ Ha obJjacTu Bin (oHU
[IPOCTO BBIBOJIATCS U3 TIPEIBIYIIIX JIBYX IIyHKTOB).

o CTPyKTYpBI Pa3pernMoro JIMHEHHO YIIOPSIOYEHHOIO MHOYXKECTBA
DecTotalOrder OTHOCHUTEJ/IbHO YIOPSITOYEHUsT _<_ (<<MeHbI_He NI
paBHO» ) Ha 06J1aCTH Bin.
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o JleiicTBUSI BBIUMTAHUS _-’_, C JJOKA3aTEJILCTBOM €TI0 OIPEIEIISIONINX
CBOICTB.
o JlokazaTenbcTBa 3aKOHOB MOHOTOHHOCTH OIleparuit _+ * =)

SN N
OTHOCHUTEJIbHO CPaBHEHUN _<_, _<_.

o JlefictBus divMod mHeJIeHHSI C OCTATKOM, C JIOKA3aTEJIHCTBOM €ro
OIIpEAEIAIONINX CBOUCTB.

o JlelicTBust gcd BBIYHUC/IEHUST HAMOOJBINETO OOIEro JIE/TUTEN, C

JTIOKa3aTeJILCTBOM €T'0 ONPEIeSIONINX CBOUCTB.

3ameTnM, 9TO MEPBBIE ABA M3 MEPEUNCIEHHBIX TOKA3ATEIbCTB SBIISTIOTCS
00OCHOBAHMEM 3aMBICJIa, BBEJICHUS [IBOMYHOTO IIpeCcTaBieHns. bes Hux
BBEJICHIE JIBOUTHOTO MPEJICTABICHUS JIazKe HE UMEET CMBIC/A. UTO KacaeTcs
onrepanuii divMod u gcd, TO OHU OYEHD 2KeJIaTEe/JIbHbI JJ1d CTaHIaPTHON
O6ub/IMOTeKH, TaK KaK, HAIIPUMED, UCIOJIB3YIOTCs B apudMeTnke Ipobei, u
KpPOMe TOr0, CTaHIapTHas OMOJIMOTeKa BKIIFOUAET TAKUE OMEPAIUN JIJIsi
obnactu N.

Boobuie, xaxue dokaszamervcmea 00ancHbL 6bims 6 JoKa3amesvHol
npoepamme? TIpernookmmM, IporpaMMa UCIOIb3yeT KAKYIO-TO U3BECTHYIO
MaTEMATHIECKYIO OMeparuio. Bo MHOIUX CIydasiX OMPEIE/IsiOIe CBOWCTBa
STOI OIepaluy BXOAIT B IPOrpaMMy B BHjie 0ObsiBjieHus Tuia. Hampumep,
Hrmxke B Pazsese 4.5 npecTaBieHo ONpeeIeHNe IeJIEHUS C OCTATKOM.
B apyrux caygasix onpemesieHneM MOYXKeET OBITH HEKUIl aJIrOPUTM, He
00s13aT€IbHO BBICOKOI IIPOU3BOAUTE/ILHOCTH (KaK, HAIPUMED, CJIOXKEeHUe
yHapHBIX 3anuceil). U nokasarenbHasi IporpaMMa [0 MeHbIell Mepe
JIOJIZKHA BKJIIOYATh JI0KA3aTEJbCTBO TOTO, YTO IIPUMEHSEMBIH aJIrOPUTM
BBIYHCJIEHUS TAET UTOT, y/IOBJIETBOPSIOIIINIT OIIPEIeIEHUIO.

ITPUMEP 6. FEcau Pynxuyus (npozpamma) deaerus ¢ 0Cmamxom
HAMYPAALHOZ20 HUCAA @ HA HAMYPAALHOE YUCAO b daém wacmmoe q u
0cmamox r, mo doadicHo 6vimsd JOKA3AMEABCMBO PABEHCMBA & = q¥b + T U
HepaseHcmea r < b.

CtoxkeHre TBONYHBIX 3aIICEHl HATYPAIbHBIX YHUCET JOJKHO J1aBaTh TOT

’Ke UTOT, 9TO CJIOYKEHUEe YHAPHBIX 3aluceil, — ¢ yIEToM Ipeodpa30BaHust
KOJMPOBOK.

O

IIpu nporpammupoBasuy JOKa3aTEIbHON OUOJIMOTEKN KOMITBIOTEPHOI

aJireOphl TaKKe YKeJIATeJIbHO BKIIIOYATD J0KA3aTeIbCTBA JIEMM U T€OPEM

M3BECTHDLIX M3 yIeOHUKOB. Takas OMOIMOTEKA JOIKHA OBITH HE TOJHKO

coOpaHmeM aJIrOPUTMOB, HO U (DOPMAJIBHBIM MAaITTHHO-TTPOBEPSIEMBIM
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W3JIOYKEHIEM TEeOPUH, CBA3aHHON C 3TUMU ajroputmamu. Hampumep, s
IIPOrPaMMBbl CJIOXKEHUA HATypaJbHBIX YHCeJI »KeJIaTeJIbHbI JOKa3aTeIbCTBa
COYeTaTEeJIbHOI'O U I1€PECTAHOBOYHOI'O 3aKOHOB.

3.3. Yro paér bubnunorteka Binary

B 6ubsmmoreke peasim30BaHbl (DYHKINMK, HEXBATKA KOTOPHIX OTMEYEHa,
B IIPEJBLIYINEM pas3zese. ITO JaéT apudMeTUKy HATYPAJbHBIX IHUCEJI,
KOTOpas a) CHabXKeHA BCeMU HEOOXOIMMBIMU MAIIMHHO-IIPOBEPSEMbIMU
JI0KA3aTeIbCTBAMH, 6) UMEET OlEepPAIlMd TAKON BBIYUCIUTEILHON CTOMMOCTH,
Kakasl U3BECTHA It crocoba «B cTosibuks». Hampumep, cioxenne nmeer
IOPAA0K CTOMMOCTHU OIDAaHUYEHHBIN JIMHEHHON BEJIMYUHOU OTHOCHUTEJILHO
KOJINUEeCTBa Pa3ps/ioB B apryMeHTax, & YMHOXKeHHe U JleJIeHIe ¢ OCTaTKOM
IMEIOT COOTBETCTBEHHO KBaJPATUIHBII ITOPAJOK CTOUMOCTH.

[IpucTynuM K U3/10:KEHUIO TTOIPOOHOCTEN TOCTPOEHUST ITON OUOJIMOTEKN.

4. OcHoBHble 4YacTu pa3paboTku

4.1. OTHOweHne nopsigka

JlBom4HbIe 3ammcu CPABHUBAIOTCS B OTHONIEHUN _<_ KaK CIHUCKU
paspsoB (B OTIIMYME OT CPaBHEHMsI B CTaHIApTHON 6ubimoreke). TombKo
CHAYAJIA CPABHUBAIOTCS JBOMYHbIE HOPAIKY ONepan 0B (ducyio uudp): Tor
omrepam, bosbIle, Yeit mopsaIoK Oosibiie. Ecan mopsaku paBHBI, TO CIIUCKA
DPa3psAI0B CPABHUBAIOTCH JIEKCHKOIDADUIECKH, HAYNHAS CO CTapIIero
paspsiga. IIpuuém mopsilok BEIYUC/ISIETCS B YHAPHON 3aIllCH, €r0 BBLIAET
dbyurms length myumabl crucka. [logydaercs, 910 cpaBHEHUE MTOPSIIKOB
HIMEEeT CTOUMOCTH JIMHEHHYIO OTHOCHTEIHHO BEJIMIMHBI OPAIKOB OIIEPAHJIOB,
[I03TOMY OHO HE YBEJIMUYMBAET IOPSIIKA CTOUMOCTH CPABHEHUS JIBOMIHBIX
3ammceii.

4.2. N3omopdm3sm oTobpaxkeHus toN no cnoxkeHuto

DopmMaabHOE JOKA3aTEeJILCTBO Ha Arie B3auMHON OIHO3ZHAYHOCTU
JIBOMTHOTO KOJIMPOBAHUST OCHOBAHO HA CJEAYIOIIUX MOCTPOeHUsX. BBOIUTCS

dyHKIMS
fromDigs : List Bit — N

TIePEBOJIa, M3 CIUCKA, JJBOMYHBIX PA3PsIOB B YHAPHOE Ipejcrasienue. Jms
omnepanuii suc u pred JJOKa3bIBAIOTCS JIEMMBbI
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suc-assoc : (a b : Bin) — (suc a) + b = suc (a + b)
predosuc : pred o suc = id
sucopred : (bs : List Bit) — suc (pred (bs 1#)) = bs 1#

JlemMa suc-assoc oObsicHeHa B pazjene 2.6. (bs 1#) ecTh OOIIUl BU
JBOUYHON 3aIMCH HEHYJIEBOrO dmcja. B cranmapTHOil Onbanoreke nMs
id 0bO3HAYAET TOXKJIECTBEHHYIO (DYHKIINIO, & PaBEHCTBO MYHKIWIT £ = g
Oo3HayaeT yTBepxkJaeHue V x (f x = g x).

B aT0it wacTn moKa3aTeILCTB OUOIMOTEKA UCIIOIB3YET TaK?Ke BTOPOE
KaHOHMYECKOe IIPeJCTaBIeHue YNCJa — B BUJE CIUCKa pa3panos (List Bit),
Kak 910 00bsicHeHO B pazzere 3.1.

Joka3zbiBaeTcst TeopeMa, 00 MHHbEKTUBHOCTH OTOOpaXkenus: fromDigs:

injective-fromDigits : V {bs bs’} — HasLastlif bs — HasLastl1if bs’
— fromDigs bs = fromDigs bs’ — bs = bs”’

To ectb oToOpaxkenme fromDigs sIBJISIETCS MHHEKTUBHBIM Ha MHOXKECTBE TEX
CIIUCKOB Pa3ps/IOB, KOTOPBIE SIBJISIOTCA KAHOHUYIECKUMU (MO0 I1yCThIMU,
00 MMEIOINMU €JIMHUILY Ha KOHue). JBa ycimoBusa C IpPeIUKATOM
HasLast1if j00aBjIeHBI U3-3a TOTO, 9TO (QyHKIMS fromDigs IPUMEHNMA K
JII060MY CIIHCKY Pa3psifioB, & yCJIOBUE TeOPEMBI TPeOyeT KAHOHUYIECKOIO
IpeACcTaBIeHN YHUCIA.

Hasee BBOmsATCA DyHKIIUN

toBDigits : (n : N) — 3 (\(bs : List Bit)

— (fromDigs bs = n) x HasLastlif bs)
toBDigs : N — List Bit
toBDigs = proj; o toBDigits

[lepBas u3 HUX Mpeodpas3yeT YUC/IO n U3 YHAPHOH 3aIMCH B [TBOMYHYIO
3aIMCh BTOPOr0 KAHOHUYECKOTO BHUJIA JJjisl n. B pe3ysbrare mosrydaercs
napa (bs, (eq , hl)), rje bs €CTb CHUCOK Pa3p4llOB, eq CBUIETEIHCTBO
paBeHCTBa fromDigs bs = n, a hl — CBHJETEJBCTBO TOr'0, 9YTO bs €CTh
KAQHOHUYECKas 3alliCh.

3/1eCh U HUXKE proji U proj» 0003HAYAIOT PYHKIMIO IIPOEKITUHU AP
COOTBETCTBEHHO HA MEPBYIO U BTOPYIO COCTABJISIIOIIHE.

Crenyromue jiBe OYHKINN IIPEJICTABILIOT JIOKA3aTE€JILCTBO TOTO,
4TO OTOOparkeHus fromDigs M toBDigs B3aMMHO OOpaTHBI Ha OOJIACTU
KAHOHUYIECKUX CHUCKOB Pa3psiioB:
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fromDigitsotoBDigs : fromDigs o toBDigs = id
fromDigitsotoBDigs = proj: o projs o toBDigits
toBDigsofromDigits : {bs : List Bit} — HasLastlif bs
— toBDigs (fromDigs bs) = bs

JlokazaTesbCTBO BTOPOI JIEMMBI UCIOJIB3YeT injective-fromDigits u
fromDigitsotoBDigs.

CitoxkeHne «CTOJIONKOM» B JIBOMYHOM IIPEJICTABIEHUN OEPETCsT U3
cragapTHOil 6ubunoreku. OHO OocHOBaHO Ha (byHKIMHU addBitLists,
CKJIIBIBAIOIIEN J[Ba CIIUCKA Pa3psiJIOB U JAHHBIN PAPSIT nepeHoca. Jta,
bYHKIIMS B CBOIO OY€PE/Ib BBI3bIBAET (DyHKIUIO addCarry mpubaBjIeHUsT
MepeHoca K IUCTY, MPEJICTABICHHOMY CIUCKOM pa3psaaoB. Oyuknus addCl
€CTb IIpUOaBJIEHNE eIMHIYIHOIO IIEPEHOCA.

JokazaTesbcTBO TOMOMOPGHOCTHU IO CJIOXKEHUIO 0TOOparKeHust toN
BBIPAZKEHO CJICAYIONIEH IIeIIOYKOM JIeMM:

fromDigits-suc-eq : {bs : ListBit} — fromDigs (addCl1 bs) = 1+ (fromDigs bs)
toBDigs-suc-eq : {n : N} — toBDigs (1+ n) = addCl (toBDigs n)

fromN : N — Bin

fromN n = fromBits (toBDigs n)

toBitsZtoBDigsotoN : a : Bin — a # O# — toBits a = toBDigs (toN a)

fromNotoN : fromN o toN = id

toNofromN : toN o fromN = id

toN-suc-homo : toN o suc = 1+_ o toN

fromN-suc-homo : fromN o 1+_ = suc o fromN

‘toN+homo : (ab : Bin) » toN (a + b) = (toN a) +n (toN b)

Jlemma fromDigits-suc-eq yTBEPXKIAET, UTO [IPUOABJICHUE €INHIIHOIO
IIEPEHOCA B JIBOUYHON 3allCH COOTBETCTBYET IPUOABIEHUIO €IUHUIIBI
B YHAPHOI 3amucu npu orodpakeHnu fromDigs. JlemMma toBDigs-suc-eq
YTBEPKIaeT 00paTHOE COOTBETCTBHE.

JleMMBbI fromNotoN u toNofromN yTBEPXKIAKOT, YTO OTOOpaXKeHusT toN 1
fromN B3anMHO OOpaTHBI MeXK1y objacTamu Bin u N. Ix mokazaTeabcTBa
HCIIOJIb3YIOT HPEABbLAYINUe [IOCTPOCHUA.

JlemMMBbI toN-suc-homo n fromN-suc-homo yTBEp:KIAIOT, 9YTO OTOOpaXKe-
HU4 toN 1 fromN COXpaAHAIOT OLEPAIUIO CJIOXKECHUA C CJIMHUIIEH.

Haxomnerr, Teopema toN+homo 03HAYAET, UTO OTOOPaKEHHE toN COXPAHIET
cJIoKeHre. 371ech _+n_ 0003HAYAET CJOXKEHHE B YHAPHOI cucreme (DyHKIMs
_+_ u3 MOfyJig Nat UMIIOPTUPOBAHA C IIEPEUMEHOBAHUEM B _+n_).

13 Bcero IIEPEIUCJIEHHOI'O BBIIIE JIETKO BBIBOAUTCHA, IYTO

e toN U fromN CyTh B3aNMHO OOPATHBIE M30MOP(MU3MBI IO CJIOZKEHUIO
MexK Iy obJsracTaMu Bin u N,
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e OIepaIus CJIOXKEHUs Ha 00J1acTu Bin 00Jia1aeT CBOMCTBOM cOvYeTa~
TEJIbHOCTU U TI€PECTAHOBOYHOCTH — 3TO BBIBOJIUTCS U3 U30MOPMU3-
Ma II0 CJIOXKEHUIO W U3 JOKA3aHHBIX B CTAHIAPTHON OMOIMOTEKe
CBOMCTB COYETATEIbHOCTU U II€PECTAHOBOYHOCTU CJIOYKEHUsSI B
YHAPHOII apudMeTnKe.

HepBaﬂ HJaCTb 9THUX yTBep)K,ZLeHI/IfI BbIpazKaeTCsd Ha AI‘,ZLG TaKUMU TpeMs
00'bSIBJICHUSIMH THUIIOB:

v (x y : Bin) - toN (x + y) = (toN x) +n (toN y) -- roMOMOpP$HOCTH
toN o fromN = id
fromN o toN = id

W3 Bropoil yacTu yTBEpXKIACHUN NPUBEIEM BhIparkKeHue Ha Arie
co4YeTaTe/IbHOI'O 3aKOHa:
V(xyz:Bin) > (x+y)+z=x+ (y + 2).

4.3. N3omopdusm oTobparkeHus toN no ymHoxeHuio

VYMHOXKEHNE «CTOJIOMKOM» B JIBOMTIHOM IIPEICTABJIEHUN OEpETCst n3
CTaHJIAPTHOI 6ubIMOTEKN. AJITOPUTM COCTOUT B IIOBTOPEHUU JAEHCTBUN
C/IBUTA CIUCKA Pa3psyioB (TO €CThb IPUIIUCHIBAHUSI HYJIsI CIEpe) U
CJIOYKEeHU JIBOMYHBIX 3aluceit addBitLists.

CaoiicTBO toN¥homo roMOMOPMU3Ma [0 YMHOYKEHUIO 0TOOpaskeHusl toN
JIOKA3bIBACTCS B BUJIE CJEIYIOMIEH TEIIOYKHU JIEMM:

2bin*comm D VX2 kx=x% 2 -- rme 2’ ecTh OBOMYHAsS 3alUCh AT 2
*2-assoc : (xy : Bin) — (x *2) x y = (x * y) *2

2bin*assoc : (x y : Bin) — (27 * x) * y =2’ * (x * y)

2bin*assoc2 : (xy : Bin) — (x * 2°) x y =x % (2’ x y)

*suc-even : (xy :Bin) - (suc (x *2)) * y=y + (x *¥2) * y

*suc : (xy :Bin) » (suc x) * y=y + (x *y)

toN*homo : (ab : Bin) — toN (a * b) = toN a *n toN b

IIpsimoe J10Ka3aTEIHCTBO CBOMCTBA TOMOMOP(HOCTH toN*homo OTOO-
pazkeHust toN 10 YMHOXKEHUIO TTOCTPOUTH He Jjierko. [losromy cHadasa
JIOKA3bIBAIOTCSI HEKOTOPbIE CBOMCTBA YMHOXKEHUsT Ha, 2, HEKUE MTOI00UsT
[EPECTAHOBOYHOIO U COYETATEILHOIO 3aKOHOB (IIEPBbIE YeTHIPE U3 IIePEeUrC-
JIeHHBIX JieMM ). VX 1ociieioBaresibHOe 10KA3aTeIbCTBO IPOCTO, TaK KAK
YMHOXKEHUE Ha 2 MMeeT IIPOCTOe IIPeJICTaBIeHNe — IPUIUCHIBAHNE HYJIS K
CIINCKY Pa3psA/iOB.

CBOICTBO *suc pacrpeieuTeIbHOCTH IPU YMHOXKeHnn Ha (1 + x)
JIOKa3bIBaeTCd 4Yepe3 IIPeJICTaBIeHue Yucja B Buje (x *2) uin
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1+ (x *2)

(caygam «4€T» U «HEYEeT») M IPUMEHEHUE [MPEIBIIYIIUX JIEMM.

Haxkomer, cBo#icTBO toN*homo roMoMOpduU3Ma MO YMHOKEHUIO JTO-
Ka3bIBAETCs IIPUMEHEHNEM IIPEJIBIAYIINAX JEMM, TeOPEMbI toN+homo U3
pasnena 4.2 m Teopembl *n-rDistrib W3 CTaHIAPTHON OMOJIMOTEKH O
pacIpeIesuTe IbHOCTH It yHapHOil apudmernku. CodeTaTeIbHOCTD U
[I€PECTAHOBOYHOCTh YMHOXKEHHsI Ha 00J1acT! Bin M pacipeesnTebHbIT
33aKOH JIETKO JOKA3bIBAIOTCs II€PEHECEHNEM ITUX CBOMCTB U3 yHAPHOU
apuMeTUKH, JJisi KOTOPOWl OHM JIOKa3aHbl B CTAHIAPTHON OMO/MoTEKe. DTO
HepeHeceHe UCII0Ib3yeT roMOMOPGU3M toN+homo, I B3aUMHYIO 0OPATHOCTH
oTobpazkeHuil toN n fromN, yIOMSHYTYIO B pasjeie 4.2.

Jlo6aBUB IIPOCTO JTOKA3BIBAEMbIE 3aKOHBI HYJISI U €JIMHUIIBI, IOy UM
JUIst 00JIacTH Bin JOKa3aTeJIbHYIO MOJE/Ib KOMMYTATHBHOI'O HOJIYKOJIBIA

CommutativeSemiring.

4.4, Bbiuntanune

B 6ubsmoreke Binary ucnosp3yercs ciieyroiiee onpe/iesieHne pa3HOCTH
x - (c 4+ y) IBOMYHBIX 3amUCeil x U y U pa3psaa 3aémMa c. ITO eCTb
HOHATHE YCEUEHHON pasHoCcTH (KakK B CJydae BHIUATAHUS JJisl YHAPHBIX
3anuceil B CraHJapTHON GUOJIMOTEKE), YIUTHIBAIOIIEE TO, YTO PA3HOCTD
JIO/IKHA OBITh HATYPAJIHHBIM IHCJIOM.

module _ (c : Bit) (x y : Bin) -- Ilogyepk mocme cnoBa module o3HavaeT
where -- IPOIYyCK HMEHH MOZLYJ.
c+y = (fromBits [ c 1) +y -- To ecTs carry + y
data MinusRes (d : Bin) : Set
where
minuend< : x <

cty - d = 0# — MinusRes d
cty - d = 0# — MinusRes d
c+y — (x = c+y + d) — MinusRes d

minuend= :

]
|

minuend> : x

DTO COOTBETCTBYET UCXOIHOMY OIPEICTICHIIO PA3HOCTH a - b KaK PEIeHUIO
ypaBHeHUs b + x = a. Tor BborumTanus numeer Tun MinusRes. [lapamerp d
9TOrO THIIA O3HAYAET PA3HOCTL x - (y + c¢). CTpoyuka minuend> ONHUCHIBAET
UTOT, Korja x > ¢ + y. Kak BUIHO U3 3TOH CTPOYKU, B 3TOM CIIydae
TpebyeTcs BBIIOJIHEHNE paBeHCTBA x = c+y + d. [Ipeapiaymue aBe cTpoukn
OIKCBIBAIOT UTOT B cJydae x < ¢ + y, 3/IeCh Tpebyercs, YTOObI Pa3HOCTD d
ObliIa paBHA HYJIIO.

Boranranme B 001meM BUIe BBITTOTHIETCST PYHKITAECH
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minus : (c : Bit) — (x y : Bin) — 3 (\d — MinusRes ¢ x y d)

Omna Bossparaer napy (d , res), re (d : Bin) ecTb COOGCTBEHHO Pa3HOCTb,
a res COIEPXKUT UTOr CpaBHEHUd yuced x U (¢ + y), ®BCIydaex > ¢ + y
€eIllé COJIEPXKUT CBUJIETEJILCTBO PaBeHCTBA x = ¢ + y + d. To ecth KpoMme
KJIACCUIECKOTO UTOTa BBIJAETCS CBUIETEIHCTBO BBIITOJTHEHUS YCIOBUSI,
SBJISIIONIETOCS OTIPEJICIEHUEM BBIYUTaHuA. Bce 9acTh 3TOro UTora mporpamMmma,
BBIUHNCJISIET PEKYPCUBHO II0 IIOCTPOEHUIO CIIMCKOB Pa3psJiOB B X U y.
JloKa3aTessbCTBO HUCHOIb3YeT HECKOJIHKO JIEMM, OIMCAHHBIX BBIIIE, U
TeOpeMbl MOHOTOHHOCTH YMHOXKE€HHUsI OTHOCATEJIbHO HEPABEHCTB _<_ U _<_.

I[TPuMEP 7. /Jlasa deouuwnwvixr 3anucedi 1° = fromN 1, 2° = fromN 2,
3’ = fromN 3 umeem
minus Ob 3?2 2? = (1’ , minuend> 3’>0+2° 3°=0+2°+1’).

31ech BBITIOJTHEHO
c=0b,x=23",y=2,d=1
3Ha4vYeHne 3°>0+2’ eCTb CBUACTEJILCTBO JJId HepaBeHCcTBa 3° > 0# + 27,
3’=0+2’+1’ eCTb CBUAECTEJLCTBO JJId PaBEHCTBaA 3’ = 0# + 22 + 1°, a O#
€CTb UTOr IIepeBOJa HYJIEBOI'O Pa3pdAla B HYJIEBYIO ABOUYHYIO 3aIIUCH.
(]

Borauranme B y3KOM CMBIC/IE, — KOTJIA UTOT €CTh TOJBKO JIBOMIHAS

3ammnch, — 331a6Tcsa PyHKITHEit

-’_ : 0Op: Bin
x -’ y = proj; (minus Ob x y) -- BHYECTb C HyJeBhM 3aéMOM H B3AThb IPOEKIHD

JlokazaHna jieMMa, O TOM, YITO IIPU OTOOPaKeHUH toN BbIUYUTAHUE _-_
COOTBETCTBYET BBIYUTAHUIO B YHAPHOI apudMeTnke:

toN-’homo : V x y — toN (x -’ y) = (toN x) -n (toN y).

4.5. [leneHue c octaTtkom

Uror nenenus ¢ octaTKOM BbIpaxKeH B Bujie 3anucu ( record)

record DivMod (dividend divisor : Bin) : Set where
constructor result

field
quotient : Bin
remainder : Bin
equality : dividend = remainder + quotient * divisor

rem<divisor : remainder < divisor
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DTO ecTh aaredpamdecKoe OnpeeseHne JeJIeHns ¢ OCTATKOM HATypaslb-
Horo 4ducJa dividend Ha dmuciio divisor. B HéM quotient ecTh JacTHOE,
remainder — OCTaTOK, equality — CBUJAETEJLCTBO JJII PABEHCTBA «JEJIIMOE
= OCTATOK -+ YaCTHOE * JeJINTeJb», rem<divisor — CBUJIETEJILCTBO I
HEpaBEeHCTBA «OCTATOK < JEJIUTEJb».

CDyHKHI/Iﬂ divMod BBIIAET UTOI JAEJEHUS C OCTATKOM, €CJIN JIeJIUTEJIb He
paBeH HYJIIO:

divMod : (dd dr : Bin) — dr # O# — DivMod dd dr
divMod dd dr = ...

PeasnmuzoBan airopuT™ JeieHust «CTOIONKOM». OH COCTOUT B IIOBTOPEHUH
neiicTBuii capura (shift) CIHMCKa PaspsijioB JeJIUTeNs U BIYUTAHUS _-’
JBOUYHBIX 3aIIUCEI:

NoO8MOPAMb

(n =max {i : N | shift i dr < dd}; s = shift n dr; dd := dd -’ s)

NoKa dr < dd.

B 3TOM IUKJIe HAXOINTCS HANOOJIBIIEE i TAKOe, 9TO s = 2 1 - dr<dd,
U TEeKyImuil ocTaTOK dd yMeHBIaeTcs Ha s. BUIHO, UTO KOJIUIECTBO
JeficTBuit Ha |, mudpaMy OrpaHUYeHo OIeHKoit O(1dd|?), re |dd| ecThb
JJINHA IBOUYHOR 3aIlUCU AEJIUMOrO.

AJIFOpI/ITM JJIsA (byHKU,I/H/I divMod 3almMCaH TaK, YTO CBUJIETEJIHCTBa
equality U rem<divisor JJIsI COOTBETCTBYIOIIUX CBOICTB UTOTa IepeCcyu-
TBIBAIOTCH W HAKAIJIUBAIOTCS B XOJ/Ie PEKYPCUBHBIX BBI30BOB. Bcé 310
COCTaBJIAET JOKA3aTEJAbHYIO IIPOIPAMMY HEJICHUS ¢ OCTATKOM.

5. CrtpoeHue 6ubnuorekn Binary 3.2 B uenom. Mogynu

Huxe cywrocmvro HasbiBaeM THIT WK (DYHKIMIO U3 PACCMATPUBAEMOIO
Momysis. Tum MoXkeT TakkKe BbIpaXKaTh MATEMATHIECKOE OIpee/IeHne, a
(BYHKIUST MOYKET BBIPAXKATH AJITOPUTM UJIU JIOKA3ATEHCTBO.

OCHOBHBIE HCITOJIB30BAHHBIE CYIITHOCTH U3 CTAHIAPTHONW OMOINOTEKH
TAKOBBI:

o JlokazaTe/nbcTBa 3aKOHOB KOMMYTATHUBHOTO TOJIYKOJIBIIA JIJIsT YHAPHOTO
IpencTaBIeHAs HATYPAJIbHBIX YHCEJI.

o Twunbl, OTHOIIIEHUST U OTIEPAINH JIJIsT JIBOMYIHBIX 3amuceii: Bit, Bin,
addCarry, addBitLists, +, *, =

OcHoBHBIe cymHOCTH, pa3dpaboranubie B bubanoreke Binary 3.2, TakoBsl.
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Puc. 1. 3aBucumocts yacreil 6ubaroTekn

o Ompenenenne ynopsmodenus _<_ Ha obsactu Bin depes mekcukorpa-
duyecKkuii MOPsJIOK Ha CIUCKE ODUT U JOKA3aTEJIbCTBO €r0 CBOWCTB
Pa3pEIuMOro MOJTHOTO YIOPSII0IEHUS.

e P1. JlokazarebCTBA B3AMMHON OJJHO3HAYHOCTH M B3aWMHOI 0OpaTHOCTH
oTobpazkeHnit toN 1 fromN.

e P2. JlokazarenbcTBO n3oMopduiMa oTobparkenuii toN u fromN 110
CJIOYKEHUIO.

o P3. JIokazaTeabcTBO m30MOpPPU3Ma OTOOparkeHuit toN 1 fromN 110
YMHOXKEHUIO.

o P4. BpIBO/ 3aKOHOB KOMMYTATUBHOIO IMOJIYKOJIBIA st obsactu Bin.

o Ompemenenne BeIMUTAHUS Ha objaacTu Bin u ero peanusarus.

o Omnpeesnienne seeHns ¢ octaTkoM Ha obsactu Bin u ero peasmsarus.

e P5. Jloka3aTeanCTBO ONPEIEISIONINX CBONCTB BEIYUTAHNS Ha 00JIACTH
Bin.

o P6. Jloka3aTeabCTBO ONMPEIEIISIONINX CBOMCTB JIeJIEHNsT C OCTATKOM Ha
obJtactu Bin.

3nech MeTKaMu P1, ..., P6 0003HAYECHBI COOTBETCTBYIOIIHE JOKA3aTEILCTBA
B OubsmoTeke. Jlormaeckast 3aBUCHMOCTD MEXKJIy STHMU JI0KA3aTeTHCTBAMUI
MIPUOJIU3UTEHHO BBIPAXKAETCs AUArpaMMoil Ha puc. 1.

KpaTKO oluIeM COjlep)KaHI/Ie KazKJ10ro IVIO)IyJ'[H. HOpHJlOK Hepe“H/ICHeHI/IH
MOJIyJIell COTTIACOBAH ¢ MMIIOPTOM MOJYyJIei B caemyiomemM cmbicie. Ouepe-
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HOI MOJyJIb B 9TOM CHHCKe HUYEero He IMIIOPTHPYET U3 IIOCJIeLyIONNX
MOJLYJIEIA.

LtReasoning.agda — 310 HEGOJIBIION MOLY/Ib, IPUHAIEKAIIUA OUOIIOTEKE
Vanda Hopemna:
U. Norell, 6ubnnoreka ¢gpyuknuit Ha s3bike Agda Jtst Io/Iep>KKH
JIOKa3aTeIbCTBa HEPABEHCTB, NCXO/IHBINA KOJI, 2018, https://gist.github.
com/UlfNorell/102f8e59744de8a69f94b39£09£70c1d.

Ero ¢dyukuun npumensitorest B 6ubsmorexe Binary-3.2 jyist yiio6HOrO
HCIIOJIb30BAHUs 3aKOHOB Pe(JIEKCUBHOCTU U TPAH3UTUBHOCTHU IIPU
BBIBOJIE HEPABEHCTB.

JpBoundnoe npejcrapienue (TUil Bin) MMIOPTUPOBAHO U3 CTAHIAPT-
HOH 6UOIMOTEKN.

NatProp0.agda cosepKuT HEKOTOpbIE CYIIHOCTH JJIsl YHAPHBIX HATYPAJIBHBIX
qucesn (Tun N), KOTOpbIe HY?KHBI B OUOINOTEKE M KOTOPBIX HET B
CTaHIAPTHOI OHOIMOTEKE.

List0.agda comepzxur HeGOIBIION HAGOD CyHIIHOCTEH i crucKoB (Tuil List
A) HaJ| IPOM3BOJILHBIM THUIIOM, KOTOPbIE HY?KHbI B OUOIMOTEKE U
KOTOPBIX HET B CTAHIAPTHON OuOIMOTEKE.

Bin0.agda comepkuT (yHKIUN CIIOKEHUST M YMHOXKEHUsI JIBOMYHBIX 3aIUCei,
C/IBUTa, Pa3psiJIOB, BO3BEEHNsI B CTEIIEHb, YMHOXKEHUsI Ha 2, (DYHKIIUIO
toN : Bin — N. OTu dpyHKIMA UL HEMHOTO W3MEHEHbI [0 CPaBHE-
HUIO CO CTAHJAPTHBIMU. DTO HYKHO JJIsI y100CTBa MMOCTPOEHUST TEX
JI0Ka3aTeIbCTB, KOTOPBIX HET B cTaHJapre. K¢ JaHo orpejesenne
OTHOIIEHUS MOPSIKA _<_ JJIsl JIBOUIHBIX 3aIUCel, CYIIeCTBEHHO
OTJIMYAIOIIEECsT OT CTAHIAPTHOTO.

Binl.agda copepkuT BBIBOJ] PA3JIMYHBIX CBONCTB JIEKCUKOrPa(hUIECKOro yIo-
psgoUYeHns Ha cruckax 0uT. C OMOIIBIO 9TUX CBOMCTB B 9TOM MOJLYJIE
BBIBOJISITCSI CTPYKTYPBI CTPOTOr0 HOJTHOTO PA3PEIIUMOTO IOPSIIKA

<-strictTotalOrder AJIsI OTHOLICHUA _<_ U IIOJIHOI'O Pa3PEIInMOIro
mopsiaka  <-decTotalOrder jyst oTHommenust _<_. Oba OTHOIIEHUS IJIst
obJtacTu Bin.
Beomurcesa dyurums gonydnoro nopsiaka (|_| = bitLength) —
OUTOBOI JIIMHBI JBOMYHON 3amucu. /JoKa3bIBalOTCs JIEMMbBI O CBA3H
JBOUYHOTO IOPSIKA ¢ HEKOTOPLIMU OTIEPAISIMI.

Bin2.agda comepxkur jokaszaresbeTBa TOTO, 9YTO (DYHKIUU toN u fromN
CyTh B3aMMHO-OOpaTHBIE OMEKIIUN MEXKIy MHOYXKEeCTBAMHU Bin 1 N,


https://gist.github.com/UlfNorell/102f8e59744de8a69f94b39f09f70c1d
https://gist.github.com/UlfNorell/102f8e59744de8a69f94b39f09f70c1d
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YTO OHHU COXPAHLAIOT OIEPAINIO CIIOXKEHUA, YTO CIOKEHHe 00J1a1aeT
COYETATENIBHBIM ( +-assoc) U EePECTAHOBOYIHLIM ( +-comm) CBOHCTBAMI.

Bin2a.agda coziepKuT 10CTpOEHUE CTPYKTYPhI KOMMYTATHBHOIO MOHOH/IA, TIO
CJIOXKEHUIO JJIsT 00JIaCTH Bin:
commutativeMonoid : CommutativeMonoid _ _

Bin3.agda comep:kur mokasaTesbCTBa Pa3IMYHBIX CBOMCTB yMHOMKEHMSI, TOTO,
91O 0TOOpaXKkeHust toN 1 fromN COXPAHSIIOT YMHOYKEHUE, JOKA3ATEIbCTBO
COYeTaTe/JIbHOIO U II€PECTAaHOBOYHOI'O 3aKOHOB Jid YMHOXKEHU,
PACIIPEIEJINTENBHOrO 3aKOHA JJIsl T1apbl jgeficTeuil (_+_, _*_) Ha
obsiacTu Bin, HEKOTOPBIE CBONCTBA OTOOPAXKEHUsT 2~ CTEIEeHU JIBOUKH,
HEKOTOPBIE CBOICTBA OTHOIICHUS JeTUMOCTH Ha, 0071aCTU Bin.

-l-
Bin3a.agda comepkut mocTpoeHne CTPyKTYPhl KOMMYTATHBHOTO MOJTYKOJIBIIA
( CommutativeSemiring) Jist obsiacty Bin.

Bind.agda cozep:kuT 10Ka3aTeIbCTBA 3aKOHOB MOHOTOHHOCTH JeHCTBUM
_+_, _*_, pred OTHOCHUTEJIbHO OTHOIIEHUIl TopsaaKa _<_, _<_ Ha 00Ja-
ctu Bin, 3akona cokparenus +-1Cancel JJIsI CJIOKEHUs, MOHOTOHHOCTH
oTobpazkeHnit toN 1 fromN OTHOCHUTE/HLHO OTHOIEHUS TTOPSIKA.

Minus.agda cozepKuT (DyHKIMIO BIYATAHUS JBOMYHBIX 3allUCeii, JOKa3a-
TEJILCTBA PA3JNYHBIX €€ CBONCTB, JOKA3ATEIHCTBA HEKOTOPHIX JIEMM 00
YMEHBIIIEHUU JIBONTHOTO MTOPSIJIKA [TPU BBIYUTAHUN.

DivMod.agda conepzkutr onpejesieHue MOHITUs JEJIEHUS] C OCTATKOM U
(DYHKIMIO JeJIEHUsI ¢ OCTATKOM JIJIsl JIBONYHBIX 3AITACEH.

GCD.agda comep:KuT ormpeiesieHne TOHITUHsT HANOOJIBIIEro OOIIEro JeTNTe st
(HOO) u dyukuuio Berauciaenns HOJ miist 1BOMYHBIX 3alHCEid.

DivModTest.agda comepKuT TeCTOBYIO IIPOrPaMMY JJjIsI IIPOBEPKHU OBICTPO-
JieficTBust (PYHKIUE JIEJIEHUs] ¢ OCTATKOM JIJIsI JIBOMYHBIX 3aIliCeii.

GCDTest.agda cosep:KuT TeCTOBYIO IPOrPAMMY JIjIsl TIPOBEPKH OLICTPOJIEH-
crBust dyuxiun HOJL miist IBOMYHBIX 3aITnCeit.

6. O pokasaTenbLCTBE 3aBEpPLUAEMOCTMN

Kowmmmtsitop Aribl ciieryeT npaBuiaM KOHCTPYKTHBHON MaTeMaTHKH.
[Ipubsim3uTeIBHO TOBOPS, JJIs HETO CYIIECTBYIOT TOJBKO T€ OObEKTHI, JJIsd
KOTODBIX B IIporpamme 3aa ajroput™ (dbyHKus) ux BblaucieHus. [Ipu
9TOM KOMIUJISATOP JOJKEH «BUJETh» JOKA3aTEIbCTBO 3aBEPIIAEMOCTH
aJrOpuUTMa.
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Bo mMHOrmX ciayvasx KOMIHJISITOD CaM HAaXOJHUT JOKA3aTEIbCTBO
3aBEPIIAEMOCTH, UCXO/(d U3 0003PEeHUsT PEKYPCUBHOIO BBI30BA (DYHKITUH HA
CTPYKTYPHO CHHTAKCUYECKH MeHbIeM aprymenre. Hampumep, dyHKImst _+_
73 pasgena 1 COmep:KUT IPeJJIoZKEHNE ¢ PEKYPCUBHBIM BBIZOBOM:

(suc m) + n = suc (m + n).
B mpaBoit yactu pyHKIMs _+_ OPUMEHSIETCS TaK, 9TO €€ JIeBBI apryMeHT m
CHHTAKCHIECKN MEHBIIIE JIEBOTO apryMenTa (suc m) u3 JieBoil dactu. V3
3TOr0 KOMIIMJISITOP BBIBOJUT 3aBEPIIAEMOCTh JAHHOT'O aJlOPUTMA.

Ho Takzke 9acTo BCTpeYAIOTCS 3aBEPHIAIOININAECS aJITOPUTMBI, JJId
KOTOPBIX JIOKA3aTEIbCTBO 3aBEPIIAEMOCTH He BBIBOAUTCS KOMITHISATOPOM
aBTOMATUYeCKU. B 3TuX ciIydyasx IporpaMma JIOJKHA OBITH II0JIIIPABJIEHA
TaK, YTOOBI KOMIMJISATOD HAIIE TAKOE JTOKA3aTEeIbCTBO. bubimoreka
Binary-3.2 pemmaer 3ty npobiiemy ciemyiomum obpaszom. IleneBas dyHkns
BBI3BIBAET BCIIOMOTATEJbHYIO (DYHKIMIO aux, UMEIONLYIO JJ00aBOMHBIN apry-
MeHT: cIéTunK (cnt : N) — HaTypaJbHOE YHCI0 B YHADPHOM IIPEJICTABICHAN.
DyHKINSA aux OIpeesieHa PEKYPCUBHO, U B IIare PEKYPCUU 3aIINCAHO
CHHTAKCHIECKOe YMeHbIIeHne cuéTanka (suc cnt) — cnt. Takum obpasom
KOMITIJISITOP BBIBOIUT, YTO CIETIMK HE MOXKET yMEHBIIATHCS OECKOHEYHO.
Kpowme Toro, dynknusa aux omnpeseisiercs Tak, 9To0bl Ipu 3HadeHuu 0 1s
CYETINKA TPOUCXOIAJT BBIXOJ U3 PEKYPCUHU. DTOrO JOCTATOIHO JIJIsi TOTO,
4TOOBI KOMIIAJISITOP BBIBEJI JOKA3ATEIHCTBO 3aBEPIITAEMOCTH.

[TPUMEP 8. [Tycmo 6 Havare GYHKUUA NPUHUMAEM, CNUCOK XS U
cuémuuk cnt = length xs (0AUMG CNUCKG), U NYCMB 68 PEKYPCUBHOM BbI306€
cnucox xs 3amenaemes na (£ xs). Ilycemov maxorce 6vixod ud pexypcuu
6 mpozpamme 3a0arn OAf cAYywas cnt = 0 uau xs = []. Oyuryusa aux
dosoicna codeporcamd 00KG3AMEALCNBO 020, 4MO U3 YCA06UA cnt = 0
caedyem yeaosue xs = [1.

Hanpumep, ecin B aux BKJIIOUEHO IMOCTPOEHHE CBUJIETEIHCTBA HEPABEH-
cTBa length (f xs) < length xs, TO U3 HEIO MOXKHO JIOKa3aTh B IIPOrpaAMMe,
4TO IIPU YCJIOBUM cnt = O CIUCOK CTaHET IIyCTbIM (1/160 CYETYUK yMeHbIIIa-
ercst He ObICTpee, YeM YKOPAUMBAETCS CIUCOK). DTOr0 JOCTATOYHO JJIs TOrO,
9TOOBI KOMITMJISITOP YAOCTOBEPUJICSA B 3aBEPIIAEMOCTH. (]

Pacemorpum Teneph byHKIMIO Jeserns ¢ ocratkoM (pasgen 4.5). Tpu
€€ HAWBHOM 3aJ[AHUU KOMIIAISTODP COOOMAeT 06 OTCYTCTBUM JIOKA3aTEIbCTBA
3aBepiaeMocTu. JleficTBUTeILHO: T/e TOT aprymMenT pyHKIun divMod,
KOTOPBII CHHTAKCUYECKUA YMEHBIIACTCA IIPU PEKYPCUBHOM BBI3Z0BE II0CJIC
KaKJIOT'0 COOTBETCTBYIOIIETO CABUTA M BBIYUTAHUS !
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MozkHO OBLTIO OBI IPUMEHUTH TIEPEBOJ, toN Uucia dd B YHAPHYIO 3aINCh,
U Jlajiee HETPY/IHO J0KA3aTh 4TO KaxK/J0e BeduTaHue dd -’ s CHHTAKCHIECKH
YMEHBITIAEeT COOTBETCTBYIOIIYIO YHapHYIO 3anuchb. Ho mepesos uuciia dd B
YHAPHYIO 3alIICh MOXKET IIPUBECTU K II0KA3aTEJILHOMY POCTY CTOUMOCTU
BBIYHCJIEHUS [TUKJIA, BXOJISIIErO B mporpaMmy divMod. DTO IPOTHBOPEYIUT
OJHOI U3 1eJieil co3manns OMOJIMOTEKN.

Ha camom ke nejte B KadecTBe CYETINKA TOJUTCH BeJMIWHA, |dd| —
MOPSIIOK, TO €CTh JJIMHA JIBOMYHOM 3amucu dd. 37ech |dd| ecTh yHApHast
3anmch. IT00OBI UCIOH30BATH ITOT CUCTUUK, B IIPOTPAMMY BKJIIOYEHO JIOKA-
3aTeJIbCTBO HepaBeHCTBa |dd -’ s| < |dd| Juid KaxKJoro mara peKypcuu B
dyukum divMod. D10 maéT HOpMaTbHOE JTOKA3ATEIHCTBO 3aBEPITAEMOCTH
U IPUTOM He YBeJINYUBAET OIIEHKU CTOMMOCTH BBIUYHUCJICHUSI.

u AI‘,Ha He C,HaéTCH TaK JIETKO: IIeJIEBO€ HEPABEHCTBO OKa3bIBACTCA

HE COBCEM OYEBHUJIHBIM. DTO 3aMETHO I10 MPUBOIMMOMY HUXKE ITPUMEDPY

nenenus. HepaBeHCTBO BBIBOAUTCA B IPOrpaMMe U3 CJIEAYIOMIAX JIBYX JIEMM
(mepBasi UCIIOIB3YETCs B JIOKA3ATEIHCTBE BTOPOI ):

|bbs1|=lyl=Ibbsl-yl<Ibbsi| : (x y : Bin) —» x > 1bin — | x | |y |

| x -
y<x,y*2>x=>|x-yl<nlx| : (xy : Bin) - x > 1bin >y < x >y *2 > x

=l x-y | <n|x|

Lo

Py I <m | x|

[IepBas semma |bbsl|=|yl=|bbsl-y|<|bbsl| yTBepKIaET:

«Ecm TBOUMHBIE 3aITUCH X M ¥ HMEIOT OJIMHAKOBBII OPSIOK 1
x > 1, TO IOPAJOK 3aKCH (X -’ y) MEHBIIIE IIOPSIKA X».

Bropasa nemma y<x,y*2>x=|x-y|<nlx| yTBepKIa€T:

«Eciu gBonanast 3anuch x 60JIbIIE eIUHUIB, ¥ < X U 2%y > X, TO
HOPSJIOK 3aITHCH (% -’ y) MEHBIIIE HOPSIIKA X».
3mech MBI IIPOIYCKAEM IOJIPOOHOCTH BCEX ITUX JoKazaTeabcTB. OHU
COJIepKaTCs B UCXOIHBIX TeKcTax OmbamoTeku Binary.
CBsI3b 9TUX JIEMM € AJropuTMoM divMod mokazkeM Ha npumepe. IlycTh
B OYEPEJIHOM IUKJIE HOJIyYeHbl 3HAYUCHUS

10001
LeluTenb = 110
dr’ = 1100 -- CHBHHYTHE JeJHTeb
HOBOE IIelUMoe = 101

AenuMoe



546 C. . MEWBE/IUAHU

3/1eCch ABOUYHBIE 3AITUCU TIEPEBEPHYTHI, 9TOOBI 3AIIMCU UMEJIN BU,
[IPUBBIYHBIA IATATEIIO: KOIA CTAPIINE Pa3PsAIbl CTaBATCA cieBa. Jlemm-
TeJIb HE MEHSETCA K CIICAYIONeMY IIUKJILY, & IIOPAIOK JEJUMOrO JIOJKEeH
yMeHbIIUThCA. K nenuTesio mpuMeHsieTcst ¢ABUT Ha ofuH paspsa. [lomy-
YHUJIOCh YUCJIO dr’ MeHbIree jenumoro. Ho jnasbiine caBurars JieIUTeNb
HEJIb3s1, YTOOBI HE IOJIYUUTh IUCJIO OOJIbIIEe JeJTUMOr0. 3aTeM JIe/IaeTCst
BbIYMTAHNIE 10001 -’ 1100, u IIOJIy4daeTCsl PA3HOCTh, UMEIOIIasl IIOPSLIOK
MEHBIINI TTOPSIKA JTeIUMOro. JleMMa y<x,y*2>x=|x-y|<nlx| maér obriee
JIOKA3aTeIHCTBO ITOI0 YTBEPXK/IEHUS 00 YMEHBIEHUH TOPSIKA TETUMOrO.

7. O gpyrux pabotax no gaHHomy npegmerty

ABrop paspabaTbiBaJl JaHHYIO OHOJIMOTEKY apudMEeTUKU JTBOUYI-
HBIX 3amlnceil HATYpaJbHBIX YHCEeJ HE3aBUCHUMO OT JAPYTUX paboT, B
KavecTBe JIIOOOIMBITHOTO YIPAXKHEHWST B JOKA3ATEILHOM IIPOTPAMMU-
poBanuu. VMmenmach Tak»ke B BUJY BO3MOYKHOCTH UCHPABUTH COOTBET-
CTBYIOIIYIO YaCTh CTaHIapTHON 6ubanorekn. OKa3ajaoCh, YTO UMEITCS
erié JiBe pa3paboTKU 10 JIAHHOMY NIpe/IMeTy Ha si3bike Agda: A. Ajek-
ceeBa (2013, https://github.com/Rotsor/BinDivMod) u M. Escardo (2016,
http://www.cs.bham.ac.uk/”’m.he/agda—new/BinaryNaturals.html). Takxke, Kak u
OXKUIATIOCH, JOKA3ATE/IbHbIE TPOIPAMMBI JIBOMYIHON apu(pMETHKN JABHO
umerorcs B 6ubamnorexke Coq [3].

Apcenwnit Anekcees B 2013 romy mpeacrasun 6ubanoreky Agda-mpo-
rpaMM, COTEPKAIYIO HeOOXOIMMBIE TOTIOTHEHNS K CTAHIAPTHON 6ubImoTeke,
Ha3BaHHDbIE B MPEABIAYINEM moapasese. Ho 3ToT Ko He compoBOXKIaeTCs
HUKAKUMU OObsICHEHUSIMU WJIM JOKyMeHTarueil. [losToMy B JaHHOIT cTarbe
HE TOJIBKO JAeTCsl CChLIKA Ha MCXOJIHbIe TeKCThl Oubanoreku Binary, HO
U TPUBOJIATCS HEOOXOMMbIE OIUCAHUS U IOSICHEHUsI K ITPOIPAMMAM.
JlaroTcst OCHOBHBIE TPUHITAIIBI Peanu3aliun 3Toi 6ubanorekn. Peamuzanms
oubmorekn Binary paspaborana He3aBUCHMO W CYIIECTBEHHO OTIMIAETCS
OT peau3aluiit APyrux OUOJIMOTEK, 0OCY K IAEMBIX 3/1€Ch.

Martin Escardo (2016) npumeHus aApyroe mpeicTaBieHue JIBOUIHBIX
3amuceii. JIBoudHbIe 3aMCH CTPOSITCA TOJHKO TPUMEHEHNEM KOHCTPYKTOPOB
0, 1, r, rJe 1 COOTBETCTBYET 0T06pa>KeHI/Ho \n - 2n + 1, a r COOTBET-
CTByeT 0TOOparkeHuio \n — 2n + 2 (31€ch 3HaK \ 0DO3HAYAET JIAMOIA
a6CTpaKLLI/IIO). Hanpumep, uncio 3 mpejcrapisieTcs 3anucbio 1 (1 0), 9TO
BBIPAYKAET PA3JIOKEHUE

3 =2%x1 + 1 =2%x(2%x0 + 1) + 1.


https://github.com/Rotsor/BinDivMod
http://www.cs.bham.ac.uk/~mhe/agda-new/BinaryNaturals.html

JIOKABATEJIbHBIE TIPOTPAMMBI JIBOUYHOI APUPMETHUKNA 547

Dta O6ubINOTEKA HE COBCEM IIOJIHA, OTCYTCTBYIOT IEHCTBUS EJICHUS C
ocrarkoM 1 HOJI. OusiTh: jaH TOJBKO KOJI, HET CTAThbU, HET OO0bSICHEHUN.

HaJtee, cpeau cucreM JI0Ka3aTeJIbHOIO IPOrPAMMUPOBAHUS U UX
6ubsmoreK camoit n3BecTHOM fBisercs cucrema Coq [3] (proof assistant).
Ona comepKuT 6OMBbILYI0 6MOJINOTEKY (DOPMAJIBHBIX MAITUHHO-IIPOBE-
PsIEMBIX JTOKA3ATEJBbCTB JIjIsi MHOTMX U3BECTHBIX aJI'OPUTMOB U TEOPEM.
Peanuzanust pBowdnoit apudMeTHK HATYPAJbHBIX UUCEJI IMEETCs B
crangaprHoit 6ubamoreke cucrembl Coq. Yacrn BinNatDef comepxxur asro-
puUTMbL apudMeTHKH JBOMYHBIX 3anucei, yactu ZArith, NArith comepxxar
HeoOxoMMbIe (bOpMaTbHBIE TOKA3aTEIbCTBA I 3TOi apudmMeTuku. B
pabore [9] onmceiBaeTcst ciocob peasmsanuu cpejgcrsamu cucrembl Coq
3aa4n TOX0XKe Ha Ty, 9TO perrnaercs B Hamreil pazpaborke. Tonbko Hu
HAIlA CTAThs, HU [9] HE OTHOCATCS K TEOPUM BBIUMCIUTENHHO anrebpsl, a
OTHOCSITCS K MPUMEHEHUIO TEXHUKH TOCTPOEHUS JOKA3ATEIHCTB HA JAHHOM
sI3BIKE TIPOrPAMMUPOBAHUS U [PH HOJJIEPKKE JAHHON OnbmoTekn. A atu
MHCTPYMEHTBI B HAIIEM CJIydae CUJIBHO OTJIUIAFOTCH.

Ornormenne 6ubmmorekn Coq.NArith k mameit 6ubanorexke Binary
TtakoBo. [IpencraBienne BonYHON 3amucu B crangapraoit oubiamoreke Coq
OTJINYaeTCsl OT IPeJICTABIeHNs JBOMYHO 3amucu B Obubsmoreke Binary. B
gactu PArith cranmapraoit 6ubimorekn Coq OTIAENBHO OMPEIEIIeTCsT TUI
positive, COCTOSIIMIA U3 JBOUYHBIX 3AIMCE TIOJIOKUTEIBbHBIX HATYPAIbHBIX
qHCeJI, ¢ KOHCTPYKTOPOM xH (eJMHUIA) U KOHCTPYKTOPAMU

x0 xI : positive -> positive,

BBIPAXKAIOIUMU [IPUIINCHIBAHUE B MJIAJIIINAN pa3psi HyJI€BOIO WUJIA €U~
HAYHOTO OUTa COOTBETCTBEHHO. JTO BEIET K HEKOTOPBHIM HEYyI0OCTBaM B
JIOKa3aTeJIbCTBAX CBOICTB apUMMETUKH JIBOMYHBIX 3AIIMCEH HATYPAJIbHBIX
qucesi, OO BMECTO €JUHOTO IIPEJICTABJIEHUS €CTh IIPEJICTABICHNE TTOJIOXKI-
TEJILHBIX YUCeJl ¥ KOHCTPYKIUs J1o0aBaenns Hysas. OTMeTHM, 9T0 BMECTO
9TOr0 HEJIOCTAaTKa B CTAHIAPTHON OubIMoTeKe Arabl u B 6uOIMOTEKe
Binary-3.2 umeercst TOT HEIOCTATOK, UTO NPUMICHIBAHIE HYyJIEH K CTAPIIAM
paspagaM JaéT CIUCKK OUT, KOTOPble HE COOTBETCTBYIOT HUKAKHUM UHCJIAM.
DTO BEIET K YCIOXKHEHUIO (POPMAJIBHBIX JOKA3ATEIbCTB.

[maBHOE K€ OTIIMYME COCTOUT B MAPAIUTME sI3BIKA [TPOrPAMMUPOBAHIS,
B sI3BIKE TIOCTPOEHUsI JIOKA3ATENbCTB: A3bIK Agda 9ucTo hyHKIMOHAIBHBII,
OCHOBAH HA «JIEHUBOM» BBIYUCJICHUH 10 yMoJdanuio, Agda He mpecraBiisier
OTJIEJILHOTO SI3bIKA JIJIsI JIoKa3aTebeTB. OOIeit neeil 3TuX ABYX CHCTEM
SIBJISIETCS] WICITOJIb30BAHUE 3aBUCAMBIX THUIIOB U OIOPa Ha KOHCTPYKTUBHYTO
MaTeMaruky [5].
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AnropuTMbl U JIOKa3aTebeTBa B 6ubanoreke Binary mocTpoeHb
aBTOPOM HE3ABUCHUMO.

sk Agda nmeer HeMasblil KpyT moJib3oBaTesieii. VI HezaBucuMo
OT TOrO, KAK TOT WJIA WHON METOJ] PeaJn30BaH B JIPYIUX CHCTEMAaX,
[peJIcTaBJIeHHAs 371eCh pa3paboTKa (Hapsy ¢ nporpammamu A. Ajiekceesa
u M. Escardo) sBisiercs, Kak HaJleeTCsi aBTODP, HEKOTOPBIM BKJIAJIOM B
6ubanoreKy Arjibl U B ucnbITaHue cucreMbl Agda.

ABropom Takke cjiesiaH caeayonmii Beinyck 4 oubmmoreku Binary. On
[IPE/ICTABJISIET YJIyUIIEHHE PeaIn3arnn OnOINOTEeKN 3a CIET yIPOIIEHUs
aJIrOPUTMOB U JOKa3aTeIbCTB, U HEKOTOPOI ONTUMU3AINN AJITOPUTMOB
JIeJIEHUsI C OCTATKOM ¥ BBIYUCJIEHUSI JIBOMYHOrO Jjiorapudma. Beimyck 4
OIMpaeTcs Ha JIPYroe IpecTaBjeHne JBonvIHoro unciaa. OHo 3agaéres
TpeMsl KOHCTPYKTOPAMHU JTAHHBIX:

O# — njis HyJid,
2suc — Jyig IMPOU3BOJIbHOTO uncia Buga 2(1 + n),
suc2* — JJIsl IPOU3BOJILHOTO YHUCIa BUja 1 + 2n.

Kak crenctBue, Bce anropuT™bl apuMETHKE U JOKA3aTETbCTBa N3MEHEHBI,
OHM CTaJIU TIPOIEe, W JacThb Bin crammapTHoit 6mbIMOTeKN HUKAK He
UCIIOIB3YEeTC.

Hamnast craTbst 60JIbINE, YeM HAIIOJOBUHY OTHOCUTCS HE K HOBOMY
BBIILYCKY 4, & UMEHHO K BBIILYCKY 3.2 (Jpyrue ajropuTMbl, Apyrue JIEMMbl B
JIOKa3aTeJIbCTBAX, U TaK JaJiee).

TToapITOKUM OTHOIIIEHHE MEXKTY MATHIO YIOMSIHYTBIMU OUOJIHOTEKAME:
Al — A. Anekceesa, Esc — M. Escardo, CogNat — u3 Coq, Binary-3.2,
Binary-4.

o Binary-3.2 u Binary-4 nmosiBmmch mozxe.

o Binary-3.2 u Binary-4 omyin4aiorcst OT OCTAJIbHBIX TPEX HE3ABUCUMOI U
JApYyroi peanu3anueil ajJropuTMoB U JI0KA3aTe/ILCTB.

e B Al u Esc ectb TonbkO KO, a Binary-3.2 u Binary-4 cuaG:keHbl
OIIMCAHMUSAMHU U ITOI CTATHEMH.

o Esc meckobko HemosiHa 0 DYHKITHIM.

o JIBowunoe mpescrasienne B Binary-4 Ttakoe ke, kKak B Esc, u cuibmo
OTJIMYAETCsI OT IPEJCTABJIEHUs] B IPYTrUX OUOJIMOTEKAX.

o JIBomunoe npejcrasienue B Al u Binary-3.2 B3sT0 U3 crangapTHON
oubmorexkn Armpr.

JlobasumMm cienytoree 3amedanne. VcnbrreiBas nporpavmy Binary 3.2,
A. AnekceeB 3aMeTHJT CJIEYIONIAIN HEJOCTATOK B AJITOPUTME JIE€JIEHUS
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¢ ocrarkoM (Paznen 4.5). Ilpu dukcupoBanHOM JieauTesie CTOUMOCTD
BBINIOJTHEHNUST QJITOPUTMA KBA/[PATHIHO 3aBUCUT OT OMTOBOM JIJIMHBI JI€JIUMOTO.
ITpu apyrom criocobe Boraucienus (Kak B 6ubiamoreke A. Ajiekceesa) 51a
CTOMMOCTb JINHEHASI. DTO BaXKHO C MPAKTHUIECKON TOUKN 3PEHUSI.

B Bbimycke 4 6ubmoTeKn 3TOro HEJOCTATKa HET, TaK KaK CaMo
[IPEJICTAaBJIEHUE JTBOUYHON 3alliCU HATAJIKABAET HA IPUMEHEHUE JIydIIero
aJICOPUTMa B IIPOrPaMMe.

8. 3aknouenne

B npeacrasiennoit 31ech 6ubmmoreke mporpamm Binary 3.2 peanmnzosa-
HBI T1eJI1, HA3BaHHbIe BO BBepenun 1.3: OCTPOEHBI TaKHe JOKA3GMEABHDLE
mporpaMmbl Ha s13bike Agda /it apudMETHKN TBONYIHBIX 3aIUCeil HATY-
PAJILHBIX YUCEJI, KOTOPbIE UMEIOT TOPSIJIOK CTOMMOCTHU BBIYHCJICHUS TAKOMN
K€, KK M3BECTHBIE AJITOPUTMBI CIIOCODOM «B CTOJIOMK .

[Mosygyennast mporpaMma UCOPABJISIET W CYIIECTBEHHO JIOMOJIHSIET Y9aCTh
Bin cramnaprroit 6ubsmoreku lib-0.16 si3pika Agda. B crarbe onmcanbr
METOJ[bI, KAKUMHU ObLIIa CIeIaHa 9Ta pa3paboTKa.

Mmeercss HEJOCTATOK: MHOTO CJIOZKHBIX JOKA3ATENBLCTB. BO MHOTOM 3TO
BBI3BAHO IIPEJICTABJIEHUEM 9HCJIA B BUJE CYMKH CO CIIMCKOM OHUT, TPUIeM
CIINCKY, 3aKaHIMBAIOIINECS HyJIeM, He 3aJIal0T HUKAKOTO 9Incja. Bepeus 4
6ubmoreku Binary (https://github.com/mechvel/Binary-4) YCTPAHSAET ITOT
HezocTarok. PopMaIbHBIE JOKA3ATEIHCTBA B HEl yIIPOMAIOTCs Giaroqaps
JIPYTOMY TPEJCTABICHUIO HATYPAJbHBIX UHCEI.

JasibHeimit IpoeKT 1o JAHHOMY MPEJIMETy B YaCTU CTAHJIapPTHOI
OMOJIMOTEKH €JIBa, JIM MMeeT CMBICJ JIjIs aBTopa, nbo BCE, 4TO HAJIO,
crenano. Bo3amoxken Jatib BHIOOP MEXK/TIy Pa3/IMIHbIMU pa3paboTKaMu B
9TOl yacTu, HAIpuUMep, ¢ yaérom pabor A. Asekceesa (https://github.
com/Rotsor/BinDivMod) u M. Escardo http://www.cs.bham.ac.uk/ mhe/agda-
new/BinaryNaturals. html) .

C Touku 3peHust bubmnorekn apudmerukn st Arabr, Tpedyercs
pa3paboTKa JI0Ka3aTeIbHBIX IPOrPAMM I apU(PMETUKN HATYPAIbHBIX
YUCeJI, IPEJICTABICHHBIX CIIMCKAMHU MAaKpoIudp, Kak 00 3TOM HAIUCAHO B
Paznene 2.4. 910 cMekHOE TOJIE JeATETHHOCTH OTHOCUTEHHO MIPeIMETa,
JTaHHOII CTaTbhU.


https://github.com/mechvel/Binary-4
https://github.com/Rotsor/BinDivMod
https://github.com/Rotsor/BinDivMod
http://www.cs.bham.ac.uk/~mhe/agda-new/BinaryNaturals.html
http://www.cs.bham.ac.uk/~mhe/agda-new/BinaryNaturals.html
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8.1. BnarogapHocTtn

Asrop 6naromapen Auspeio I1. Hembiteix u Auronnne H. Henefigose

3a IIOJIEBHbIE 3aMe€YaHud 110 COAeP2KaHUIO CTaTbU.

1]

2]
3]
4]

[5]
[6]

7]

[10]
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Mpunoxenue |. Npumep pokasatenbcTBa: CNoXXeHUE C HYNEM B
[BOMYHOM NpeacTaBneHnn

IIpuseném koxm Toit yactu 6ubsmmoreku Binary 3.2, koropast Heobxo-
JIIMa, JIJIsI BBIDAXKEHUSI U JIOKA3aTE/IbCTBA YTBEPKIEHUS JIJI JIBOUTHOM
apudMeTUKN

Vx—>0#+x=x.

Tun Bit coep:KuT ABa 3HAUEHUS: JBOUYHBIE Pa3psiabl Ob u 1b. Twum
CIIMCKOB TaKuX pas3psaoB obosnauman (List Bit).

data Bin : Set where
o# : Bin -- ZBa KOHCTPYKTOpa I
_1# : (bs : List Bit) — Bin -- IIOCTPOEHHs] ABOHYHOH 3alHuCH

-- Set ecTh Tum BCex TumoB ypoBHa O.
-- B Arme ¢yHKnua MOXeT NpPMHMMATL ¥ BO3BpamaTh THUII.

-- toBits m fromBits mpeobpasynT mBOWuUHyl 3amuch Mexmy ¢opmaTamum Bin u

-- List Bit.

toBits : Bin — List Bit

toBits O# = 0b -- [ Ob ] ecTp cOmCoK M3 OZHOrO 3dJIE€MEHTa
toBits (bs 1#) =bs ++ [ 1b ] -- _++_ ecTb coenuHEHHEe CIHCKOB
fromBits-aux : Bit — Bin — Bin -- BcmoMorarenbHas ¢yHknus gas fromBits
fromBits-aux b (bs’> 1#) = (b :: bs’) 1#

fromBits-aux Ob o# = O#

fromBits-aux 1b o# = 1bin -- = ([] 1#) gBomuyHas 3amuCh eAUHHI
fromBits-aux 1b -- 1b ecTp HeBO3MOXHOe 3HavYeHHe Tuma Bit

fromBits &: Bin — List Bit

fromBits [] = O#

fromBits (b :: bs) = fromBits-aux b (fromBits bs)
Carry : Set

Carry = Bit

addBits : Carry — Bit — Bit — Carry x Bit
addBits Ob Ob b = (Ob , b) -- ¢’ HOBHIH IIepeHoC, S cyMMa

addBits Ob b Ob = (Ob , b)
addBits Ob 1b 1b = (1b , Ob)

<pazobpaTek oCTaBmMecs CIydaum>
addCarry : Carry — List Bit — List Bit -- mpubaBileHHE €IUHHI
addCarry Ob bs = bs
addCarry 1b [] =1b :: [

addCarry 1b (Ob :: bs) 1b :: bs
addCarry 1b (1b :: bs) = Ob :: addCarry 1b bs
addCarry 1b -- HEeBO3MOXHbE

addCarry _ (b :: ) -- cayyam
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mutual -- ‘mutual’ osHavaeT, YTO clIenyomue ABe (QyHKLHH
-- BH3HBaWT APYT Apyra PEeKypCHBHO
addBL : Carry — List Bit — List Bit — List Bit
—-— CJIOXHTH CIIHCKH paspx,qos ABOHYHBIX 3anucen
-- C IIEpeHOCOM, IO IPaBHIYy CJOXEHHS ABOMYHHX 3alHucel
addBL ¢ [] bs, = addCarry c bs,
addBL ¢ bs; [ = addCarry c bs;
addBL ¢ (b; :: bs;) (b, :: bsy) = addBL-aux bs; bs, (addBits c b; b,)
addBL-aux : List Bit — List Bit — Bit x Bit — List Bit
addBL-aux bs; bs, (¢’ , b’) = b’ :: (addBL c’ bs; bsz)
+_ : Bin — Bin — Bin

a + b = fromBits (addBL Ob (toBits a) (toBits b))
-- CnoxeHWe: II€PeBECTH B CHHCKH Da3pafOB ¥ CIOXHTH STH CIHCKH M HYJEeBOH IepeHoC.

-- U3 cTaEzapTHON 6M6IHOTEKH: xs " x =xs ++ [ x ]

- 3HaA4YUT HPHCTaBKTB B KOHeIl OOHH 3JIeMeHT.
fromBits-bs:1 fromBits o (_::" 1b) = _1# -- Jlemma:

fromBits-bs:1 [] = refl -- V bs (fromBits (bs ::" 1b) = bs 1#)

fromBits-bs:1 (b :: bs) =

0+
0+
0+

begin
fromBits ((b

fromBits (b

fromBits-aux

fromBits-aux

(b :: bs) 1#
[ ]
O# +.) = id
o# =
(1 18 =

((b :: bs) 1#) =
begin

:: bs) " 1b) =( refl )
: (bs 2" 1b)) =( refl )
b (fromBits (bs ::" 1b)
=( cong (fromBits-aux b) (fromBits-bs:1 bs) )
b (bs 1#) =( refl )

-- Teopema o cmoxeHmH ¢ Hymém: V (x : Bin) (O# + x = x).
-- (O# +_) obosmavaer ¢yHrmmoO \x — O# + x.
-- 0+ ecTp QyHKNUE, KOTOpas CTPOMT CBHIETENHLCTBO paBEHCTBA
-- O# + x = x mo moboMy JaHHOMy X : Bin.
refl -- cuaydyaH HyJeBOro apryMeHTa
refl -- cuaydyad eZWHHYHOIO apryMeHTa
-- ciyyai mo60oro apryMeETa 60JbIErO €NHHMI

o# + ((b :: bs) 1#) =( refl )
fromBits (addBL Ob (Ob :: [1) (b :: (bs ::" 1b))) =( refl )
fromBits (addBL-aux [] (bs ::" 1b) (addBits Ob Ob b))

=( cong (fromBits o addBL-aux [] bs’) (addBits-00 b)
)

fromBits (addBL-aux [] (bs ::" 1b) (Ob , b)) =( refl )

fromBits (b
fromBits (b
fromBits (b

:: (addBL Ob [1 (bs ::" 1b))) =( refl )
:: (addCarry Ob (bs ::" 1b))) =( refl )
;o (bs i 1b)) =( refl )

fromBits-aux b (fromBits (bs ::" 1b))

fromBits-aux b (bs 1#)

(b :: bs) 1#
n
where bs’ = bs ::

-

=( cong (fromBits-aux b) (fromBits-bs:1 bs) )
=( refl )

1b
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B nokazaresnbcTBe KOHCTPYKTOP refl eCTh MPOCTEIIee JOKA3ATETbCTBO

paBeHcTBa Bujia X = X 1o akcuome pedekcuu. Hampumep, B cTpoke

0+ O# ([1 1#) = refl
KOHCTPYKTOpP refl BbIpakaeT J0Ka3aTeJIbCTBO paBEHCTBa

o# + ([1 1#) = [1 1%
Kommnumsrop c6odum (gacruuno Beraucisier) (normalization) JieByio u
IIPaBYIO 9aCTh 3TOI'O PABEHCTBA U IIOJy4YaeT PABEHCTBO

[0 1# = [1 1#,

KOTOPOE €CTb IOJICTAHOBOYHBIN ciiydail paBeHcTBa X = X — pedJIeKCHBHOTO
3akoHa. KoHCTPYKTOp refl cchutaercsd Ha 31O cBenéuue. CBenéHme BBIIOI-
HseTCs UHTEPIIPETATOPOM B CHJIY IIPOI'PAMMHOIO KOJ1a U3 TOU obJiacTH,
KOTOPYIO KOMIHIATODP 0003peBaet. CBelIéHNE BBIIOJIHICTCS «JICHUBO» (KAaK
B s3bike Haskell). Tak, B JaHHOM HpHMepe IPOLECC CBeIGHUS JIEBOi JacTu
IIpUMeEHsIET BCe 00pa3Ibl, KOTOPhIE yYaCTBYIOT B peaju3aiuu OyHKIIN
_+_ JUIsl TAHHBIX apryMeHTOB. B xojie cBe/IéHIS KOMITUIISTOP IOJIY9aeT
IIOCJIEJOBATEIBHO TAKUE BBIPAZKCHUA:

o# + ([1 1#)

fromBits (addBL Ob (toBits O#) (toBits ([] 1#))
fromBits (addBL Ob [] (1b :: [1))

fromBits (addBL Ob [] (1b :: [1))

fromBits (addCarry Ob (ib :: []))

fromBits (1b :: [])

[ 1#

Koncrpyknus begin ... M BBIPAXKAET IEMOYKY PABEHCTB ITOCJIEIOBATEIb-
HBIX 3HAYEHUH, I/ie KaxK/l0e 3HaYeHue PaBHO B OTHOIICHUAN _=_ CJICAYIOIIEMY
3HAYEHNIO. BBIparkeHnsi 9TUX 3HAYCHUIT TIEPEMEXKAIOTCsT KOHCTPYKITHE! B
=( ... ). DTO 3HAYUT UTO PABEHCTBO CJIEIyIOIEMY 3HAYECHUIO BHIBEICHO
MpUMEHEHreM KOMIO3UIUN (bYHKIM, 0003HAYEHHBIX BHYTPU KOHCTPYKITUH

3amMevyaTesbHO, UTO KOHCTPYKIIUA begin ... WM €CTb KOMIIO3UIIAA
npuMeHeHuit pyHKINit begin_, W, _=(_)_ u3 CTAHIapPTHON OUOIMOTEKM,
rje OHM 3allpOIPaMMHUPOBaHbI Ha Arje.
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Mpunoxexne Il. Nnaekc umén tunos n dyHkunmia

addBits YHKIU CJIOXKEHUS TPEX Pa3psiIoB: IIeEpEeHocC
+bit1 +bit2 -> (C, N S) .................... 551,

addBL cbyHKLU/IH CJIOXKEHUSI CIINCKOB pa3p4dI0B U pa3psiia
IIEPEHOCA v v v v vttt et e et it e e 552, 553,

addBL-aux BcHoMoraTeabHas MYHKIU st addBL . ... ........

addCarry QYHKIIUs CJIOKEHUS TBOUTHOI 3aIMUCH C PA3PSIOM

IEPEHOCA . v v v vt v v v it e e 536. 540, 551, 552, 553,
addC1 = (addCarry 1b) . ... 536, 554,
Bin TUII JJBOUYHBIX 3alUCENR . ............. 526, 527, 528,

529, 531, 532, 536, 537, 538, 539, 540, 542, 543, 551, 552, 554, 556,

Bit THUII IBOUYHBIX Pa3pdaoB Ob, 1b

................... 530, 531, 534, 535, 540, 551, 552, 554,

Carry =Bit .. 551,

cong bYHKIMS TOCTPOEHNST CBUIETE/IBCTBA PABEHCTBA
0 AaKCUOME KOHI'PDY9HTHOCTH 1 =r = (f 1 = f r)

............................ 511, 512, 513, 529, 530,

divMod d)yHKuHH JIeJIEHUS C OCTATKOM JIBOMYHBIX 3alliceit

............................... 533, 540, 544, 545,

DivMod  rTum urora GyHKIUH divMod ... ... ... ... 539,

fromBits : List Bit —Bin yHKIMs mpeoOpa30BaHUs JBOUTHOMN

3allCU U3 CIIICKa pa3pdaoB . .. 531, 536, 538, 551, 552, 553,

fromBits-aux BcroMmoraresjbHas MYHKINA JJjsd fromBits . ... 551,

fromDigs QyHKIMS TepeBoia U3 CIUCKA Mudp B YHAPHYIO 3aINCH

............................... 534, 535, 536, 554,

fromDigits-suc—eq JI0Ka3aTeJIbCTBO paBEHCTBa
fromDigs (addCl bs) = 1+ (fromDigs bs)
JJIsT JTIOOOTO CIUCKA PA3PAIOB bS . o v oo v oo v e e e e

fromDigitsotoBDigs J10Ka3aTEJIbCTBO PAaBEHCTBA
fromDigs (toBDigs n) = n
JIJIST JIFOOON YHAPHOM BAIMMACH D« « v o v vooe v ve e e e e

fromN : N— Bin QyYHKIUS IIepeBoja YHAPHON 3arucu
B OIBOMYHYIO .« v v vt vttt i ettt ettt

552

554

552

554

556

557

556

552

552

554

540

554

552

556
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fromN-suc-homo : fromN o 1+_ = suc o fromN .........

fromNotoN : fromN o toN =id .....................

List KOHCTPYKTOD THIIA CIIUCKOB HaJ JIIOOBIM JAHHBIM THIIOM

................... 531, 534, 535, 536. 542, 551, 552, 554,

minuend< KOHCTPYKTOD M3 THIIa MinusRes JJIsI cirydasd

«yMeHblIIaeMO€ MEHbIIE C+y>> ..............

minuend= KOHCTPYKTOP U3 TUIA MinusRes JJIsd C/ry4as

«YMEHBIIAEMOE PABHO CHY» ... ... ... ......

minuend> KOHCTPYKTOP U3 THUIIA MinusRes JJIsd ciryvast

«yMEHbIIIaeMoe OOJIbIIE CHY» . ... ... ... ...

minus BBIUMTAHNE JIBOMYHBIX 3aIIMCEl B OOIIEM BHUIIE

MinusRes THIl UTOTa (DYHKIIUH MiNUS . . . oo ovvvnn ...

N THUII HATypPaJbHBIX YHMCesI B YHApHOU 3alucu

. 539, 555,

538, 539,

............................. 511, 512, 516, 520,

521, 522, 523, 524, 526, 527, 528, 532, 534, 535, 536, 540, 542, 554,

pred byHKIMS TPEIbIIYINEero 9uCiia /Ui JBONIHON 3aIncu

............................... 532, 534, 535, 543,

predosuc J10Ka3aTeJIbCTBO PaBEHCTBa
pred (suc x) = x

JUISE JIIOOO0M JIBOMYHOM BAIIMCH X« v v v v voee e e e e e e e e
refl KOHCTPYKTOD CBUAETEJILCTBA [JIsI paBEHCTBa Bula X = X
............................... 511, 512, 528, 552,
shift d)yHKU,I/IH CJIBUT'A JIBOUYHOI 3aIlMCU HA HECKOJIBKO
PA3PAIOB . o o ot e
suc KOHCTPYKTOP «CJIEIYIOIINiy HATYPATLHOTO UNCTA, (DYHK-

U «CJIEJIYIOMUN» JIJIs JIBOMYHOU 3alliCcu

. 511, 512, 513, 521, 522, 523, 525, 529, 530, 532, 534, 555, 556,

suc-assoc JIOKa3aTeJIbCTBO PABEHCTBA
(suc x) +y =suc (x +y)

JUIS ABOUYHBIX 3AIMACEH . . . oo vt vv v i et 529
sucopred /IOKa3aTeJbCTBO PaBEHCTBAa
suc (pred (bs 1#)) = bs 1#
JIId JIBOMYHOU 3allUCH BUJIAa bs 1# ... ... ...........
sym JIOKa3aTeJIbCTBO PABEHCTBA 110 aKCHOME KOMMYTaTUBHOCTI
paBeHCTBA l =r=(r=1) ................... 529,

556

538

538

, 539

557

555

556

555

535

553

540

557

. 535

535

530
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toBDigs = proj: o toBDigits .................. 535, 536, 554, 556

toBDigits IIepeBOJ; YHAPHOH 3alluCh B CIUCOK JBOMYHBIX Pa3pAlOB,
KpoOMe CIIMCKa BO3BpalllaeT JBa CBUJETEJILCTBA . 535, 536. 556

toBDigsofromDigits /10Ka3aTeJIbCTBO PaBEHCTBa
toBDigs (fromDigs bs) = bs
JIJ1el TIPOU3BOJIBHOI'O KAHOHMYECKOI'O CIIMCKa JIBOUYHBIX
PA3PAIOB . . . 536

toBDigs-suc-eq [J0Ka3aTeJIbCTBO PaBEHCTBA
toBDigs (1+ n) = addCl (toBDigs n)

JTSL JTIO0OM YHAPHON BAIMCH D+« v oov v e eveee e e e e e 536
toBits : Bin—List Bit yHKIUS Tpeobpa3oBaHus IBOMIHOI
3allICU B CIHCOK Da3psiJioB . ...... 531, 536. 551, 552, 553. 556

toBits=toBDigsotoN JOKa3aTeJIbCTBO PABCHCTBA
toBits a = toBDigs (toN a)
U1 HEHYJIeBOM NBOUYHOM 3aIIACH @ . . .o ovvv v v v v ... 536

toN :Bin—N (dYHKIUS [IepeBo/ia B YHAPHYIO 3AIUCH
......... 530, 532, 536, 537, 538, 539, 541, 542, 543, 545, 555, 556

toN-suc-homo :toNosuc=1+ otoN ...................... 536
toN+homo J0Ka3aTE/JIbCTBO TOr'O, YTO toN COXpaHseT CJIOXKeHue 536, 538
toN-’homo 1IOKa3aTeJbCTBO TOT'O, UTO toN COXpaHdAeT BbIYATaHUE . 539
toNxhomo J0OKa3aTe/JILCTBO TOr'O, YTO toN cOXpaHsgeT yMHOXKeHue 537, 538
toNofromN : toNo fromN=1id ............ ... .. ... ... 536

2bin*comm JIOKa3aTEJILCTBO PABEHCTBA 2’ * x = x * 2’ JJId IBO-
WYHBIX 3altuceit

........................................... 537
2bin*assoc IOKa3aTE€JIbCTBO PaBEHCTBa
(22 x x) *y=22 % (x xy)
JUIS IBOMYHBIX 3aITUCEH . . ....................... 537
2bin*assoc2 J0Ka3aTeJIbCTBO PaBEHCTBA
(x % 2) xy=x % (22 xy)
JUISA JBOMYHBIX 3aITUCEH . . ....................... 537

*suc JOKA3aTeJIbCTBO PABEHCTBA
(suc x) * y=y + (x * y)
JJIS IBOMIHBIX BAMACEH . o o v v vv e e e e e 537
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JI0Ka3aTeJIbCTBO PaBEHCTBA
(x *¥2) * y = (x *x y) *2
JUISL ABOMYHBIX 3AITACEH . . v v oo v et v i e e e e e

*suc-even JOKa3aTeJbCTBO PaBEHCTBa

[le

O#

1+

_1#

0+

+0

1

(suc (x *¥2)) x y=y + (x *2) *x y
JIJI JIBOUYHDBIX BAIMCEH . . v v v v v vt e e e e

KOHCTPYKTOD TUIla KOHCTPYKTUBHOI'O CYIIIECTBOBaHUS, CM.

MOSICHEHNE K (DYHKIMH Minus . . ..o vvv v v enn .. 535,

3HAK (QYHKIUNA _o_ KOMIIO3UIINN (DYHKITHI

......................... 520. 535, 536, 537, 552, 555,

3HaK KOHCTPYKTODa _X_ IIPAMOI'O IIPOU3BEJACHUS TUIIOB

.................................. 510, 535, 551,

3HAK CJIOKEHUS _+_ YHAPHBIX 3alMCeil, TBOMYHBIX 3alnceit
.................... 510, 511, 512, 513, 518, 522, 523,

525, 528, 529, 530, 533, 535, 536, 537, 538, 539, 540, 551, 552, 553,

3HAK BBIYUTAHUS _-’_ JBOUIHBIX 3amuceil, cM. yHKIHIIO

MINUS . . vttt e e e e e e e 539, 540,

3HaK CHMHTAKCUYECKOI'O paBEeHCTBa _=_ 511, 512, 513, 528,

529, 530, 535, 536, 537, 538, 539, 540, 545, 551, 552, 553, 554, 555,

3HaK OTPUIIAHUA CUHTAKCUYIECKOI'O paBEHCTBa _=_ .. 520,

3HAK OTHOIIEHWS == IIOTOYEYHOIO PABEHCTBA (DYHKIIMH

vV (Ex=gx) ..o 520, 535, 536, 537, 552, 555,

ABONYHAaA 3allUCh HYJIA

............. 529, 530, 531, 536. 538, 539, 540. 548, 551, 552,

dbyHKINA suc HA YHAPHBIX 3alACIX, CM. TUI Bin 536, 554,

KOHCTPYKTOD ,HBOI/I‘{HOfI 3alliCU HEHYJIEBOTO YHCJIa, CM.

TUOD Bin ... ... .. . 531, 551,

JI0Ka3aTeIbCTBO TEOPEMBI O CJIOXKEHUU C HYJIEM CJIEBA:
V (x : Bin) (0# + x=x) ... ...

JOKa3aTeJIbCTBO TE€OPEMBI O CJIO2KEHUU C HyJIéM CIIpaBa:

V (x :Bin) (x + 0# =%) ..o
KOHCTPYKTOD IIyCTOI'O CIIMCKa . . ... 531, 532, 551, 552, 553,
3HaK KOHCTPYKTOpA _::_ IIPUCTABJICHUS 3JIEMEHTA K CIHICKY

(6318 (S 1311 531, 551, 552, 553,

557

539

556

552

555

545

556

536

556

553

556

552

529

529

558
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++ UAEHTU(MOUKATOP (PYHKIINHU _++_ COCINHEHNS CITUCKOB
.................................. 531. 551, 552, 558

27 naeHTHGUKATOp GYHKIUN ;" IPUCOEMHEHUs IeMeH-
Ta K CIUCKY €331
(xs =" x = xs ++ (x :: [1))
......................................... 552, 558

Ibbsl|=|yl=Ibbsi-y|<|bbsl| mepBas JeMMa 00 YMEHLIIEHUN IO~
PsaKa pa3HOCTHU JBOUYHBIX 3almcei

............................................ 545
y<x,y*2>x=|x-yl<nlx| BTOpas JiemMmMa 00 yMEHBIICHIN

Opd/IKa Pa3HOCTHU JBOMYHBIX 3amucet . .......... 545, 546
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PROVABLE PROGRAMS FOR ARITHMETIC OF NATURAL NUMBERS 559

UDC 510.252, 004.432.42

Sergei Meshveliani. Constructing provable programs for arithmetic of natural num-
bers in binary representation.

ABsTRACT. Support for dependent types in a functional programming language
Agda makes it possible to include machine-checked proofs in the program. The
problem of provable inclusion of algorithms for arithmetic operations on natural

numbers in binary representation is considered.

A library of evidentiary programs for “written calculation” algorithms, acting
on bit lists has been built. It contains machine-verifiable proofs of the required
properties of the applied algorithms, corrects and substantially supplements the
Bin part of the lib-0.16 standard library of the Agda language. (In Russian).

Key words and phrases: computer algebra, binary code arithmetic, provable programming, Agda
language.
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