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ITpeobpa3oBaHus oriepanuu CBEPTKU B CYMMY U
acCUMIITOTHYEeCKOe noBeJeHne KO3 DUIneHTOB
YCTOMYMBBIX IIOJINHOMOB

AHHOTALMA. V3BecTHBI MATErpaIbHBbIE TPEOOPA30OBAHUS, JJi KOTOPBIX CBEPTKA
B obsacTu OpuruHaJsIoB (PyHKIMI CKaJIAPHOrO JeHCTBUTEIBLHOIO IEPEMEHHOIO)
npeobpasyercst B cyMMy u3obparkennil (pyHKIuil CKaJIsipHOrO JEHCTBUTEIHBHOTO
[IEPEMEHHOr0). 3TH PeOOPA30BAHU 3a/[AI0TCA C TOYHOCTBHIO JI0 JIMHEHHOTO
omeparopa.

PaccmoTrpens! cBoiicTBa OHOIO U3 1MOJLOOHBIX IPEOOPA30BAHUMN, /JIsi KOTOPOTO
9KCIIOHEHTa IIpeobpasyercss B 9KCIIOHEHTY: €ro CBa3b ¢ npeobpasosanueM Jlamaca,
npeobpa30BaHmsl HEKOTOPBIX KOHKPETHBIX (DYHKIMI 1 onepanuii guddepeHupo-
BaHUsI, MHTEIPUPOBAHUS, CIBUIa, NU3MEHEHUSI MAcCIITada BPEMEHHU, yMHOKEHHSI
Ha 9KCIOHEHTY U APYTHE.

Ilepexon oT MJIOTHOCTH pacHpejieIeHusl CIydailHOIl BEJIMYUHBI K €€ Ky-
MyJISTHTaM Ha3bIBAIOT KyMYJISIHTHBIM IIPEOOpa30BaHUEM, O aHAJOIUHU BCE
peobpa30BaHusl, IEPEBOJAIINE CBEPTKY OPUTHMHAJIOB B CYMMY OTOOpaXKeHUit
Ha3BaHbI KyMyJIAHTHbIME. [lokasano, aro dopmysnsr Heiorona, peanusyromnime
CBsI3b CYMM OJITHAKOBBIX CTEIIEHEN KOPHE MOJIMHOMA ¢ ero Koddduimenramu,
SBJIAIOTCH KyMYJISTHTHBIM IIpeoOpa30BaHUEM, TaK Ke KakK IIepexof] OT (pyHKIUN
JIeICTBUTEJILHOTO ITEPEMEHHOr0 K (haze miin jorapudmy MOy ee Ipeodpa3oBaHms
no Pypse.

O6cy2K/1a10TCsI BO3MOXKHOCTH HUCIOIB30BaHUs TaKuX mpeobpasosanuit. Ilomy-
Y€HbI YCJIOBUS, IIPU BBIIOJHEHUN KOTOPBIX IOCJIEI0BATENbHOCTD KOI(DDUIMEHTOB
YCTORHYMBOIO ITOJIMHOMA, ABJIAIOMAACA CBEPTKON yCTOWYMBBIX IMOJMHOMOB IIEPBOM
¥ BTOPOW CTEIeHU, C POCTOM HHCJIA STUX [TOJUHOMOB ACUMIITOTHYECKH HOPMAJIbHA.
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Beseaenune

Onepauusn cBepTku u ee npeobpasosaHus

Onepanust cBepTKHU ABYX (DYHKIIHUIT eliCTBUTEILHOTO HepeMEeHHOTO —
OJIH& M3 CaMBIX PACIPOCTPAHEHHBIX B MPUKJIAIHON MaremaTuke ([1-6]).
Ona umeer Gpopmy:

(o]
(1) () =) ry(t) = [ a(o)yte—r)dr
— 00

B HEIIPEPBLIBHOM H

) )=o) eyl = Y wwies

B JJUCKPETHOM CJIydYae.

IIpuBeeM HECKOTBKO TPUMEPOB:

Ilromrocms pacnpedeserus Cymmo, z HE3ABUCUMBIX CJIYUaiHBIX Be-
JINYVH T U Y TIPEICTaBIIsgeT cO00i CBEPTKY IJIOTHOCTEH PACIIPEIeIeHIs
KaxJ0#t nx Hux. Tak 4To

®) po(2) = pa(a) #py ) = [ pala)py (s~ 2)do.
Koagppuyuernmo c; npouseedenus Py (x) IByX IOITHHOMOB BHJIA:

(4) Po(z) = 2" + a1x" ' +agx™ % 4+ ...+ ay,

Po(z) = 2™+ bia™ 4+ boa™ 2+ .+ by,
paBHBI CBEPTKE UX KO3(DhUIUEHTOB

(5) Cj = Zaibj_i, j = 07 ey + m, apg = bo =1.
1=0

Hwmnysvcnan xapaxmepucmuka k(t) IBYX IOCIEI0BATENBHO BKIIO-
YEeHHbIX JJUHAMHUYIECCKNX CHUCTEM IIpeJICTaBJIdAeT CO60ﬁ CBEPTKY HUM-
IyJTbCHBIX XaPaKTEPUCTUK KaXKIOU U3 HUX:

t

(6) k(t):/kl(t)kQ(th)dr, ky(t) = ka(t) =0 mpu ¢ < 0.
0
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Ilrommnocmov pacnpedesenusn epemeru npebwsanus (IIPBII) wacru-
IbI B CUCTEME TI0C/IEIOBATEIHHO BKIIOUEHHBIX AlllapaToB PaBHA
ceeprke [TPBII B Kax oM 13 HUX.

Bsaaummno-xoppeasyuontas GyHKUUS CIydailHbIX CUTHAJIOB HA BXO-
Jie W BBIXOJIE JIMHEIHON IMHAMUYIECKON CHCTEMBI CBsA3aHa (hOPMyIaMu
CBEPTKH C aBTOKOPPEJISIMOHHON (PYHKINENl BXOIHOIO CUTHAJIA U
UMILyJIbCHON XapaKTEPUCTUKON CHCTEMBI.

Onepayus 63amus Heonpedeaernozo unmeepana or Gyuxuuu (t)
SIBJISIETCST YACTHBIM cTydaeM cBepTku (1), Korma B kawecTse QyHKIME
y(t) B3sTa GyHKIMs equHmaHOrO cKauka (byHkims Xepucaiina 1(t)),
paBHag HyJi0 1pu ¢ < 0 ¥ eUHUIE JJIg OCTAIbHBIX 3HAYEHUI ¢.

CeoiicTBa omepanun ¢cBepPTKE XOPOIIO U3BECTHBI [2]:

(1) Ceprka KOMMYyTATHBHA, TAK 9TO
z(t) x y(t) = y(t) * z(t).
2) CeepTKa acconuaTUBHA:
z(t) * (Y1 (t) * ya(t)) = (@(t) * yo(t)) * ya(?).
3) Ceeprka IuCTpUOYTUBHA OTHOCUTEIHHO CJIOXKEHUSI:
z(t) % (y1(1) +y2(t)) = () * y1 () + 2 (t) * y2(1).

¢) Ilnomaas mox KpuBoii z(t), ecan oHa OrpaHHvYeHa, paBHA IPOU3BEJIe-
HUIO IUIOIa el oz KpusbiMu x(t) u y(t).

ITycrs x(t) u y(t) HeoTpUIATEIBHBI 1 HOPMUPOBAHBI (UX IJIOIIA/H
pasHa eaunHuIe). Torma ux ceeprka z(t) Tak:Ke HOPMHUPOBAHA, ee
nepBbIii MOMEHT

b

-

(o)
m, = /tz(t)dt =My + My,
0

KaK U BTOPOH IIEHTPAJIbHBIA MOMEHT
o0
d, — /(t —moa(t) dt = dy + d,
0

st perieHust 3a/71a4, COAEPIKAIINIX OIEPAIHIO CBEPTKH, IMINPOKO UCIOJIB3YIOT
WHTErpajbHOe mpeobpasoBanue Jlammaca, Koropoe /it OYHKIUN, OTIMIHBIX
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OT HYJIA JAb 1pu ¢ > 0, mMeeT BU:
@ LIF0) = 1) = [ ey ar
0

3/1ech p — KOMIUIEKCHAsI [IepeMEHHasI, paBHast p = 1 + iw (HeCcMOTpsI
Ha ojuHaKoBoe obosHadenue f(t) u f(p) coBepinenno pasublie QyHKIUM).
ITpu p = iw Beipazkenue (7) coorBercrByer npeobpazosanuio Pypbe.

D10 npeobpazoBaHue JUHEHHO (CyMMe OPUTHHAJIOB COOTBETCTBYET
cymMa oToOpazkeHuii) u mpeobpasyer CBePTKY OPUTHHAJIOB B IPOU3BEEHNe
n300parkeHnit, TaK ITO

z(p) = x(p) y(p).

Nurerpuposanne opurunasa f(t) u ero nuddepennpposanne npu
f(0) = 0 ceomuTcs B obsacTi IpeobpasOBaHUi K JEJIEHAIO U YMHOKEHHIO
f(p) Ha p, 9TO OUEHB OOJeruaeT penieHne JUHEHHBIX AubhEpPEHIIATBHBIX
YPaBHEHUI C MOCTOSHHBIMU KOIMDDUITTEHTAMH.

Paccmorpennbie HUYXKe MpeoOpPa30BaHus B 3HAYUTEILHON CTEIEHN
GaszupyroTcsa Ha mpeobpaszoBanusx Jlamnaca u @ypee. OHE 1peodpaszyroT
CBEPTKY OPUT'HHAJIOB B CyMMy oToOpaskenwuii. [IpuBesem mpumMepsl Takumx
Ipeodpa30BaHMIl:

I[TPUMEP 1. Cymmuv 00unarosvz cmeneneti kophet T; an2ebpauieckoeo
ypasnenus Pp(x) = 0 (cymmove Horomona) cesasanss ¢ e2o koafdunyuermanu
a; gopmysamu Horomona [7]:

n k—1
(8) Sk = ZCC;C =—-1 Zajsk,j +ark |,
j=1 j=1

sop=n, ay=1, ar=0npuk >n.

Ecsin osmumom mipesictaBiisier coboit TPOU3BEJEHIE IBYX ITOJIIMHOMOB,
II0CJIEIOBATEIHLHOCTD €ro KO3(M@MUITMEHTOB PABHA CBEPTKE IIOCIEI0BA~
TeJIbHOCTEN KO DUINEHTOB KaXKI0T0 U3 COMHOXKHUTEEH, a MHOXKECTBO
KOpHEll paBHO OObEIMHEHNI0 MHOXKECTB KOPHEH KaXKJI0r0 U3 COMHOXKHUTEJIEH.
Cymmbr HeloTOHA TAKOTO MOMHOMA TIOJIY9ar0TCsl TIOCPEICTBOM CJIOYKEHUSI
cymm Hpiorona s comnoxureneii. Tak aro dopmysnt (8) npeobpasyror
CBEPTKY B CYMMY.

ITPUMEP 2. Kymyaanmes (cemuunsapuanmaot) k; naommuocmu pacnpe-
desenus f(x) cayuainot seaunumsbt T npedemasasiom coboll kosddunyuermo
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pasaosicenus 6 pad Maxkaopena nozapudma Tapaxmepucmusieckot Gyrk-
yuu W(iw) (npeobpasosarnus Oypve om f(x) uau, wmo mo orce camoe,
mamemamuueckoe oxcudarue e ).

KosddurmenTsr 31010 pas3aosKeHns UMEOT BUT;:

(9) by = (=i L I W (iw)omo.

Kosddurment ki paBeH MareMaTH4ecKOMY OXKUIAHHUIO CJIyJaiiHONW BEJIMIN-
Ha, a ky — ee nucuepcuu. /Iy HOpMAIBLHOTO 3aKOHA PACIIPE/IEIIEHUST BCE
OCTaJIbHBIE KyMYJISTHTBI PaBHBI HYJII0. [loaTOMy oTiimyne oT Hyss APyTruX
K03 bUIHEHTOB k;j XapaKTepU3yeT OTJINYNE 3aKOHa PACIPEICIeHUs OT
HOPMAJIHHOTO.

Tak Kak IJIOTHOCTb PACHPEIEIEHNUs CyMMBbI CJIyJIailHbIX BEJIMYNH
z = T + y paBHA CBEPTKE IJIOTHOCTEN PACIPEJICICHUAS CJIATaeMbIX, €e
XapaKTepUCTHIeCKasi (DYHKINS PaBHA [IPOU3BEIEHUIO XaPAKTEPUCTUIECKIX
QyHKIWII cyiaraeMbIX, a jiorapudm 3Toil HYHKIUE PaBeH CyMMe JiorapudgMoB
XapaKTEePUCTUIECKUX (DYHKIMIN JJIs IJIOTHOCTEN PACIIPEeeIeHusT CJIAraeMbIX.
Tak uTO MEpexon K KyMYJISHTAM COOTBETCTBYET II€PEXOy OT CBEPTKU
wioTHOCTeH pacnpenenenns fi(z) n fao(y) K cymMMe mocienoBaTeabHOCTENR
k; s kaxmoii u3 sTHX IWIoTHOCTElH. B smreparype (eM.[8]u xp.) mepexox
OT IJIOTHOCTEN PACIpeeIeHUs K [TOCIeI0BATEIbHOCTH KyMYJISTHTOB HA3BaH
KyMYJISSHTHBIM 11peobpazosanueM. Crenys [9,10] 6yaem Has3biBaTh Tak
JII00BIE ITPeobpa30BaHusd, IIEPEBOLAIINE CBEPTKY MCXOJHBIX (DYHKITUN
B CyMMYy NpeoOpa3s0BaHHbBIX.

B obonx paccMOTPEHHBIX IIPUMEPAX OCYIIECTBJISETCS IIEPEXOJL OT OJ[HON
dyHKIMU NefiCTBUTEIBHOIO IIEPEMEHHOr0 K Apyroil dyHKImu (1nocienosa-
TEJILHOCTH ), TAKZKE 3aBHUCAIIEH OT NeHCTBUTETHHOTO TIEPEMEHHOTO.

OTobpazkeHne CBEPTKU B CYMMY PeaJIM3yeT U [mepexoj OT (pyHKIUU
f(#) x norapudmy momyas (MeTOABI JOrapudMUIECKUX YACTOTHBIX
xapakTepucTuk) wim K daze ee npeobpaszoBanus Dypbe.

Huzxe Mbr paccMoTpuM 1mo00HbBIE TTEPEXOIbI KAK YACTHBIN CJLydaii
MHTETrPAJILHOrO IIPe0bpa30BaHmsl, ITOKAYKEM, KaK TaKoe IIpeodpa3oBaHue
CBsI3aHO ¢ nTpeobpasoBanneM Jlamnaca, 4eMy OHO paBHO IS Psijia KOH-
KPETHBIX (DYHKIUHI U omeparuii, 00CyIuM, Tie UCIOIb30BaHue TOI00HOr0
Ipeodpa30BAHUS MOYKET OBITH IEJeCO00pa3HBIM.

Yucmo KyMyJISHTHBIX TPeoOpa30BaHUil CKOJIb YIOJHO BEJIMKO, TAK KaK
TpebOBaHe KyMYJISTHTHOCTH OIIPEJIENIsSeT KaXK/ [0 U3 HUX C TOYHOCTHIO JI0
IIPOM3BOJILHOIO JIMHEIHOTO oreparopa. Bus sToro oneparopa MOKHO
YTOYHUTD, HAJIOZKUB J100ABOYHOE TpeDOBaHME, 0OJIErIaoNiee TPUMEHEHIE
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mpeoOpa30BaHusi B TOM WJIM MHOM KJIacce MPUKJIAIHBIX 3a7ad. B mpe-
06pa30BaHN, KOTOPOE PACCMOTPEHO HUKE, MBI IIOTPEOOBAJIN, ITOOBI
dyukiust XeBucaiiia u, Kak CjIeJCTBHE, JTI00asi SKCIIOHEHIUAIbHAST (OYHKITHIS
IpeobpPa30BLIBAJIACH B CEOI.

1. CeoiicTBa KyMynsiHTHOro npeobpa3oBaHus 1 BbIOOp NNHEHOro
onepartopa
Csa3b c npeobpasosaHuem Jlannaca
O603HaYMM KyMyJIsSIHTHOe Ipeobpasosanue dyukiun f(t) kak K|[f
(t)] = F(r). Ceeprka y(t) = jx(t — 7)k(7)dT mocne npeoGpasoBaHust
0

o Jlamracy npumer dpopmy

(10) y(p) = X(p) k(p),
a T1ocje KyMYyJITHTHOTO TTPpeoOpa30BaAHIUS
(11) Y (r) = X(r) + K(r).

ITpeo6pasosanue no Jlamtacy pasencrsa (11) umeer Buj;
(12) Y(p) = X(p) + K(p)-

U3 cpaBuenus Boipaxkennii (10) u (12) cienyer, 9ro KyMyJIsiHTHOE
npeobpa3oBanue (DYHKIINN CBA3AHO C OPUTHHAJIOM Yepe3 UX M300parKeHMs
o Jlammacy Kax:

(13) F(p) = Alln f ()],

riae A — npou3BoJIbHBI JHHeHbI onepaTop (MHTerpupoBanus, ruddepen-
NUPOBaHWs, yMHOXKEHUS Ha (DYHKIUIO OT 7" U IIP. ).

Vrounum Buj oneparopa A u3 yCjI0BHsl, 9TOOBI KyMYJSHTHOE ITpeobpa-
soBanue dpyukuun Xesucaiina 1(t) 6110 paBHo exuangHoi dyuxmu 1(r)
(K[f(t) = 1(t)] = 1(r)). Iocre noxcranosku B (13) mosmydmm:

1
(14) L[1(r)] == = A[ln L[1(¢)] = A]—Inp].
p
DTOoMy ypaBHEHHIO YIOBJIETBOpsieT omeparop Ag = —d%. st Takoro

onieparopa paseHcTso (13) nepenumercs B (opme:

(15) Fp) = -
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Ilepexo/ist BO BpeMeHHYIO 00JIACTD U yIUTHIBAS, IYTO ITPOU3BO/IHOMN
npeobpaszoBanus Jlamtaca coorsercrByer opuruaal Buga —t f(t), nosyaum
CBSI3b MeXKJy opuruHajioM f(t) u ero KyMyJssHTHBIM [IPeobpa3oBaHueM

F(r):
(16) !}w@f@—rmrzXTF@—@f@mrztﬂu

3amenus B pasencrse (16) uaTerpan AucKperHol cymMMoii mo dopmyiie
Tparnenuii, MOXKHO Pa3pelIuTh Oy YUBIIEECs BHIPAYKEHUE OTHOCUTEIHHO
npeobpazosanusi. [loxyanm

7 F@r)= ﬁf@ [f(r)(r —0,5F(0) — S F(r—n) f(n)] .

s dyrkuumit F' u f, paBHBIX HYJIIO IPU OTPUIATE/IBHBIX 3HAUEHUSIX
aprymentra, u3 (17) caenyer, uro F(0) = —F(0) = 0.

n=1

Eciu pasencrso (16)B puckpernoii ¢hopme paspemuTb OTHOCUTEILHO
OPUTMHAJA, TIOJIYIUM 00paTHOE MpeoOpa30BaHUe B BUJE:

1

(18) f(n) = m

0,5F(n) f(0) + i F(r) f(n— T)] )

Taxkoii nepexos, Jijisi UCKPETHBIX (DYHKIUH MPOIE, YeM JJIs mpe-
obpazoBanus Jlammaca, TOCKOJIBKY UCIOIB3YET KOHEUHBbIE CYMMBI, a He
OECKOHEYHBIN PsiJI.

U3 cpasuenus (8) u (17) Buuo, uro dopmyssl Heorona peanusyior
KyMyJISTHTHOe TIpeobpaszoBanue ¢ orneparopom Ay = —Ag.

KymynsiHTHoe npeobpa3oBaHue HEKOTOPbIX (hyHKU Wi

IIpeobpasosarue pynruyuu Xesucatdda eQunuwHo20 CKawKa ObLIO pac-
CMOTPEHO BbIIIEC.

IIpeobpasosarue sxcnonenmo. e, a > 0, Kax HETPYAHO BUIETD,

paBHO €~ ", DKCIOHEHTa ABJISIETCS HEMOABUKHON TOYKOI Ipeobpas3o-
BaHWs U IPU OTPUIIATEIHLHBIX 3HATEHUTX .

s nmpeobpazoBanus gynkyuy Jupakra §(t — 7), upeobpasoBanue
Jlarnaca xkoropoii pasao e P7, dbopmyaa (15) npumer Bu:
d/dp(e PT
(19) LKt — )] = Y™

e~ pT
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Taxum obpazom, KymynsiHTHOe mpeobpazoBanne dyHkiun Jlupaka
pasuo K[6(t — 7)] = 7(r).
IIpeobpasosanue f(t) = sinwt B coorsercrsum ¢ (15) paBHO

2
(20) Lt [1)2—|—pr] = 2coswr.

KymynsaHTHOe npeobpa3oBaHne HEKOTOPLIX onepauunii

VYmnoorcenue GyrrkuuY HA KOHCMAHMY HE MEHseT ee peodpasoBa-
HUsL. DTO coefyer HemocpencrserHo u3 (15).

Cdsue Pynkyuu Ha T BOPaABO BO BpEeMEHHOI objacTu B obsacTu
peobpa3oBaHuii cooTBeTcTByeT ciokennto F(r) ¢ nembra-dyHKImei,
uMeronieii onaas 7, 76(r) (310 cBepTKa CO CABUHYTOW HA T
dyukuueii Tupaxa).

Hnmeepuposarue tpejcrasiser coboii cBepTKy ¢ byHKIueh Xepucaii-
J1a, 3HAYUT OHO B OOJIACTHU IPeoOPa30BaHUil MPUBOIANUT K T00ABJIEHUIO
K npeobpazopannio GbyHKIMN ciaraemoro 1(r). JIBoitHOMY mocienoBa-
TEJPHOMY MHTETPUPOBAHUIO COOTBETCTBYET JIOOABJIECHNE JBYX TAKUX
claraembIx, U T.J. Tak 9ro

(21) K[t"] = (n+ 1)1(r).

Jugpdepenyuposarue o6paTHO MHTErPUPOBAHUIO U JJIA (DyHKIAIA
f(t), paBubix mymo upu t = 0, KyMyJIsiHTHOe IIpeobpasoBaHue
upoussoanoii df (t)/dt pasuo F(r) — 1(r).

Teopema 10dob6UA KYMYAAHMHO20 NPEOOPAZOBAHUSA

K[f(at)] = F(ar).

cJielyer u3 TeopeMbl mogobus npeobpasosanus Jlamnaca (eum. [2])
1

_lgp

L[f(at) = = f(2)] ¢ mcnompzosannem dopmynsr (15)

Ymmrootcenue opuzunana Ha IKCNOHEHIMY COOTBETCTBYET TOM XKe Olle-
panuu B 06/IaCTH IPeodbpa30BaHmii:

il = (- LEZIEY) — pipp- ) -

— K[f(t)e™] = K[f(t)]e™".

Henenue. Ilycrs dynkus z(t) TakoBa, 4To ee npeobpazosanue
Janaaca z(p) = ﬁ, TOr/Ia ee KyMYJISHTHOE IIpeoOpa3oBaHue
Z(r) = —F(r).

Teopembt 0 KOHEUWHOM U HAUGALHOM SHAYEHUY JJIT KyMYJIAHTHOTO
npeobpazoBanus CIeayoT ¢ yaeroM (15) u3 TeopeM 0 HAYAIBHOM U

(22)
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KOHEYHOM 3HadeHnn mpeobpas3oBanust Jlamraca:

(23) lin (1) = lim <_pW) ,

(_pdf(p)/dp> |

f(p)

B uacTtHOCTH, ecain npeobpazosanue Jlamimnca qust f(t) mveer
bopmy momHoMa Py, (p) = app™+a1p" " ...+ an, 1o im F(r), 00 =
0, a F'(0) = —n.

Hrowads nod kpueoti F(r), eciiu oHa orpaHudeHa, paBHA

df (p)/d
lim (_ if (p)/ p) 7
f(p)
a TaK KaK Hpe,ﬂeﬂbHOG 3HaAYEHUE 3HaMeHaTeJJ A paBHO I/IHTeI‘paHy oT

dbyuxmuun f(t), a upejeabHOe 3HAYCHUE YUCJIUTENS] — UHTErPajy OT
o0

tf(t), To mromans nox F(r) pasua neppomy momenty [ ¢fn(t)dt
0

lim F(r)y—o0, = pli_)rgo

p—0

HOPMHUPOBAHHOM (DYHKIMYM OPUTHHATIA

f@)
In(t) = =
Jo~ f)dt
Cymmuposarue ¢ §-gynryueti . Ilpeobpazosanme Jlannaca s
z(t) = 6(t) + f(t) paBuo 1+ f(p). C ucnonb3oBanuemM paBeH-
crBa (16) mosy4nmM BeIpakeHue, cBasbiBatoniee K[z(t)] = Z(r) n

f(t):
(24) L) = Z (1) +/ 20Vt ) dr.

0

Tak Kak KyMyJISHTHOE Ipeobpa3oBaHne HHBAPHAHTHO K YMHOMKCHHUIO

OpPUTMHAJIA Ha CKaJIADP, TO Npu 06pammom npeobpadosanul, 0pu2uHan

onpedeser ¢ MoYHOCBI0 00 MHONCUMEAS. DTOT MHOKHUTEIb MOKHO HaiTH,

[I0JIB3YSCh TEM, YTO ILIOMIAIb CBEPTKU PaBHA IIPOU3BEICHUIO ILIOMIAIEH
COCTABJIAIONINX.

2. HekoTopble BO3MOXXHOCTU MCMNOJ/Ib30BaHUs B ANHAMUKe
JINHEWHbIX CUCTEM

IHepexoduvie npoyecco, 6 dunamuveckur cucmemaz. Ilpu mocrpoenun
IIePEeXO0/IHBIX IIPOIECCOB B JIMHEHHBIX CUCTEMaX U PelleHUH MHTerpaJibHbIX
YPaBHEHUI, COAEPIKAIINX CBEPTKHU UCKOMBIX (DYHKIINI, OIPEIEICHHYIO
CJIO?KHOCTD IIPEJICTABIISIOT CTPYKTYPBI, B KOTOPBIX HECKOJIBKO JIMHAMIYIECKIAX
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3BEHBEB COEIUHEHBI TIOCIE0BATEIFHO WM [0 IPUHITUILY OOPATHON CBSI3HU.
B sToMm ciayuae mepexomsT K mpeobpasoanuio Jlamaaca, paspenaioT
ypaBHEHIe OTHOCUTEJIHHO IIpeobpasoBanus Jlammaca HensBecTHON bYHKINH,
a 3aTeM, peaJu3yroT obparHoe npeobpasoBanune. O6paTHOE IIpeobpa3oBaHIe
Jlamraca peau3yroT YUCJIEHHO, IPEJICTABUB N300paKEHIE KAK CyMMY
QYHKIWIA, 1717 KOTOPBIX OPUTHHAJIBI U3BECTHBI. JIMHEHHOCTH TPeoObpa30BaHs
Jlamtaca 1mo3BosisieT HATH OPUTHHAJI CyMMBI KAK CYMMY OPDUTHHAJIOB
JUTST KAKJI0r0 u3 ciaaraeMbiX. CII0)KHOCTH BO3HUKAIOT, KOTJIA PA3JIOKEHIe
Ipeobpa30BAHUS COAEPKUT OECKOHETHOE THC/IO CAraeMbIX.

Ucnosp3oBanne KyMyJISTHTHOT'O TIpe0OpPa30BaHUsT MOXKET YIIPOCTUTH
rakoe pernenne. [logcuuMm 1o Ha KoHKperHOM npumepe [11]. Ilycrs
TpebyeTcs HAlTU BHEINIHee Bo3zeicTBre u(t), IpU HoJade KOTOPOro Ha BXOJ
JIMHAMUYIECKON CUCTEMBI, COCTOSINEN M3 TSITH OJUHAKOBBIX YCTOWIMBBIX
KO0J1e6aTeIbHBIX 3BEHbEB, IIPOIECC HA BBIXOJE COBIAIAET C 3aJIaHHOM
dyuxnueii f(t). IMiynbcHast XapaKTepUCTHKA KazK/I0T0 3BeHA PDaBHA
ke™% sin wt. [y pemenns Hy»KHO HaiTH KyMYJISHTHOE IPEOOpPA30BaHEe
F(r) »KejaeMoro BbIXOJa M BBIYECTH U3 HErO IPeoOpa30BaHUe UMILYJIbLCHOM
nepexoHoit byHKnuu cucremsl, pasaoe 10e™ %" cos wr. [loce dero nepefiru
K OPUTHHAJTY, KOTOPBII U SIBJISIETCS NCKOMBIM perlieHreM. Takoil mepexo/t
JIJIsI TUCKPETHBIX (DYHKIUI TPOIIe, YeM Jjs mpeodpa3oBanus Jlamraca.

Ilepexon ot daser wiu ot sorapudma MoyIs n3obpaxkenus 10 Pypbe
BOODIITE HEe OIpeIeIeH.

Annpoxcumarus gyrryuy ceepmrot cmandapmuvix Pyrryud. IlomodbHo
ANIPOKCUMAIIH CyMMO#i CTAHIAPTHBIX (MYHKIUA (PsIbI), TPOM3BEICHUSIMH,
JIPOOHO pPAIMOHAJBHBIMU (DYHKIIUSIMU, B PSIJIE€ CJIYIAEB MOXKET OKA3ATHCS
11eJ1eCO00Pa3HON AMTPOKCUMAIIUST C ITOMOIIBIO CBEPTKU CTAHIAPTHBIX
dyuknuii ¢ Beibupaembivu apamerpamu [14]. Ilepexon K KyMyJistHTHO-
My 1IpeoOpa30BAHUIO CBOJUT ITY 3aJ1a9y K XOPOIIO U3YUIEeHHON 3a/1a9e
IpUOJIIKEHNs Tpeobpa30BaHHON DyHKITHH.

IIpeobpasosarue umMnyabcroti neperodnoli PyHKUUL cucmemss ¢ 0bpam-
Hoti ceasvio. llepemarounas GyHKINS CHCTEMBI ¢ OTPHUIATEIBHON 0OpaTHOM
CBSI3BIO UMEET BUJ

W(p) = fp)

1+q(p)’
rie ¢(p) — nepesarodHas Pa3OMKHYTON cucrembl. KymynsaurHoe npeobpa-
30BaHUE UMILYJIbCHON XapaKTEePUCTUKKA CUCTEMBI z(f) PABHO PA3HOCTH
mpeobpa3oBanus GYHKIIH, N300pakeHne KOTOPOil HAXOAUTCS B YUCIUTEE,
u DYHKIUU, n300parkeHne KOTOPOi HAXOAUTCS B 3HAMEHATEe, T.€.

(25) K[z(t)] = Z(r) = F(r) = K[6(t) + (1))
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Brimre 6b111 IpuBeieHBI BBIPAXKEHUsT JIsI PACUETa KAXKIOTO U3 ITUX
ciaaraeMbrx. Obmue cBoiicTBa Tpeobpa3oBaHus 0OJIEMIAI0OT TAKONW PACTET.

3. AcumnrtoTunyeckoe nosegeHue Ko3hpuuNeHToB yCTONUHNBLIX
NnosIMHOMOB

Paccmorpum smHeitHy0 IUHAMAYECKYIO CUCTEMY, XapaKTEePUCTHIECKOEe
ypaBHEHHUE KOTOpOil nmeer dhopMmy

(26) Puly) = 3 ai =0,
1=0

rie a; — JeficTBUTeIbHbIe KOI(MMUITMEHTHI, a KOIMOUIUEHT a,, 1pu y"
paBeH eJIMHUIIE.

Cucrema ycToWYMBa, €CJIA BCE KOPHU XAPAKTEPUCTUICCKOTO YPABHEHNUS
(26) nexar sieBee MHUMOIT ocu. ByjeM npeanosararh, 9To JedCTBATE/IbHbIE
9aCTU KOPHEH XapaKTePUCTUIEeCKOTO YPABHEHUS 0MOEAeHbl OM HYAA, T.€.
HANIETCsT TAKOe He 3aBUCHINEe OT N 3HadeHue p > 0, 9T0 PACCTOSHUS BCEX
KopHeit ypasuenust (26) or MuuMoii ocu, ; > p. Honuunom P, (y) HasbiBaor
YCTONYUBBIM.

JI1060it IOJIMHOM CTEeleHU N ¢ JAeHCTBUTEIBHBIMEU KOIMDMUITHEHTAMEI
MOKHO IIPEJICTABUTDH KaK IIPOU3BE/IEHIE IEMEHTAPHBIX IIOJIMHOMOB C JIefi-
CTBUTEIbHBIMHU KO3(MDDUIIMEHTAMU, CTEIIEHN KOTOPHIX PABHBI €IUHUIIE
u 1ByM («OCHOBHAsI TeopeMa airebpsl» ). s yerofiauBoro mosuHOMA
KO3(PDUIMEHTHI KayKJI0I0 M3 3JIEMEHTAPHBIX [TOJIUHOMOB TaK K€ OTJeJIEHbBI
or uyuns [12].

DJIeMEeHTaPHBIH IOJUHOM 1epBoil crerienu Pi;(y) = y + r; coorBer-
CTByeT JIefiCTBUTEILHOMY OTPUIATEIHLHOMY KODHIO, PACIOJIOXKEHHOMY
H& PACCTOSIHUH 7°; OT MHUMOIi OCH. DJIEMEHTAPHBIH [TOJMHOM BTOPOii CTEIeHN

(27) Poi(y) = y* + 2riy + 1} + w]

COOTBETCTBYET TTape KOMILIEKCHO—COIPSIZKEHHBIX KOPHEl ¢ JIefICTBUTEILHOI
YacTbIO —7; 1 MHUMO# JacTbio tw;. Tak Kak Bce KO3(DDUINEHTHI dJte-
MEHTaPHBIX [TOJIMHOMOB IIOJIOKUATEJIHHBI, TO KOI(DDUIMEHTHI TOJTMHOMA,
P,,(y)(cBepTKa K03DOUIMEHTOB /1eMEHTAPHBIX [OJUHOMOB) JIOJIPKHBI ObITH
6osibie Hyss. OIHAKO 9TO yCJIOBUE JIMIIb HEOOXOINMOE.

Heobxonumble n gocTaTouHbIE YCIOBHSA JTAI0T KPUTEPUU YCTONIUBOCTH
Payca-T'ypsuna u Muxaitiosa [12], Tpebyromiue jisi HOJIMHOMA BBICOKOI
CTEIIeHN JTOCTATOYHO TPY/IO0eMKNX Bbraucienuit. [losromy 3amamauBo
MTOJTy IUTH JTOTIOJTHUTETHHYI0 HHMOPMAIUIO 00 YCTONINBOCTH HEIIOCPE/I-
CTBEHHO TI0 BHUJY IOCJeI0BaTeIbHOCTH K03bduimenToB a;. [IpuBenenune
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HIKE YTBEPK/ICHUs TTO3BOJIAIOT CYIUTh O HEKOTOPBIX CBOMCTBAaX ITOM
[IOCJIETIOBATEILHOCTY UMEHHO JIJIsl [TOJIMHOMOB BBICOKOW CTEIIeHH.

Hautee 6yteMm HOpMUPOBATH KO3(MAMUIMEHTHI [IOJIMHOMA, PA3Ie/IUB
KayKJblii K03 UIMEHT Ha UX CYMMy, TaK 4To Jyisd HojauHoMa P, (y)
KO3 UINEHTHI TTOCTIe HOPMUPOBKU PABHBI

(28) pi=1/(1+7r), q=1—pi=ri/(1+7r;),

IpX y B TIEPBO# W B HYJIEBOI CTEIEHN COOTBETCTBEHHO. IlepBbIit 1 BTOPOIit
IEHTPAJIbHBIA MOMEHTBI JJId TAKOTO IMOJNHOMA:

(29) mi; = pi, di = pig;.

st ssemMenTapHOrO MOJIMHOMA, BTODOii crerenu (27) mouaydnmM Koadbdu-
[UEHTHI TPHU ¥ B KBaJIpaTe, B IEPBON U HYJIEBON CTEICHMU:
1 2r; ”"1'2 + wf
(30) bi=—, Zi=—", ¢=—_-
op) op} g;
Bneck uepes g; 0603HaAUYEHA CyMMa KOI(MPUIINEHTOB OJMHOMA BTOPOit
CTeNeHMN:
2 2
0'7,:(1"‘7'2) +0Ji.

IlepBoIit 1 BTOPOIT IMEHTPATHLHBIN MOMEHTBI MTOC/IEI0BATETHHOCTH
KO3 DUINEHTOB YCTONINBOTO IOJTUHOMA, BTOPOU CTEIIEHN PABHBI:

(31) Mma; = zi +2pi,  doi = m3;q; + (1 —mai)?2; + (2 — mai)*p;.

a;
_
Zi:o a;
nosmuoma P, (y) paBHa cBepTKe HOPMUPOBAHHBIX [I0CJIEI0BATEILHOCTEH
KO3 (DUIIMEHTOB 3JIeMEHTaAPHBIX MOJINHOMOB, a €€ IEPBBLIA U BTOPOIt
[IEHTPAJIbHBII MOMEHTHI, PaBHbIE CyMM€e COOTBETCTBYIOIIUX MOMEHTOB 3Jle-
MEHTAPHBIX MOJMHOMOB (CM. CBOACTBO 5 CBEPTKH), MOTYT ObITh TIOICINTAHBI
HEIMTOCPEJICTBEHHO Uepe3 b; Kax:

Hopwmuposannast mociie1oBaTeIbHOCTh KOI(DPUIHEHTOB b; =

n

(32) M, = zn:zb Dy =Y (i — M,)%b;.
1=0

=0

IIepBoHavyaabHO PACCMOTPUM CJIyYail, KOIJa BCE KOPHHU IIOJIMHOMA
P, (y) meiictBuTesbHbIE U KPATHBIE, T.€. OH DABEH C y4€TOM HODMHUDPOBKHU:

(33) P = (1) = buron
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Kosddunmenrsr sroro nosmaoMa 00pa3yioT MOCIEI0BATEIBHOCTH OMHOMI-
anbHbIX Koaddunuentos [13]:

(34)

b n! 1 Néi/ r \nt n! in—i o i—01
= i) (7)) =g =0

CorytacHo npesesibHoit Teopeme Myaspa-Jlamiaca mpu crpemiienun n
K 6ECKOHEYHOCTH HOPMUPOBAHHAS II0CJIEI0BATE/IBHOCTE OUHOMUAJIbHBIX
K09 UIMEHTOB CXOANUTCA K HOPMaJabHOMY pacupesesenuio N(i,n). A
UMEHHO:

1 — 22 i,m
(35)  bu= e (148,) = N(in)(1+3,).
B sTom BbIpakenun
- M,
(36) x(i,n) = !

M, u D,, — 1epBblii 1 BTOPOil EHTPAJIbHBIII MOMEHTBI [OCJIE0BATEIHHOCTH
funoMuaIbHBIX KO3dbdunuenTos. B nanHoM cirydae oHE PABHBI NP U Npq
COOTBETCTBEHHO. 3aBUCUMOCTD Z (i, 1) PABHOMEDHO IIO i, N OTPAHUYEHA, T.e.
CYIIECTBYIOT Takue 3HadeHns A u B, uto —oo < A < z(i,n) < B < 0.

Benmuuna 6, Opee/somas pasinaue MexKILy I0C/Ie0BATE IbHOCTHIO
bpi M HOPMAJIBLHBIM JAUCKPETHBIM pacupezesneraneM N (i,n), cTpeMuTcst
K HYJIIO ¢ POCTOM 71 TaK, 9TO PABHOMEPHO II0 4

(37) bl <
vn
rie C' — TOJIOKUTEIbHAST KOHCTAHTA, He 3aBUCSIIAsT OT 7, i.

B ofmem ciayuae pist nosmuaoma Py, (y) ¢ HopMupoBaHHbIME KO buIm-
eHTaMU TIE€PBbIi MoMeHT M, MoxKeT ObITh nogcuuTan 10 Gopmye (32).
Taxk, st nonuroMa (34) M, = np.

IMomuepkHeMm Tpu ocobennoctn dbyukuun N (i,n):

1. Ona yHUMO/ATIbHA.

2.Ee MakcuMyM cOOTBeTCTBYeET 7 = M,,.

CaoitcTBo (35) HA3BIBAIOT CBOMCTBOM ACHMIITOTHIECKONH HOPMAJIBHOCTH.

3.Benmmunaa 3TOrO0 MakcmMyMa paBHA

Teopemy Myaspa—Jlamiaca oObI9HO OTHOCAT K TEOPUU BEPOSTHOCTEIA.
Ho mo cymiecrBy oHa mocBsiIena CBORCTBY MOCIEI0BATEIbHBIX CBEPTOK
IIOJIOYKUTETbHBIX HOPMHPOBAHHBIX AUCKPETHBIX GyHKIuit. B ciaydae
OMHOMUATBHBIX KOI(DMUIINEHTOB ITU TUCKPETHBIE (DYHKIIUNA OJUHAKOBBI.
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®opmynaupoBka JIsmyHoBa [eHTPAIbLHOM IIpeiesibHON TeopeMbl

B sr0ii dbopmymposke nenTpanbaoil npeaeabuoit reopembt (ITTII) me
TpedyeTcsi, 9TOOBI CBOPAIMBAEMBIE JICKPETHBIE (DYHKIUU OBLIN OJMHAKOBEL.
OHa yTBEpPKIAaeT, 9TO IIPU HEKOTOPOM JTOKa3aHHBbIM ﬂ?{IIyHOBbH\I yciaoBun
pe3yJIbTaT CBEPTKU IOJIOXKUTEILHBIX HOPMUPOBAHHBIX (DYHKIINN, MMEIOIIIX
TIePBBIil U BTOPOH IMEHTPAJIHLHBIT MOMEHTBI, 8 TaK»Ke abCOIOTHBIN TIeH-
TPaJIbHBII MOMEHT CTeIeHU, OOJIbIIeN JIBYX, JJIsl JJOCTATOIHO HOJIBIIOIO
3HAYEHUS N [PUOJIMZKAETCI K HOPMaJbHOMY pacupeienenuto N (i,n),
dburypupyromemy B (35).

Yepes ¢; 0bo3HaINM aOCOIOTHBIN ITEHTPAJIBHBIIT MOMEHT CTEIEHU
GosbIell BYX JIst i-rO 3j1eMeHTapHOro nosunHoMa Pj(y), mMerorero
HOPMUPOBaHHBIE KO3(MPUIMEHTHI bj;, T.e.

ci(e) = Z |] — mi|2+€b]‘i,
J

rae € > 0, a aepes Cp(€) = >0 ci(e).

Dopmynuposka Jlamyrosa IIIT cocrour B ciaexyromem [15],[16]:

st TOro, 9TOOBI IIOTHOCTD PACIPEESIeHNAs] CBEPTKU OJIOXKUTETHHBIX
HOPMUPOBAHHBIX INCKPETHBIX (DYHKIMI ObLIa aCUMITOTHIECKA HOPMAJIBHOIA,
JOCTATOYHO CYIECTBOBAHUS TAKOIO 3HadYeHUs €y > 0, 9TOOBI /I BCEX
0<e<e
(38) lim L,(e) = lim % =0

n— 00 n— 00 Dn ’
Hpobs L, (€), B 1eBOil 4acTH 3TOro BBIPAXKEHUsI HA3BIBAIOT JIPOOLIO
Jlamynosa.

Kak u kmaccuueckasi popmysuposka IIT, Teopema JIsamyrosa
OIIPE/Ie/ISIET CBOMCTBO CBEPTKU JAETEPMUHUPOBAHHBIX MOJIOYKATETHHBIX
GyHKIMIA, I KaXKJ10ii U3 KOTOPBIX CYIIECTBYIOT My, d;, ¢;. DTH HYHKIMN
MOTYT OBITH pa3HbIMU. [[JIsi aCMMITOTHYIECKOI HOPMAJIBHOCTH UX CBEPTKU
JIOCTATOYHO BBIIOJIHEHUs ycaoBus (38). B KadecTBe Mephl IOrpenHOCTH
npubJIMzKeHUst J,, UCIOJIb3yeTcs aApobb JIsmyHoBa min GpyHKIMS OT Hee,
cTpemsmasics K myio npu L, — 0.

IIporuTupyemM OIEHKY 9TOU TEOPEMBI U3 ITOCBSIIEHHON elf cCTaThe
B Bukunenun: «IIpakmuueckoe anavernue meopemw Jlanynoea oepommo.
Onwvm nokas3vi8aem, wmo 3aKk0H pacnpedesetHus CYMmbl He3a8UCUMDBLT
CAYHATHOT BEAUNUH, CPABHUMDBLT TO CBOEMY PACCEUBAHUIO, DOCTNAMOYHO
6vICMPO NPUOAUNHCAEMCA K HOPMAALHOMY. YHCE NPU YUCAE CAGLAEMDBLT
nopaAdKa decamu 3akon pacnpedeseHus CYMMbL MONHCHO 3GMEHUMD Ha HOD-
MANOHUTL. »
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YcaoBrue acMMIITOTUYECKON HOPMAJIBHOCTH TIOCJIE0BATEIHHO-
cTu KO03(pPUIINEHTOB YCTOMYUBBIX IIOJIMHOMOB.

HopwvupoBannas moc/ie10BaTembHOCTD b; KOIMMUIMEHTOB TOJIMHOMA,
P, (y) upencrasiser coboil cBepTKY HOPMUPOBAHHBIX I10CJIE0BATEILHOCTEl
K03 DUIMEHTOB 3JIEMEHTAPHBIX MTOJUMHOMOB. PoJTb IJIOTHOCTEH pacipese-
JIGHUSI UT'PAIOT HOPMUPOBAHHBIE TOCJIE0BATEIIHHOCTH TOJI0KUTEJIHHBIX
KO3(D(DUIMEHTOB 3JIEMEHTAPHBIX [TOJIMHOMOB. DTH KO(PMUIMEHTHI MEHbIIIe
€JIMHUIIBI, 1 PABHBI HYJIIO IpK ¢ > 2 1 ¢ < 0, Tak 4TO JIJIs HUX BCeE IIepe-
YUCJIEHHBIE BBIIIE MOMEHTHI CymecTBYIOT. OHE Olpejie/IeHbl 3HAYEHUSIMI
KOPHEll XapaKTepUCTUIECKOrO YPaBHEHMUSI.

Takum obpaszom, u3 TeopeMbl JIsimyHoBa BeiTekaer Ciencrsue: /as
mMo2o, 4Mmobb, NOCAEIOBAMEABHOCTD KOIPHUUUENMOE YCOTUUB020 NOAU-
noma P, (p) o6aadasa ceolicmeom acumnmomuueckolh HOPMAALLHOCTU,
docmamouno, 4mobvs TaPAKMEPUCTIUKY IACMEHMAPHBLL TNOAUHOMOS M,
d;, c;(€) ydosaemeopsaau yeaosuro Jlanyrosa (38) upu € > 0.

Huke mostydeHsl yciioBusi, HAJIOXKEHHBIE HA 3JIEMEHTAPHBIE [TOJTTHOMBI
(T.e. Ha pacIoJIOKeHUe KOPHEl XapaKTePUCTUIECKOrO YPABHEHHUs! ), [IPH
KOTODBIX TpeboBanue (38) BBIIOIHEHO.

1. Tax KaK KO3IPPUITUEHTHI JTEMEHTAPHBIX TOJUHOMOB OT/ICJIEHDI
OT HyJIsI, TO BTOPO¥ IEHTPAJbHBI MOMEHT KayKJI0ro u3 HuX d; > § > 0.
B cuty aroro ¢ pocrom m BTOpoit nenTpasbHbiii Moment D,, mosuHoMa P,
HEOI'DAHUIEHHO BO3PACTAET.

2. B cuity MasiocTy € u 1IaJKoCTU 3aBUCUMOCTEH ¢;(€) qucauTess apobu
JlsnynoBa Moxer ObiTh npescrasied B dopme Cp, = Dy, + €S, 4 o(e€), rue

o o
a OCTATOYHBINA YJjIeH % — 0 mpu € — 0.
Ilokazkem, 9TO JJId BBITIOJTHEHUS YCJIOBUS JIAIyHOBA JIOCTATOYHO,
BBITIOJTHEHUS HEPABEHCTBA:
dCi

0 Vi
de < 1

e=0

(39)

3/1ech, KaK ¥ BBIIIE, CTPOroe HEPABEHCTBO COOTBETCTBYET TOMY, UTO
HalizieTcsa Takoe 3HadeHne 1 < 0, 9TO /I BCEX 3HAUEHWH 4 MPOU3BOIHAL,
dburypupytomas B yciaosun (39), He IPEBOCXOMT 7).

Eciu mepasenctso (39) BBIIOIHEHO, TO [IA KAZKIOTO U3 JIEMEHTAPHBIX
nosmHOMOB d; > ¢;(€). B arom ciyaae Cp(e) < C(0) = D, u cripaBeiuso
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HEpaBEHCTBO:

D,, 1

(40) Ln(€) < —755 = 552
DIF05 0.5

C pocrom D,, npaBasi, a 3HAUUT U JieBas 9aCTh HEPABEHCTBA CTPEMUTCSI
K HYJIIO.

ITosiuaom mepBo# crenenu. [lokaxkem, uro yciaosuio (39) ymo-
BJIETBOPSET TOJMHOM C OTPUIATEIHLHBIMA IECTBUTEILHBIMA KOPHAMM,
HAXOJAIUMUCSA OT MHUMOI ocu Ha paccrognuax 0 < r; < 0o. Beipaskenune
JUIsT MOMEHTOB TAKOTO MOJIMHOMa 3amucanbl B (31).

IeHTpasbHBIT MOMEHT ¢;(€) JIs TaKOH TOC/TIe0BATETLHOCTH K03 du-
IIMEHTOB PaBeH:

(41) ci =piteq + (1 —pi)* T pi = pigi(p T + ¢ ) = diRi(e).

IIpoussonnas

de
=d;[pilnp; +1— (1 —pi)In(1 - p;)] <0.

31ech YUTEHO, YTO CyMMa KO3(D(UIUEHTOB P+ ¢ = 1 U OHU CTPOro HOJIOXKH-
tenbHble. [Ipn aTux yemoBuax dyukius ['uboca, crosias B HEpaBEHCTBE
(42) B kBagpPaTHBIX CKOOKax, orpuraTeabHas g 0 < p < 1.

dCi >
- =di(pilnp; + ¢;Ing;) =
(42) ( e=0

Taknm o6paszoM yerosue (39) BBIIOIHEHO, U 044 106020 YCmoiuue020
NOAUHOMG ¢ 0eTLCMEUMEADHDLMU OMPUUATIENOHBLMU U 02PAHUMEHHDL-
MU N0 MOOYA KOPHAMU NOCAEA0BAMEALHOCTNG €20 KOIPHUUUEHMOS
ACUMNIMOMUNECKY, HOPMAALHA.

ITostmaoM BTOpOIT cTeneHm. /1 371eMEeHTaApHOTO TOJMHOMA, BTOPOIt
CTETeHN JIOCTATOYHOE YCJOBHE CXOAUMOCTH MOYKET OBbITh HAPYIIEHO
B HEKOTOpOit obJsracTu 3Hatenuit ero kKodddurmenton. Haligem rpanuiry,
BBIJIEJIAIONIYIO 9TY 00JIaCTh.

ABCOMIOTHBI MOMEHT CTeleHu GOJIBITel ABYX sl 9JIeMEeHTapHOrO
KBaIPATHOTO TIOJIMHOMA

(43) ci(e) = pim?+E + 2| (1 — mi)|2+e +q;i(2— mi)2+e.

Kaxnas n3 BXoasdamux B 9TO BbhIpayKeHNE IIEePEMEHHBIX 3aBUCUT OT J1eli-
CTBUTEJIbHOU U MHUMOW YaCTU COOTBETCTBYIONIEU Hapbl KOpHEH 7, w;
B coorBercreun ¢ (30)-(31).

st BoImostHeHust yestoBust JIsmmyHoBa J0CTaTOYHO, 9TOOBI JJIsT JIF0OOTO
i, BBIIOJIHAIOCEH yeaoBre (39). Onyckas TeXHUIeCKHUe BBIKJIAJIKE, 3allUIIeM
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TpeGOBAHNE OTPHUIATEIHLHOCTH MPOU3BOIHOI:
(44) gimZInm; + z;(1 —my)? In |1 — my| 4+ pi(2 — mi)* In(2 — m;) < 0.

YHucso He3aBUCUMBIX IIapaMeTpoB B JIEBOI 9YaCTHU ITOTO HepaBeHCTBa
PaBHO JIBYM, TaK KaK

(45) p=m+q—1, z=m—2p.

Tak Kak KaxKJbIil U3 3TuX KO3I(PPUIMEHTOB OOJIbINe HYJIsI U MEHbIIe
€IMHUIIBI, TO B IIJIOCKOCTH C KOOPJMHATAMU ¢, 177 MOXKHO BBIIEJUTH 00JIACTH
pean3yeMOoCTH:
1-m<g<1-0,5bm.

I'panuna, onpezeisiemast HepapeHCTBOM (44), BblessgeT B 910ii obaacTu
MHOKECTBO, TIpUJIEraliee K ee Bepxueii rpanurie. Cama 3Ta rpaHuia
COOTBETCTBYET IIOJIMHOMY BTOPOIl CTEHNEHU C YMNCTO MHUMBIMHA KOPDHSIMU.
IlosToMmy, eciin yCTOWYUBBIN MTOJMHOM UMeEET OOJIBIIYIO YaCTh KOPHEt
O/IM3KUX K MHUMOI OCH, TO ycjioBue JISmyHOBa MOXKET OBITH HAPYIIIEHO.
B ocrampHBIX citydasix mocses0BaTeIbHOCTD ero KO3(hMUINEeHTOB aCUMIITO-
THYECKN HOpMaJbHa. PacdeTsl moka3wiBaioT, uro ecau 1 — 0,5m — g > 0,06,
TO ycjaoBHe JIAmyHOBa BBITOTHEHO.

s Toro, YT0OBI IPOBEPUTD, SIBJISETCS JIM MOCIEI0BATETLHOCTh KO-
(bUIMEHTOB [OJMHOMA BBICOKOM CTENEHH 1 aCHMITOTHYECKH HOPMAJIBbHOI (&
3HAYUT HOJIMHOM YCTONYMBBLIM), HyZKHO 3TH KO3(DMUIMEHTH HOPMUPOBATD,
naiitu M,, u D,,. Koaddurmenn: b; T0MKHBI OBITH MAKCUMAJIBHBI 115
1 ~ M,,, a nX MaKCUMAJIbHOE 3HAYMEHNE JTOJKHBI OBITh TPUOJIMKEHHO PABHO

1/v/27D,,.

3akntoyenne

PaceMoTpeno 01HO M3 MHTErpaJbHBIX Pe0Opa3oBaHuil, IEPEBOJISAIIIX
CBEPTKY OPUTHHAJIOB B cyMMy m3obpazkenuit. OT apyrux mpeodpa3oBaHms
TAKOTO POJIa OHO OTJIMYAETCS TE€M, UTO SKCIIOHEHIINATbHbBIE (DYHKIUHU [IPA
Ipeobpa30BaHUN HE M3MEHSIIOTCS U IIPOCTOTON (DOPMYJI JIJIst IPSIMOTO U
0OpaTHOro Mpeodbpa3oBaHUSI.

Haiineno mpeobpaszoBanne i HEKOTOPBIX (DYHKITUH U OTIEPAITHi
nuddepeHnupoBanms, THTEIPUPOBAHKS, U3MEHEHNST MAaCIITaba apryMeHTa
u gp. [Tokazano, 9T0 /Uit yCTONYUBBIX TTOJTMHOMOB BBICOKOW CTEIIEHU,
Y KOTOPBIX BCe KOI(DMUIMEHTDI OT/IEJIEHDBI OT HYJIsI, & KOPHU JIEHCTBUTEILHEI,
HOPMWPOBAHHAS MOCJIEI0BATEILHOCTD KOdhdurmenToB 6/m3ka mo dopme
K OmaHOMuasbHON. [losTyyeHo HepaBeHCTBO, BBIIEISIONee 00IaCTh, B KOTOPOI
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TEM 2K€ CBOMICTBOM O0JIAJIAI0T YCTONYINBBIE TOJMHOMBI ¢ KOMILIEKCHBIMU
KOPHAMU.

ABTOpPBI BBIpAXKaIOT IPUSHATE/ILHOCTD 3a ODCYKeHne paboThl U

nonte3uble 3amedanus C.B. Sumamenckomy, C.C. IlyxoBy u ocobenno
FO.JI. Caukosy.
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Key words and phrases: convolution of originals, integral transformation, sum of mappings,

A.M. Tsirlin, M.A. Zaeva. Conversions of the convolution operation to the sum and

asymptotic behavior of the stable polynomials coefficients.

ABsTrACT. Consider the integral transformations which convert convolution in
the domain of originals (functions of scalar real variable) into the sum of images
(functions of scalar real variable). All these transformations are given up to a
linear operator.

We discuss the properties of one of these transformations, which converts any
exponent the exponent: its relationship with the Laplace transform, transform of
some particular functions and operations differentiation, integration, shift, time
scaling, multiplication by the exponent, etc.

Transformations of this type we call cumulative by analogy with the
transition from the density distribution of a random variable to its cumulants. We
show that Newton’s formulas that realize the relation of sums of the same powers
of the roots of a polynomial with its coefficients are cumulative transformation.
Also, any transition of real variable function to its phase (same as the logarithm
of the module of its Fourier transform) is.

We discuss the possible applications and obtain the conditions under which
the sequence of coefficients of a stable polynomial with increasing its degree is
asymptotically normal.

cumulants, stable polynomials.
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