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A. A. Apnenros

NuTepdeiic a1 MmoaeimpoBaHusd 3JIaCTUK Jdiijiepa
B IIporpaMMHoii cpege Mathematica

AHHOTALIUS. B KjIaccmyecKoM BapUAIMOHHOM BBIYUCICHUU U ONTUMAJIHLHOM
YIIPABJIEHUHM XOPOIIO M3BECTHA 3aJa4a O CTAIMOHAPHBIX MPOMUIISIX yIPYyroro
crepxkHus. Jleonapy Diiep, paccMoTpeBmnii 3Ty 3amady B 1744 roxy, onucad
BCE BO3MOKHBIE CTAIMOHAPHBIE NPoduin (9iyIepoBEl dj1acTUKK). B mporpamm-
Holt cpesie Mathematica Hanmucanbl MO/ U BBIYUCIICHUS YPABHEHUN BCEX TUIIOB
3JIACTUK, a MaK>Ke MOJYJIb JUIs UX BU3yajusanuu. Moy oObeJuHEHbl B UH-
Tepdeiic, MO3BOJIAIONMN OJIYIUTh M300ParkeHre U IapaMeTPU3alUio JIIO0M
astacTuku yepe3s Web.

Kamoueswie caosa u @pasvi: anactukm diinepa, Wolfram Mathematica, ontumansHoe ynpas-

JieHne, reomeTpus.

1. Beepexue

Samaqda Ditgepa 00 IACTHKAX UMEET CJIEIYIONIYI0 T€OMETPUIECKYIO
dbopmysuposky. ansr gse Touku a; = (z;,y;) € R?,i € {0,1}, ¢ 3akpen-
JICHHBIMHU B HUX eMHUYHBbIME BekTopamu v; € T,.R?, |v;| = 1,i € {0,1}.
Tpebyercs HaiiTu r1aakyo KpuByio 7y (t) GUKCHPOBAHHOI HJIUHBI |, BBIXO-
JISITIYIO U3 TOYKU Gy C BEKTOPOM CKOPOCTH Vg ¥ TOMAJIAIONIYIO B TOUKY 1
¢ BeKTOpOM ckopoctu vp (em. puc. 1). Kpome Toro, na KpuByio Hak/aabl-
BaeTCsI JIONIOJIHATEILHOE YCJIOBIUE — WHTErpaJjl KBaIpaTa KPUBU3HBI HMEET
HaMMeHbIIlee 3HAYEHUE BJ0JIb UCKOMON KPHUBOIA:

ty
/ k*(t) dt — min.
0

3ajiada UMeeT IPOCTON (PU3UIECKUIT CMBICT: JIaH YIPYTU CTEPXKEHD
GbUKCHPOBAHHON JJIMHBI C 3aKPEIVIEHHBIMUA KOHI[AMH U HAIIPABJIEHUSIMU
CTEepXKHSI B KOHIAaX. Tpebyercs onpeneantsb GpopMy crepzkHs. Bo3amoxk-
Hble (DOPMBI, KOTOPbIE MOXKET MPUHUMATH YIPYTUH CTEPKEHDb, OTKPBLI
Oitsep [1], OHM HA3BIBAIOTCST SNIEPOBBIMH JIACTUKAMHI.

Pabora nogmepxkana Poccuiickum doumom dyHKIaMEHTAIbHBIX KCCJIEI0BAHUIA,
npoexT 12-01-00913-a.
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Puc. 1. leomerpudeckasi mocTaHOBKA 3a1a9H

[TepBas mapamMeTpusanus 3JIaCTUK JUIANTTHICCKUME (DYHKIUSIMEA Obl-
sa nosyqena JI. Saammmoriem [2]. Bompoc 06 onTHMAIBHOCTH 37TaCTHK
Ob11 mosHAT B puccepranun Makca Bopha [3]: Gyaynmit HoGesieBckuii ja-
ypear JI0Ka3aJl OTCYTCTBHE COIPSIXKEHHBIX TOYEK Ha 3JIACTHKAX 0e3 TOYeK
neperunba, T.e. 9TO BCe HEMH(MJIEKCUOHHBIE JIACTUKHU SIBISTIOTCS JIOKAJIb-
Ho onrumasibHbiMu. FO. JI. CaukoB mosydus oneHKM TOYeK paspesa [4],
B KOTOPBIX 3JIaCTUKU TEPAIOT FJIO6&J'H)HyIO OIITUMAJIbHOCTDH, U COIIPA2KEH-
HBIX TOYEK [5], B KOTOPBIX TepsieTcs JIOKAIbHAs OIITUMAJIBHOCTD. Pazimd-
HbIE BOIIPOCHI, CBA3AHHBIE C ONITUMAJIBLHOCTHIO 3JIACTUK, PACCMATPUBAJIUCH
B paborax [(—10].

B nmammoit pabore mpeacTaBieHbl DOPMYIIBI JJIS BBITUCICHUS JJIa-
CTHK, a TaK»Ke ONMCaHUe JeMOHCTparuu B cpeje Mathematica [11], ¢ mo-
MOIIBI0 KOTOPOI MOYKHO uepe3 web-uaTepdeiic mocTpOuTh 3JIaCTUKY JTIO-
6oro Tura u POPMBbI, a TaKKe MOJIYUYUTh HapAMETPUBAINIO JIACTHKHY.

2. DKcTpemasibHble TPAaeKTOpUM B 3aja4ve ONTUManbHOrro
ynpasneHus

Tax kak |v;| = 1, To Jajee paccMaTPUBAIOTCA BMECTO BEKTOPOB COOT-
BeTcrBylonme yribl §; takue, 4ro v; = (cosf;,sinf;). Bes orpannyenus
OOITHOCTH HAYAJIbHASA TOYKA MOYXKET ObITh BHIOpaHa B HadYaJe KOOPIUHAT
((xo,y0) = (0,0)), a HagagbHBL yroia fy ycranosieH paBabiM 0 (T.e. Ka-
caTesibHag MapaieabHa oc Ox). DTOro MOXKHO JOCTHYD 33 CYET BIOOPa
crcTeMBl KOOPIWHAT Ha IIOCKOCTH R2,
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Omnucannast 3aja9a MOXKeT ObITh TakkKe CHOPMYJINPOBAHA KAK 3a-

2 1

Jlada ONTUMAaJIbHOrO yupasienus [12] B upocrpancree M = R2 y X S
CJTEIYTOIIAM 00Pa30M:

T cos 0
g = y = sin 6 +ul|l 0 |,u€R,
0 0 1
0 T
0 qt)=qa=\{ n |,
0 01

2

t

/ u( dt — min.
0 2

Bamernm, uro Kpusu3Ha Kpusoii k(t) = /Z2(t) + 72(t) = [0(t)| = |u(t)|.
Hamomunm ocHOBHBIE pesysbraTsl pabots! [13]. K pacemarpusaemoit
3aJ1a9e ONTUMAJIBHOTO YIIPABJIEHUs ObLIT IIPUMEHEH TPUHITAIT MAKCUMYMa
IMonrpsiruna [14]. TlomyueHHast raMUIBTOHOBA CHCTEMA JIJIsT HOPMAJTBHBIX
9KCTpeMaJieil CBeJleHa K YPABHEHNIO MATEMATHIECKOIO MASTHUKA:

(1) ﬁ:C, é:_Sinﬁv
rae ﬁ — yYroJ OTKJIOHEHUA OT yCTOfI‘IHBOI‘O IIOJIOZKEHHA paBHOBECHUA Ma-
ATHUKA, & C — €ero JUHeHas1 CKOPOCTb.

Takum o6pa30M, 9KCTpEeMaJIbHbIE TPACKTOPUHN 3aJa9N IIapaMeTPpUu3y-
I0TCAd TOYKaMU (l)aBOBOI‘O TUINHAPpA MadTHHAKAa, 3aJa0IIero IPOCTPaHCTBO
COIIPAZKEHHDBIX ITEePEMEHHBIX C = RC X Sé ypaBHeHI/Ie MadTHHUKa (1) nume-
eT cneayronmﬁ UHTerpaJl dHEepIrumn:

2
E=— —cosfe[-1,+0).

2
JI1s1 pa3IMYHbIX YPOBHel SHepIuy MaATHUKA HOJIyUeHbl pa3Hble BbI-
pazkeHwUsl JJIsl SKCTPeMaJbHbIX TpaekTopuit ¢(t) (em. [13]). Orcroma nosy-

JeHa KJIACCU(DUKAIMS SJIACTHK, CM. PHUC. 2.
Bonee mopobHoe onncanme KaXk10ro TUTIA TIPUBEIEHO B TAJTLHENITHX
IIyHKTax 2.1,2.2.

2.1. HeBbipoxaeHHble 31aCTUKM

Ha pwuc. 3 noka3aHbl JBa OCHOBHBIX CEMENCTBA HEBBIPOYKIEHHBIX JJIa-
CTUK, BBIXOJAIINX U3 HadaJa KOOPJAUHAT C HYJIEBBIM HaYaJIbHBIM YIJIOM.
Kaxknast TpaekTopust 3a7aercst TPOMKoOit by, k, 7 — SJUIMITHICCKUMEI KO-
Op/IUHATAMU B IIPOCTPAHCTBE CONPsKEHHBIX lepeMenubix [15]. Ha puc. 3



34 A. A. APIEHTOB

HenHbnekcMoHHble
’—> HeBbIpoXKaeHHble NHPNEeKCUOHHbIE
ONacTuKn
- Kputnyeckmne
dnnepa
BblpoXKaeHHble OKpy*KHOCTH
Mpamble

Puc. 2. Knaccudukarust s1acTuK

TPaeKTOPUU UMEIOT KOHEYHYIO JIJINHY, KOTOPYIO 3aJlaeT IlapaMeTp BpeMe-

HHU t.

Puc. 3. Heundiekcnonubie n HeMHQIEKCUOHHBIE JIACTUKN
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Damuntraeckue QyHKINN AKoOM, nCoib3yeMbie B (DOPMYyJIax, Ompe-

JIeJISIOTCS Ceyromum obpasom [16]:
v dt
Y =amu <& u:F(w):/ —_—
0 V1 -—Ek2sin®t

P
E(u) = / V1 — kZsin’ t dt,
0
snu =sinamu, cnu= cosamu,

dnu =1 —k?sn?u, (k):F(g)

] IeKCHOHHBIME HA3BIBAIOT SJIACTHKH, KOTOPBIE MMEIOT Ha JIyde
t € [0, 400) GeckoHEIHOE KOJMYECTBO TOUEK Hepernba (cM. ciesa puc. 3).

YpaBHeHUs! 9TUX KPUBBIX HOJIy4YeHbl B padore [13]:

w(bo, k7 1) = t(2k2sn2 by — 1) — %((%2 sn2 by — 1)(E(b) — E(b))+
+ 2k? dn by sn by (cn by — cn bo)),

y(bo, k, 7, t) = 2kt dn by sn by — %(Q’f dn by sn by (E(by) — B(bo))—
— k(2k*sn% by — 1)(cnb; — cn b0)>,

rie by = bg +rt, by € R, k€ (0,1), r € RT.

Puc. 4. Ilpumep KpUTHYIECKOI SJTACTUKH

HenndekcnOHHBIMEI HA3BIBAIOTCS HEBBIPOXK IEHHBIE SJIACTUKH, KOTO-
pble Ha syde ¢ € [0, +00) He uMerOT ToueK meperunba (cM. cipasa puc. 3).

VYpaBHeHUsT [Tt 9TUX KPUBBIX, KaK U JJIsI HH(MJIEKCUOHHBIX, 3aBUCIT OT
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BpeMmeHn t u mapamerpos by, k, r — IJITMITHIECKUX KOODIUHAT B MPO-
CTPAHCTBE COUPSIKEHHBIX NepeMeHHbIX [15]:

x(bo, k,r,t) = —;<2cnl;§snl;:<dnlz —dnl;:> + <E (%)_
_ @ 2@_ 3_ 2@_
E(k))<25n . 1>>+<k‘2 1)<2sn . 1t,
_ 2 bO bO bt bO bt
y(bo, k,r,t) = M(?cnksnk<E(k) —-E (kz)) — (dnkz

b b 2 b b
dnko> <28n2]: )) +2t<k:21> cnzosnzo,

e by = bg+1t, b0 € R, k € (071), r € RT.

Kpurnueckue 3/1acTUKU IPeACTABIISIIOT COOOI IIPeIe/IbHBIN Iy daii
nHOJIIEKCUOHHBIX U HEMH(QJIEKCUOHHBIX 3JjacTuk upu k — 1 (cm. puc. 4).
Ux ypaBHeHus: 3aBucaT oT mapaMmerpos by, 7, t:

2sh
x(bg, . t) = sh?by(sh? by — 1)t — ST bo

(z(sh by — shbo) th bo+

+ shbo(sh2 by — 1)(thb, — thbo)),
2sh b()
'

y(bo, 1) = 2tsh by sh by — (2 th by (th by — thbo)—

— shbg(sh b, — shby)(sh2 by — 1)).
rae by =bo +1t, bp €R, r € RT.

2.2. BbipoxaeHble 31acTukn

K BBIDOXKIEHHBIM 3JIACTHKAM OTHOCAT OKPYKHOCTH:
.t t
z(R,t) = Rsin I y(R,t) = R(l — cos E)’
rae R — paaumyc OKpy»>KHOCTH.
U makowHerr, IpsiMble COOTBETCTBYIOT CAMOMY IIPOCTOMY U OIITHMAJIb-

HOMY CJIy9ai0 — CTep:KeHb He J1edOpMUPOBaH, WHTErpaj SHEPIUU pa-
BeH 0, TpaekTopun ri100aTLHO ONTUMAJIBLHBI 0 OECKOHEIHOCTH:

a(t)=t,  yt)=0.
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3. WNurepdeiic B cpeae Mathematica

151 Gostee HATJISIIHOTO MTPEICTABJIECHAS] TPACKTOPHIA BBEIEM /IS Kask-
JIOTO THIIA 3JTACTUKH 6OJIeE €CTECTBEHHBIEC MTAPAMETPBI, KOTOPBIE HCIIOJIb-
3yI0TCcd B mHTEepdeiice i 2J1acTUK (CM. pHC. ).

v parameters of elastica
ange J—— =0 y
k —{}—1 079
r—{F—=1 , f . . . - ox
phase .=D:: 1
periods —{f———1 1 _osk

outel= » graphic options

» Pararmetri zation

type of elastica: (@) Inflectional O Non-inflectional () Critical O Circle O Line
Puc. 5. Unrepdeiic B cBepayTOM B

3.1. EcrtecTBeHHble NapameTpbl AN5 31aCTUK

Nudnekcnonnbie 1 HeMHMIEKCHOHHDBIE IJACTUKU SIBJISIOTCS HanOO-
Jee O6IILH]\/{I/I TUIIaMH 3JIACTUK, KOTOPbIC ITapaMeTPU3YI0TCA OJNHAKOBbIM
BekTOpoM napamerpos (bg, r, k, t).

Bsenem HoBhIIT mapamerp Phase, Koropbiil 3ajiaeT a3y 3JaCTHKH.
DTOT mapaMerp COOTBETCTBYET HapameTpy by, 0TCIoa (OPMYJIbI IIepexo-
na: Phase = am %, by = r F(Phase).

OxpyzkHOCTH, THDIIEKCUOHHBIE U HENH(DIIEKCUOHHBIE JIACTUKHA STBJIs-
T0TCs Tiepuoandeckumu. Beemem mapamerp Periods = %, roe T — mepu-
oJ1 ytacTuKM. BhIpazkeHue neprojia 3JaCTUKU 3aBUCUT OT THIIA SJIACTUKU:

. _AK(k) .

o JIIsT UH(IIEKCUOHHON dmacTuku T = ——;
. 2k K(k

o 17151 HenHGIEKCHOHHOH T’ = %;

o 1y okpyxkuOcTH 1 = 27 R.
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JJist KpUTUYIECKUX U TMPSMOJIMHERHBIX JIACTHK JAJIee BMECTO apaMeTpa
Bpemenu t OygeM UCIOJIB30BaTh mapamerp aiauubl Length = t.

3.2. ®dyHkuun unTepdeiica

B cpene Mathematica 3anmporpaMMupoBaHbl 5 MOYIbHBIX (DYHKIIHIA
BBIYHUCJIEHUSI JIACTHK I10 IIapaMeTpaM, KOTOPbIE OIMCAHBI B IHOJpa3Jie-
gte 3.1. JIj1s1 BBIMUCTIEHUs PA3IMIHBIX THIIOB 3JIACTHK UCIOJIb30BAJIICH CO-
OTBeTCTBYIOITIE (GOPMYJIBI, ONUCAHHBIE B oapasaenax 2.1,2.2. Ha puc. 6
[IPUBEJ/IEHA OJIHA U3 HOBBIX CXEM OBICTPOrO BbIYuCeHUsS (HOPMYJI, 3a/a-
IONIUX HEBLIPOXKJIEHHBIE 3JIACTUKHU, pa3paboTaHHas IPU CO3/IaHIA HHTEP-
deiica.

x[t] ylt]
form1t - 2(form1 EEtO + form2 CNtO k)/r form2 t - 2(form2 EEtO - form1 CNtO k)/r
=\
EEtO form1 form2 CNtO

EE[amt,k2]-EE[amO,k2] (2 k2 SN0O2-1) 2k Sqrt[1-k2 SNO2] SNO | | Cos[amt]-Cos[amO]

_—

SNO02
SNO SNO

k2 | amt 7Famo Q SNO

k k <\\am[ bo+r t,k2] | | am(bo,k2] Sinfam0]

Puc. 6. Cxema Berauciaenus GyHKIWA, 3a/1a101ux THIIEK-
CHOHHYIO JIACTHKY

TonoBrO#t Momyns BbIMONHSET QyHKINH HTEpdEiica. OCHOBHBIMU
9JIEMEHTAMU YIPaBJeHus B uaTepdeiice SBIIOTCS MOA3yHKY (CM. puc. 7).
Hampumep, ¢ momorisio nom3yuka Angle 3amaercs HadaaIbHBIA yros mMo-
BopoTa asactuku 6y € [0, 27] (onpenesnenuslii B Havase pasnena 2). Ec-
JIN HaXKaTh CIIpaBa OT MOJIBYHKA Ha KHOMKY -, TO MOSIBUTCSI MEHIO JIJIst
YIPABJIEHUS MTOJIZYHKOM:
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©® Wolfram Demonstrations Project

TOFICS LATEST  ABOUT

Euler's elasticae

wparameters of elastica

angle —{] 116233 ﬁ}
=[] 2N TN
L 0.5 ! \Y \
} T sl i
oo I =as : 'l
phase © I 480664 \ 1\ !
\ I\ 032 7
periods 737 164 \ Y /
A" ’
N/ oL
vgraphic options Y = LY x
Hhickness « 3 ’ vt A
= !
A i
dashing A /
."‘-_4’, \\-..—’,-04
o -
vParametrization
color u x[t_] := 0.39714789063478056+ (0. 4130687614720834+t ~ 0. 5698

¥t ] = 0.9177546256830811+ (0. 41306587614720834+t - (0. 589800

type of elastica: ® Inflectional OMNon-inflectional OCritical OCircle Cline

Puc. 7. Unarepdeiic Ha caiire http://demonstrations.wolfram.com

B nepBoM 110Jie MOXKHO 33JIaTh [IPOU3BOJIHHOE 3HAUEHUE [apaMeTpa
B uncioBoM (Hampumep, 12/.788%), a Takxke B CUMBOJBHOM BHUJIE
¢ nomomnipio koga Mathematica (maupumep, (Pi + Sinf1])/5!, nns
Bosee moapobHOi nHbopMarn cm. [11]).

Step Backward cmermaer mo/r3yHOK Ha HEKOTOPYIO BEJIMINHY BJIEBO
U COOTBETCTBEHHO YBEJUYUBACT 3HAUEHNE BLIODAHHOIO INapaMerpa,
€CJIM OHO He SIBJISIETCSI MAKCUMAJIBLHBIM.

Play zanyckaer aHIMAIMIO ¢ U3MEHEHUEM TEKYIIEro napaMeTpa.
Step Forward cmemaer moi3yHOK Ha HEKOTOPYIO BEJIUYUHY BIIPa-
BO U COOTBETCTBEHHO YMEHbIIIaeT 3HAYeHNE BLIOPAHHOIO apamMeTpa,
€CJIN OHO HE€ ABJIdEeTCd MUHHUMAJIBHBIM.

Faster yBemunBaeT CKOPOCTH BBITIOJTHEHUST AHUMAIINN.
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o Slower 3amesier CKOPOCTD BBIMIOJTHEHUST AHUMAIUN.

e Forward or Backward meHnsier 3akoH, 3ajaroluii HalpaBJ/ieHUEe
JBHzKeHus nmoysyHka: Forward — mosi3yHOK JIBUTAeTCsT TOJBKO BIIe-
pell, B KOHIIe mepexois Ha Hadayio; Backward — mosisyHOK jmBura-
ercsi TOJIbKO Ha3aJl, Iepexols u3 HadaJsia B kouer; Forward and
Backward — mon3yHOK JBUTaeTCs BOepeI-Ha3a/l, MeHsIs HAIpaBJIe-
HIE B KOHIIE U B HAYAJIE.

OrnmcanabiM MeHIO 00J18/IaI0T BCe MOJI3YHKHN nHTepdeiica.

[Tone Type of elastica moxer npuauMaTh 5 3HATEHUIL:

(1) Inflectional 3amaer undiekcuonnyto saacruky (cM. nompasmaen 2.1);

(2) Non-inflectional Beraucssier HeMHMIEKCHOHHYIO 2JIACTUKY (CM. TOJI-
paszzei 2.1);

(3) Critical coorBercTByeT KpuTudeckoii amactuke (cm. nogpasmuern 2.1);

(4) Circle orobGparkaer OKpy?KHOCTB (CM. mozgpasien 2.2);

(5) Line orobpaxkaer upsmble (cM. noapaszuei 2.2).

KaxkjoMy THILY 9JIACTHK COOTBETCTBYIOT CBOU IIAPAMeTPHI (CM. puc. 7,
610k parameters of elastica):

(1) Angle, k,r, Phase, Periods njs nH}IEKCUOHHBIX 3JIACTHK;
(2) Angle, k,r, Phase, Periods jiisi HeMH(MDJIEKCUOHHBIX 3JIACTUK;
(3) Angle,r, by, Length njist KpUTUIECKUX;

(4) Angle, Radius, Periods njist OKpyKHOCTEIH;

(5) Angle, Length njst npsiMbIX.

ITocsie OCHOBHBIX MapaMeTPOB PACIIOIAraloTcs rpaduyuecKue OIIUN
(6si0k graphic options na puc. 7), 00Mil 1J1s KAXKJIOIO THIIA JIACTHKM:

o thickness — mapamerp, 3amaromuit TOMIUHY JAHAL;
o dashing 3ajaeT nyHKTUPHBII CTHIH KPUBOIL;
e color orBedaer 3a 1BET.

ITo 3amannbpiM mapamMerpaMm wHTepdeiic BbiTaeT n300pakeHue IyTh
SJIACTUKY JJIMHON ¢ 1 3ammch Ha sizbike Mathematica dymukimit, 3amaro-
mux napamerpusanuio (610k Parametrization wa puc. 7). ¥V nosn3osa-
Tesist mHTEpdeiica eCTh BO3MOKHOCTh CKOIIMPOBATH IIOCTPOEHHBIE B BEK-
TopHOM bopmare JuHUA B Oydep odbmena. st aToro mocrarodno npa
pa3a HaXKaTh [PaBOIl KHOIKON MBINIM HA KPUBYIO, IOCJIE Yero KpHuBasi
U paMKa BOKPYT Hee BBIJIEJNTCS OPAHKeBBbIM BeToM. [lasee crangapr-
HBIM COYETAHWEM KJIABHII CKOIIMPOBATH BBIJEJIEHHBIN 00bEKT B Oydep, a
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3aTeM BCTABUTH €r0 B IPOU3BOJILHBIN TOKYMEHT, [TO/IIeP>KUBAIONINI B3a-
UMOJIEHCTBIE ¢ BEKTOPHOI rpadukoii (Hampumep, B JokymeHT Microsoft
Word).

s aBTO3aIyCcKa aHMMAIMH TEKYIIEero TUIA JACTUK CJe/lyeT Ha-
KaTh Ha BHYTPEHHIO KHONKY Autorun B mpaBOM BepXHEM yTJIy WH-
Tepdeiica. B pesynabrare BO3HMKHET JOMOJHUTENbHOE MeHI0O Autorun,
HMEIOIIEee Te YKe KHOIIKM, 9TO U PaCIIMPEHHOE MEHIO IOJI3yHKA.

4. 3aknio4yeHue

Omnncannbiii B crathe naTepdeiic pasmenen Ha caiite Wolfram [17].

Nurepdeiic umeer dpopmar eorauciasiemoro jpokymenta (CDF), koro-
PBIil CTABUT B MEHTP JIETKYIO B CO3JaHUU WHTEPAKTUBHOCTD, IIPEIOCTAB-
JIsisl TIOJIb30BATEISIM BO3MOYKHOCTD YIIPABJISITH COJIEPIKUMBIM 1 T€HEPUPO-
BaTh PE3yJbTATHI B PEKUME PEATHLHOTO BPEMEHH.

st paborsl nHTEPEiica HEOOXOIUMO JIUIIL CKaYaTh U YCTAHOBUTH
6ecrarubiit CDF-Player (cBoGozieH jijig CKaIMBaHUSA B UHTEPHETE 110 Al
pecy http://www.wolfram.com/cdf-player/). Dror 1wieep HO3BOJSIET
cMOTpeTh depe3 narepHer npuitokenusi Wolfram Demonstration Project,
He ycraHaBjuBas cucremy Wolfram Mathematica.

[Ipepcrasiennblii naTEPdENC SABJISIETCS TPUMEPOM HUCIIOJIb30BAHUS
nporpaMMHBIX cpezctB Wolfram Mathematica mjist pertenust akTyasibHON
33891 TEOPUU YIIPYTOCTU, TEOPUU YIIPABJIEHUS U KOMITHIOTEPHOIT rpadu-
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getInfl [\[Psi]_, Periods_, Angle , Color_, thickness ,
dashing | :=
Quiet [ Module[{Time, EE, EF, am, a2p, Rotation,(* functions
*
)
k, Phase, k2, b0, r, am0O, amt, SNO, SN02, EEt0O, CNtO0,
forml ,
form2, fun},
EE[p , k_| EllipticE [p, k];
EF[p , k_| EllipticF [p, k];
am[p , k_| JacobiAmplitude [p, k];
a2p := {Cos[Angle], Sin[Angle |};
Rotation[{x , y_}] := {Total[{x, —y} a2p]|, Total| {y, x}

a2p|};
{r, Phase, k} = \[Psi];

k2 = Evaluate [k k];
Time = Evaluate[4 Periods EllipticK [k2]/r];
b0 = Evaluate [EF|[Phase, k2] r];
am0 = Evaluate[am[b0, k2]]; amt = Evaluate[am[b0 + r t,
k2]];
SNO = Evaluate[Sin[am0]]; SN02 = Evaluate [SNO SNO];
EEt0 = Evaluate [EE[amt, k2] — EE[am0, k2]];
CNt0 = Evaluate[Cos[amt| — Cos[amO]];
form2 = Evaluate[2 k Sqrt[1 — k2 SNO02| SNO];
forml = Evaluate[(2 k2 SN02 — 1)];
fun = Evaluate[Rotation|[{forml t — 2 (forml EEt0 + form?2
CNt0 k) /r,
form2 t — 2 (form2 EEt0 — forml CNtO k)/r }]];
Column [{ ParametricPlot [fun,
{t, 0, Time}, PlotPoints —> 10,
AxesLabel —> {Style["x", 18], Style["y", 18]},
MaxRecursion —> 5, ImageSize —> {300, 280},
PlotStyle —> {Color, Thickness|thickness],
Dashing [ If [dashing = 0, {}, dashing]]}],
OpenerView [{ Style["Parametrization", Bold, 14],
Column[{"x[t | := " <> ToString[InputForm [fun [[1]]]],
"\n',
"y[t ] := " <> ToString|[InputForm|[fun [[2]]]]}]}]} .
Dividers —> Center]
115
getNonInfl [\[Psi] , Periods_, Angle , Color_, thickness_ ,

dashing | :=
Quiet [ Module[{Time, EE, EF, am, a2p, Rotation, (x
functions x)
k, Phase, k2, b0, r, am0O, amt, SNO, SN02, EEt0, CNtO0,
DNt0,
forml, form2, fun, pp, mr},
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EE[p_, k| := EllipticE[p, k];

EF[p_, k | := EllipticF [p, k];

am[p , k | := JacobiAmplitude[p, k];

a2p := {Cos|Angle], Sin|[Angle |};

Rotation[{x_, y_}] := {Total[{x, —y} a2p], Total| {y, x}
a2p]};

{r, Phase, k} = \[Psi];

If[k < 0.2,

pp = 12; mr = 7;,
pp = 10; mr 5;
I;
k2 = Evaluate[k k];
Time = Evaluate[2 Periods EllipticK|[k2] k/r];
b0 = Evaluate [EF|[Phase, k2] r];
am0 = Evaluate [am[b0/k, k2]]; amt = Evaluate[am|[(b0 + r t
)k, k2]
SNO = Evaluate[Sin[am0]|]; SN02 = Evaluate [SNO SNO|;
EEt0 = Evaluate [EE[amt, k2] — EE[am0, k2]];
DNt0 = Evaluate[Sqrt[1 — k2 Sin[amt|~2] — Sqrt[l — k2
SNO2]];
form2 = Evaluate[2 Cos[am0] SNO]; forml = Evaluate[2 SNO02
- 1];
fun =
Evaluate |
Rotation [{(2/k2 — 1) forml t — 2 (forml EEt0 + form2
DNt0) /(k r),
(2/k2 — 1) form2 t — 2 (form2 EEt0 — forml DNt0
)/(k 1) HI
Column [{ ParametricPlot [fun,
{t, 0, Time}, PlotPoints —> pp,
AxesLabel —> {Style["x", 18], Style["y", 18]},
MaxRecursion —> mr, ImageSize —> {300, 280},
PlotStyle —> {Color, Thickness|thickness],

Dashing [ If [dashing = 0, {}, dashing]]}, ImageSize
—> Large],
OpenerView [{ Style ["Parametrization", Bold, 14],
Column[{"x[t | := " <> ToString[InputForm [fun [[1]]]],
"y n
\n",
"y[t ] := " <> ToString|[InputForm|[fun [[2]]]]}]}]} .

Dividers —> Center]
I1;
getCritical [\[Psi]_, Length , Angle , Color_, thickness_,
dashing | :=
Quiet [ Module [{ Rotation, fun, (% functions =)
b0, r, ShO, ChO, Sh2, Ch2, Sht, Cht, a2p},
a2p := {Cos[Angle], Sin[Angle |};
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Rotation[{x_, y_}] := {Total[{x, —y} a2p], Total| {y, x}
a2p|};

{r, b0} = \[Psi];

Sh0 = Evaluate[Sinh[b0]]; ChO = Evaluate[Cosh[b0]];

Sh2 = Evaluate[ShO ShO]; Ch2 = Evaluate[ChO ChO];

Sht = Evaluate[Sinh[b0 + r t]] ; Cht = Evaluate[Cosh[b0 +
rot]];

fun =

Evaluate |

Rotation [{(Sh2 — 1) t/Ch2 —
2 (Sh2 — 1)/(r Ch2) (Sht/Cht — Sh0/Ch0) —
4 ShO (1/Cht — 1/Ch0)/(r Ch2),
2 ShO t/Ch2 — 4 ShO (Sht/Cht — Sh0/Ch0)/(r Ch2) +
2 (Sh2 — 1) (1/Cht — 1/Ch0)/(r Ch2) }]];
Column [{ ParametricPlot [fun,
{t, 0, Length}, PlotPoints —> 15, PlotRange —> All,
AxesLabel —> {Style|["x", 18], Style["y", 18]},
MaxRecursion —> 7,
PlotStyle —> {Color, Thickness|[thickness],
Dashing [ If[dashing = 0, {}, dashing]]},
ImageSize —> {300, 280}],
OpenerView [{ Style ["Parametrization", Bold, 14],

Column[{"x[t_ ]| := " <> ToString[InputForm|[fun [[1]]]],
"\n"t ”}”[t,] := " <> ToString [InputForm [ fun
[I21T11 3131},

Dividers —> Center|
115
getCirc [Radius_, Periods , Angle , Color , thickness ,

dashing | :=
Quiet [Module[{a2p, getPoint, getArrow},
a2p|angle | := {Cos[angle|, Sin[angle]};
getPoint [point | := {Color, PointSize|[Large], Point[point
1}s

getArrow [point , length , angle | :=
{Thickness[thickness], Color, Arrowheads|[Large],
Arrow [{ point, point + length a2p[angle]}]|};

If [Radius = 0 || Periods = 0,
Graphics [{ Dashing|[ If [dashing =— 0, {}, dashing]],
Thickness|[thickness]|, Color, PointSize|[Large|, Point
({0, 0}]},
ImageSize —> 300],
Graphics [{ Dashing [ If [dashing =— 0, {}, dashing]],

Thickness[thickness]|, Color,

Circle [a2p|Angle + Pi/2] Radius, Radius,
Angle — Pi/2 + {0, 2 Pi Periods}],
getArrow [(a2p[Angle + Pi/2] +
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a2p | Angle — Pi/2 + 2 Pi Periods — Periods/1000])

Radius,
115 Periods /1000, Angle + 2 Pi Periods]},
AspectRatio —> Automatic,
117 AxesLabel — {Style["x", 18], Style["y", 18]},

PlotRange —> All,
Axes —> True, ImageSize —> {300, 300}]
119 |
115
121| getLine [Length , Angle , Color , thickness , dashing | :=

Quiet |
If [Length =— 0,
123 Graphics [{ Dashing [ If [dashing = 0, {}, dashing]],
Thickness|[thickness|, Color, PointSize[Large|, Point
[{0, O}]},
125 ImageSize —> 300],
Graphics [{ Dashing [ If [dashing =— 0, {}, dashing]],
127 Thickness|[thickness]|, Color,
Arrowheads [ Large , Thickness|[thickness]],
129 Arrow [{{0, 0}, {Cos[Angle|, Sin|[Angle |} Length}]|},
AxesLabel —> {Style["x", 18], Style["y", 18]},
131 AspectRatio —> Automatic, PlotRange —> All, Axes —> True

ImageSize —> {300, 300}]|
133 |

135| Manipulate [ Switch [ Type,

17
137 Manipulate [
getInfl [{r, phase, k}, periods, angle, color,
139 thickness , {dashing[[1]], dashing[[1]] dashing[[2]]}],

OpenerView [{ Style ["parameters of elastica", 16],

141 Column [{ Control [{{angle, 0, Style["angle", Italic]}, O,
2 Pi,

ImageSize —> Small, Appearance —> "Labeled"}],

143 Control [{{k, 0.799, Style["k", Italic|}, 0, 0.99999,
ImageSize —> Small, Appearance —> "Labeled"}],

145 Control [{{r, 1, Style["r", Italic]}, 0.00001, 4,
ImageSize —> Small, Appearance —> "Labeled"}],

147 Control [{{phase, 1, Style["phase", Italic]}, 0, 2 Pi,
ImageSize —> Small, Appearance —> "Labeled"}],

149 Control [{{periods, 1, Style["periods", Italic]},
0.00001, 4,
ImageSize —> Small, Appearance —> "Labeled" }|}]},
True,
151 ImageSize —> 250], Delimiter,

OpenerView [{ Style["graphic options", 16],
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Column [{ Control [{{ thickness, 0.005, Style["thickness",
Italic|},
0.002, 0.03, ControlType —> Slider , ImageSize —>
Small }|,
Control [{{dashing, {0.05, 0.001},
Style|"dashing", Italic]}, {0.01, 0.001}, {0.05,
11},
Control [{ color , Black, ImageSize —> Small,
ControlType —> ColorSlider }|}|}, ImageSize —> 250],
ControlPlacement —> {Left}, ImageMargins —> Tiny,
AutorunSequencing —> {{5, 50}, {2, 50}, {3, 50}}],
27

Manipulate |
getNonInfl[{r, phase, k}, periods, angle, color,
thickness , {dashing|[[1]], dashing[[1]] dashing|[[2]]}],

OpenerView [{ Style ["parameters of elastica", 16],
Column [{ Control [{{angle, 0, Style["angle", Italic]}, O,
2 Pi,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{k, 0.799, Style["k", Italic]}, 0.001,
0.99999,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{r, 1, Style["r", Italic]}, 0.00001, 4,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{phase, 1, Style["phase", Italic]}, 0, 2 Pi,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{ periods, 2.3, Style["periods", Italic]|},

0.00001, 4,
ImageSize —> Small, Appearance —> "Labeled"}|}]},
True,

ImageSize —> 250], Delimiter,
OpenerView [{ Style ["graphic options", 16],
Column [{ Control [{{ thickness, 0.005, Style["thickness",
Italic]},
0.002, 0.03, ControlType —> Slider , ImageSize —>
Small }],
Control [{{dashing, {0.05, 0.001},
Style["dashing", Italic]|}, {0.01, 0.001}, {0.05,
113,
Control [{color, Black, ImageSize —> Small,
ControlType —> ColorSlider }|}|}, ImageSize —> 250],
ControlPlacement —> {Left}, ImageMargins —> Tiny,
AutorunSequencing —> {{5, 50}, {3, 50}, {4, 30}, {3,
30},

Manipulate |
getCritical [{r, b0}, Length, angle, color,
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thickness , {dashing[[1]], dashing][[1]] dashing[[2]]}],
OpenerView [{ Style |"parameters of elastica", 16],
Column [{ Control [{{angle, 0, Style["angle", Italic]}, O,
2 Pi,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{r, 1, Style["r", Italic]|}, 0.00001, 4,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{b0, -3,
Style ["\!\(\*SubscriptBox [\ (b\), \(0\)]\)", Italic
]}7 _107
10, ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{Length, 5, Style["length", Italic]} |,

0.00001, 6,
ImageSize —> Small, Appearance —> "Labeled"}]|}]},
True,
ImageSize —> 250],
Delimiter ,

OpenerView [{ Style["graphic options", 16],
Column [{ Control [{{thickness , 0.005, Style["thickness",
Italic]},
0.002, 0.03, ControlType —> Slider, ImageSize —>
Small }],
Control [{{dashing, {0.05, 0.001},
Style["dashing", Italic]}, {0.01, 0.001}, {0.05,
13},
Control [{color , Black, ImageSize —> Small,
ControlType —> ColorSlider }|}|}, ImageSize —> 250],
ControlPlacement —> {Left}, ImageMargins —> Tiny,
AutorunSequencing —> {{4, 20}, {3, 70}, {2, 40}}],
47
Manipulate [
getCirc[radius, periods, angle, color,
thickness , {dashing[[1]], dashing[[1]] dashing[[2]]}],
OpenerView [{ Style ["parameters of elastica", 16],
Column [{ Control [{{angle, 0, Style["angle", Italic]}, O,
2 Pi,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{radius, 1, Style["radius", Italic]}, 0, 1,
ImageSize —> Small, Appearance —> "Labeled"}],
Control [{{ periods, 0.7, Style["periods", Italic]}, O,

27
ImageSize —> Small, Appearance —> "Labeled" }|}]},
True,
ImageSize —> 250],
Delimiter ,

OpenerView [{ Style ["graphic options", 16],
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225 Column [{ Control [{{ thickness, 0.005, Style["thickness",
Italic|},
0.002, 0.03, ControlType —> Slider , ImageSize —>
Small }|,
227 Control [{{dashing, {0.05, 0.001},
Style|"dashing", Italic]}, {0.01, 0.001}, {0.05,
11},
229 Control [{ color , Black, ImageSize —> Small,
ControlType —> ColorSlider }|}|}, ImageSize —> 250],
231 ControlPlacement —> {Left}, ImageMargins —> Tiny]|,
5

233 Manipulate |
getLine [length , angle, color,

235 thickness , {dashing|[[1]], dashing][[1]] dashing[[2]]}],
OpenerView [{ Style ["parameters of elastica", 16],
237 Column [{ Control [{{angle, 0.3, Style["angle", Italic]},
0, 2 Pi,
ImageSize —> Small, Appearance —> "Labeled"}],
239 Control [{{length, 1, Style["length", Italic]}, 0, 1,
ImageSize —> Small, Appearance —> "Labeled"}]|}]},
True,
241 ImageSize —> 250],
Delimiter ,
243 OpenerView [{ Style ["graphic options", 16],
Column [{ Control [{{ thickness, 0.005, Style["thickness",
Italic]},
245 0.002, 0.03, ControlType —> Slider , ImageSize —>
Small }],
Control [{{dashing, {0.05, 0.001},
247 Style["dashing", Italic]|}, {0.01, 0.001}, {0.05,
41},
Control [{color, Black, ImageSize —> Small,
249 ControlType —> ColorSlider }|}|}, ImageSize —> 250],
ControlPlacement —> Left, ImageMargins —> Tiny|
251 |,
{{Type, 1,
253 Style["type of elastica: ", 16|}, {1 —> Style["

Inflectional", 15],
2 —> Style|["Non—inflectional", 15], 3 —> Style["Critical",
15]7
255 4 —> Style["Circle", 15], 5 —> Style["Line", 15]},
ControlType —> RadioButtonBar},
257| ControlPlacement —> {Bottom }|

PexkomenzioBan K myGIuKaum d.¢p.-m.n. FO. JI. Cauxos
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A. A. Ardentov. Euler’s alasticae interface in Mathematica.

ABSTRACT. The elastica can be understood from a number of different aspects, including
as a mechanical equilibrium, a problem of the calculus of variations, and the solution to
elliptic integrals. In addition, it has a number of analogies with physical systems, including
a sheet holding a volume of water, the surface of a capillary, and the motion of a simple
pendulum. It is also the mathematical model of the mechanical spline, used for shipbuilding
and similar applications, and directly inspired the modern theory of mathematical splines.
More recently, the major focus has been on efficient numerical techniques for computing the
elastica and fitting it to spline problems. A beautiful family of curves based on beautiful
mathematics has constructed by elliptic functions and interfaced by Wolfram Mathematica
program.

Key Words and Phrases: Euler's elasticae, optimal control, geometry, modeling, Wolfram
Mathematica.
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