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Sufficient relative minimum conditions
for discrete-continuous control systems

ABSTRACT. In this paper, we derive sufficient relative minimum conditions for
discrete-continuous control systems on the base of Krotov’s sufficient optimality
conditions counterpart. These conditions can be used as verification conditions for
suggested control mode and enable one to construct new numerical methods.
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Introduction

Hybrid systems, which include systems with variable structure [1],
discrete-continuous [2], logic-dynamic [3,4], impulsive [5], and some other
systems, firmly took their place in the theory of optimal control. They are
also sometimes referred to as “heterogeneous”. A considerable part of
scientific conferences and journals are devoted to that field. They propose
corresponding mathematical models and methods of investigation for each
type of such systems.

We consider a class of optimal control problems, which is characterized
by the change of descriptions with time in terms of controlled differential
systems. For this class, a two-level model of a discrete-continuous system
(DCS) is proposed in [2,6-8]. Its lower level describes the continuous
uniform controllable processes at the individual stages. The upper (discrete)
level integrates these descriptions into a unique process and controls the
functioning of the entire system as a whole to ensure the minimum of the
functional.
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The sufficient optimality conditions for the model were established and
control improvement methods were developed [6-8]. These conditions
allow one to find the global minimum of the functional of optimal control
problem. However, in practice, the admissible control set may have a
complex structure with specific state constraints. Therefore, most of the
computational methods suggested in the literature yield to a relative
minimum of the functional. However, it is impossible to verify that the
suggested solution provides a relative minimum.

The purpose of this work is to fill the gap. Namely, we derive sufficient
relative minimum conditions that can be used for the evaluation of the
proposed solution and enable one to construct new numerical methods.

1. Model of the discrete-continuous system

We consider the abstract discrete controllable system [9]:
(1) m(k—i—l):f(k,x(k),u(k)), keK:{k17kI+]—77kF}a

where k is the step (stage) number, time is not necessarily physical, = and
u are variables of state and control, respectively, f is an operator. All
these objects have an arbitrary (possibly, different) nature for different k,
U(k, z) is a set given for each k and x, ky, kr are the initial and final steps,
respectively. On some subset K’ C K, kr ¢ K', there is a continuous
system of the lower level

2)  i= djtc = fozt,2%uC),  teT(z)=[tr(2), tr(2)],

x¢ e X¢(z,t) C Ryl e UC(z,t,2°) C RPR) o = (k, z, u?).

Here U¢(z, ¢, x°) is the given set.
The right-hand side operator (1) is given by

[k, z,u) = 6(2,7°),
where
,_yc = (thx?a tFam%‘) S Iwc(Z)’
T°(z) = {7°: tr =7(2), 27 = £(2), (tr,2%) €TH(2)} .
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Here z = (k,z,u?) is a set of the upper-level variables playing the role
of lower-level parameters, u¢ is a control variable of arbitrary nature,
tr = 7(z), 5 = £(z) are given functions of z.

The solution of this two-level system is the set m = (z(k), u(k)) called
the discrete-continuous process. For each k € K', u(k) = (u?(k), m°(k)),
where m®(k) € D¢ (z(k)) is a continuous process (z°(k,t),u’(k,t)), t €
T (z(k)). Here D(z) is the set of admissible processes m*, satisfying with
the specified differential system (2) with additional restrictions. It is
supposed that u¢(k,t) is piecewise continuous and x¢(k,t) is piecewise
smooth (at each discrete step k). Let us denote the set of elements m
satisfying all the above conditions by D and call it a set of admissible
discrete-continuous processes.

For the model (1), (2), we consider the problem of finding the minimum
on D of the functional I = F(z(kp)) under fixed k; =0, kr = K, z(kr)
and additional constraints

(3) z(k) € X(k), x°e€Xz,1),

X(k), X¢(z,t) are the given sets.

The model (1), (2) is suitable to describe various nonuniform con-
trollable processes. Its lower level describes the continuous controllable
processes at the individual stages. The upper one integrates these descrip-
tions into a unique process. In the problems of optimization, both levels
are interacting. Interaction with each subsystem of the lower level is
through the boundary of this subsystem and the corresponding continuous
process y°.

2. Control improvement and optimality sufficient conditions

The sufficient optimality conditions for this model we derive by
analogy with Krotov’s sufficient conditions for discrete and contin-
uous systems by eliminating the discrete chain and the differential
system from the constraints of the sets D and D¢, scalar functions
(functionals) ¢(k, ), ¢°(z,t,2¢) are introduced. The latter is the para-
metric family (with the parameter z) of the smooth functions, where

z= (k’, z(k), ud(k)). The following generalized Lagrangian is constructed:
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L=G(x(kr)) — Y. R(ka(k),uk)+

K\K'\kp

+ ; (GC (20,7 (=) ) =

- /RC (2(k). 1, 2 (k. ), (k. 1)) dt),
T(2(k))
G(z) = F(x) + p(kp,z) — ¢ (kr,2(k1)) ,
R(k,z,u) = ¢ (k +1, f(k,x,u)) —o(k, ),
G(2,7°) = —p (k+1,0(2,7%)) + ¢(k,2) + ¢°(2,tp, 25)—
— (2, tr, 77),
R(z,t, x¢,u®) = T f(z,t, 2%, uc) + ©§(2,t, 2°),
uf(z,t) = sup {Rc(z,t, xuf) 2 € X%(z,t), u® € U(z,t, xc)},
1°(z) = inf {G°(2,7°) : ¥ €T(2), 2° € X°(2,tp)},

sup {R(k,z,u): v € X(k), ue U(k,2)}, teK\K/,

/’L(k) = —Hlf {ZC(Z) T Ee X(k)7 Ud € Ud(kyx)}7 k € K/’

l=inf{G(z): e NX(K)}.
Here ¢, is the gradient of ©° in the space (z°), T' denotes transposition.

THEOREM 1. Let there be a sequence of discrete-continuous processes
{ms} C D and functionals ¢, ¢° such that

1) uc(z,t) is piecewise continuous for each z;

2) R (k,xs(k),us(k)) — p(k), k € K;

3) Jrie (RC (25, t, E(E), ul(t)) — uC(zs,t)) dt -0, ke K andtc
T(2s);

4) G(z5,75) —1°(25) = 0, k € K';

5) G (zs(tr)) — L.

Then the sequence {ms} is a minimizing sequence for I on D.

The proof is given in [6, 8].
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3. Relative minimum

Suppose that z¢(k,t;) = & (k,z(k)), ki, kp,x(kr), t1(k),tr(k) are
fixed, there are no constraints for state variables of both levels and
upper-level control variables, lower-level subsystems do not depend
on u?, X(k) = R¥*) Xe(k,t) = RP®) U(k,x) = R"®), and the used
constructions of sufficient optimality conditions are such that all the
following operations are valid. Let (k) and z¢(k,t) be elements of D,
and there exists, at least one value u(k) and u¢(k,t) with corresponding
Z(k+1), z°(k,t), i.e., u(k),u(k,t) are inner points of U, U°®.

Let us denote by D, a subset of elements of D that satisfy additional
conditions

lo(k) — 2(k)| < &, |2°(k,t) — 2%k, t)| <€, €> 0.

We will say that on a discrete-continuous process m a relative minimum
of I is attained on D if I(m) = i]glf I

On the basis of the above-mentioned theorem, the sufficient conditions
for the relative minimum of the functions R, R are as follows

(4) dR =0, dP° =0,
(5) d’R < 0, d*P° <0,
where P¢(k,t,z¢) = sup R°(k,t,x¢, uc).
ucecyUe

We can make these conditions more detailed for the problem with a
free terminal state, i.e., z(kr) is fixed and 2(kr) is free, 2(kr) € R¥*). In
addition, the set T'°(z) is given by T°(z) = {y°: 2§ = £(2), 2% € RP(F) L,

It follows from (4) that

(6) R,=0, R,=0, P.=0, P‘=0,

x

where dR = RT Az + RT Au. The derivatives are calculated on the element

m.

From (6) one has
w(k) :Hma Hu :()7

G T ,
(k7¢51‘7u)*¢ (k+1)f(k7l'7u)7 kGK\Kv
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5 Pk, t) = —HSe,  Alkit) = HE,
H(k, 2,25, 25) =" (k+ 1)0(k,2§,2%), k€K' \kp,
He(k,t,z,2¢,u") = T (k,t) f(k,t, 2%, uc), M =sup H".
The condition d?R < 0 or
@*R = Az" RypAx + 282" Ry Au+ Au" Ry Au < 0
for k € K\ K’, as in [10], can be replaced by the equivalent conditions

(9) max d’R < 0,

(10) AuT Ry Au < 0.

Assuming that the maximum is reached in a stationary point, we
have RT, Az + R, Au = 0, from which we get Au = —R_!R,,Az. Then
max d’R = AxT(Ryy — Reu R LRY))Ax.

u

Let us take into consideration negative definite matrix ©(k); with
regard to Ry, Ryu, Ry the condition (6) can be rewritten in the form:

(11) o(k) = fro(k+1)fs + Hyw — HyuHy, Huw — O(K),
where o(k) = ¢ (k, ). Let us now consider the following condition
d’P° = AxCTng%CAxC 4+ 2A2°TPoe, Az + AxT Py Az < 0.

The matrix of second derivatives is:

c c
[ Piye Pi,
c c

me” me

We introduce the matrix

oF — O, 0 ’
0 O3

where matrices ©5, ©3 are negative definite. Then we can represent the
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condition d?P¢ < 0 in the form M = ©*. Hence it follows that
(12) 6% = —Hepe — Hieeo® — 0l e — 0“Hyeype0® + O2(k, 1),
(13)  B=—HS, — wHyper — Hopew — wHyepew + O3(k, 1),
(14) W= —Hope = Hiepew — 0Hye, — 0“Hyeyw.
It is easy to see that on the set K’
o(k) =6, 0(k+1)0, + Hup + & bgc0(k + 1)0,+
T T,T
+ X o (kytr)én + EowT (K tr) + w(k, tr).

Here o¢(k,t) = @©Sepe(k,t,x, %), B(k,t) = @S (k,t,x,2°), wk,t) =
= ¢S e (k, bz, x°).

Consider now first and second-order minimum conditions for G,
G¢. We denote by I' the subset of elements of the set D such that
|x(kr) —Z(kp)| <€, € >0 and by I'® the subset of elements of the set
D such that |z(kr) — Z(kr)| <€, |z°(k,tr) — z°(k,tr)| <€, € > 0. By
virtue of Theorem 1, the sufficient conditions for relative minimum of the
functions G, G¢ on the sets I, T'° are as follows:

(16) dG =0, dG° =0,
d*G > 0, d*G¢ > 0.
It follows from condition (16) that

Gor =0, GS=0, G5 =

T

Then
(17) ’(/}(kF) = _Fa:F7 wc<katF) = _Hér%a )\(k>tF) =0.

From condition d?>G > 0 for k € K\ K’ we have 0(kr) = —Fy 0, +01,
where the matrix ©4 is positive definite.

On the other hand, in analogy with the peceding condition d?P¢ < 0,
the condition d?G¢ > 0 can be represented in the form

c _ T
o (kﬂfp) = 91%0'(]6 + 1)91% + Hmj,m}v
w(k7tF):03 6(katF):0
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As before, all the derivatives are evaluated on element m.

THEOREM 2. In order for element m to be a relative minimum of I on
D, it is sufficient that there exist vector functions v, ¢, X\, matrices o,
c¢, B, w, and negative definite matrices O(k), —O(k), ©2(k,t), ©3(k,t),
which satisfy conditions (7), (8), (11)—(15).

PRrOOF. We define the functions ¢, ¢¢ in the form
1
ok, @) =¥ (k) + 5 (2 — @) o (k)(x - 2),

©%(z,t,2°%) = )\T(k t)x + z/JCT(k,t)xC—F

+ = (¢ — J_rc)Toc(k, t)(z¢ — z°)+

DN = DN =

+ —(x—2)T Bk, t)(x — 2) + (x — z)Tw(k, t)(x — z°),

where 1, ¢, A, o, o€, 3, w satisfy the theorem conditions. Fulfillment of
these conditions implies that the functions R, R¢, G, G¢ attain a relative
extremum on element m and at points Z(kg), °(k,tr). This means that
there exists a number € > 0 such that the functions R, R® attain extremum
on the set |x(k)—Z(k)| < ¢, |z°(k,t)—z°(k,t)| < €, and the functions G, G°
attain extremum on the set |z(kr) — Z(kr)| < €, |2°(k, tr) — T°(k, tF)| < €.
Hence by virtue of Theorem 1, it follows that the functional I attains its
minimum on the element m on the set D¢, i.e., a relative minimum. [

Thus Theorem 2 asserts that if in a neighborhood of m of radius e
there exist solutions to Eqgs. (7), (8), (11)—(15), then /m provides a relative
minimum of the functional I .

4. Example

Consider the following two-stage system

1-st stage
1
= (2)2(5 — w)?, i = a5+ 2o,
z$(0) = —1, z5(0) = —1, t €[0,2].
2-nd stage

= (2§ —t)? +u?, te[2,3]

K-
=0
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FIGURE 1. State variables

TABLE 1. Results of a first-order method

Iteration Functional I

0 1.98
1 1.85

The functional is I = x§(3) — min.

Construct the DCS system. It is easy to see that K = 0,1,2. Since zf
is a linking variable in the two periods under consideration, we can write a
process of the upper level in terms of this variable

The basic constructions have the form:
HE(0, 6,25, 5, w05, 05) = 0 ((29)2 (25 — w)?) + v (:,;x + us) ,
Hc(la tvvauﬂ/ﬁ) =] ((mi - t)2 + u2> .

In [11], we have found the solution using the first-order method with
initial u' = 0.5, I' = 1.98. The results are given in Figires 1, 2 and Table 1.
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Let us verify that the solution obtained provides a relative minimum of
the functional I. Since the solution is numerical, the function H¢ and
its first and second derivatives are also numerical. By virtue of the fact
that the equations of every stage do not depend on the variable z of the
upper level, we have A =0, 8 =0, w = 0. It is easy to see that at stage 1

¢t = (¢f,¢5)" and
c_ [o11 Ofs
¢ = . -
021 022

The results displayed in Figures 3-4 show that the system of vector-
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=104
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FIGURE 4. Matrix o°

matrix differential equations for ¥, ¢¢ has the solution in both stages.
Therefore, m provides a relative minimum of the functional.

Conclusions

In this paper, we derive sufficient relative minimum conditions for
discrete-continuous systems. It allows us to verify that the proposed
solution of the optimal control problem provides a local minimum for the
functional. An illustrative example is provided.
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