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Local competing in interpolation problems

ABSTRACT. A simple example illustrates the insufficiency of the known approaches
to interpolation in the problem of recovering a function from a few given specific
values that clearly convey the form.

A local choice between polynomial and rational local interpolants, which
minimizes the local interpolant’s errors at the nearest external nodes from one or
different sides, complements the known approaches. It combines the extreme
computational simplicity of local interpolants with the thorought selection of
them.

The principles of constructing the algorithm are formulated in general terms
for mappings of metric spaces. They provide accurate (with rare exceptions)
reconstruction of mappings that locally coincide with some of the given possible
interpolants.

In the one-dimensional case, the two-stage algorithm guarantees the continuity
of the interpolant and accurately reconstructs

(1) polynomials of small degree,

(2) simple rational functions with a linear denominator,

(3) broken lines of long links with knots at the ends

when these requirements do not contradict each other. An additional parameter
allows you to replace the exact restoration of polylines with the required
smoothness of interpolation.

Key words and phrases: polynomial interpolation, rational interpolation, spline interpolation,
adaptive spline, local algorithm, metric space, explicit formula, a set of patterns.
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Introduction

Various variants of the following formulation of the interpolation
problem have been studied and used for centuries:

© S. V. ZNAMENskL, 2020
© AiLaMAzZYAN PROGRAM SysTEMS INSTITUTE oF RAS, 2020

© PROGRAM SYSTEMS: THEORY AND APPLICATIONS (DESIGN), 2020 @@


http://psta.psiras.ru/index_en.htm
https://crossmark.crossref.org/dialog/?doi=10.25209/2079-3316-2020-11-4-99-122&domain=pdf&date_stamp=2020-12-29
http://scs.viniti.ru/rubtree/main.aspx?tree=RGNTI
http://scs.viniti.ru/udc/
https://mathscinet.ams.org/mathscinet/search/mscbrowse.html?sk=default&sk=41A05
https://mathscinet.ams.org/mathscinet/search/mscbrowse.html?sk=default&sk=41A15
https://mathscinet.ams.org/mathscinet/search/mscbrowse.html?sk=default&sk=41A20
http://www.botik.ru/PSI/
http://psta.psiras.ru/index_en.htm
https://creativecommons.org/licenses/by/4.0/

100 SERGEJ V. ZNAMENSKIJ

T T T T T
* Known data

O Lost data
Original
function

Polynomial
interpolant

Monotonicity
preserving

_ Convexity
preserving

_ Rational
interpolant

| | | | | | |
—2 0 2 4 6 8 10

Ficure 1. Problem areas of the graphs of various interpolants

PROBLEM 1. Given a set y = f|x of values of the unknown function
f: X =Y on a finite subset X C X.

Assume that the values convey the character of the local behavior of the
function on X. Reconstruct f qualitatively without involving additional
information.

The incompleteness of the modern theory of interpolation within the
framework of the problem formulated is highlighted by an example of a
simple task of recovering lost intermediate data. Figure 1 illustrates the
inapplicability of well-known interpolation methods with an intuitively
obvious solution.

Polynomial of minimal degree wrongly oscillates at the edges. The
oscillations unacceptably overestimate the value at node 0. For local
polynomial splines, the effect is weaker but persists.

For a natural polynomial spline, the effect can be suppressed by
the right choice of the boundary condition. Still, the valley between
the two hills is wavy for all polynomial splines, except those that
preserve monotonicity or convexity.

The loss of monotonicity and convexity during polynomial
interpolation has caused a stream of studies on shape-preserving
splines, see for example [2,5-7].

Monotonicity preserving is effective only when the extrema are
located precisely at the nodes. This condition forces the spline not
to increase or decrease, to be constant on the segment [4,6], so
sharply underestimates the value at node 5.
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Convexity preserving is only useful when all inflection points are
precisely at the nodes. Here this condition requires linear interpolation
on [2,4] and on [6,8] (convexity and concavity are joined), and the
linearity overestimates the values at points 3 and 7. Any linear
portion of the function graph in the figure generates not shown sharp
bends at the bottom or both ends.

Rational interpolation is applicable in the absence of discontinuities.
Continuous rational interpolant of minimal degree may not exist.
The choice of the rational interpolant of the excess degree can be
ambiguous.

Note that neither values of extrema or inflection points nor other information
about the function are assumed to be available. The figure shows that the
known approaches to interpolation can not reproduce the function’s easily
visible features, such as segments of monotonic increase or monotonic
decrease. This inability prevents an acceptable recovery of lost values.
When the data being recovered does not have periodic repetitions, there is
no known effective interpolation alternative for this task [8].

A generally accepted solution to the interpolation problem by minimizing
the error energy in the space of square-summable functions is presented, for
example, in [1]. This way, the optimal solution is implemented by a linear
operator, which gives a polynomial B-spline with unwanted edge effects.

Similar formulations of the interpolation problem (see, for example, [9])
differ in the choice of the objective functional (norm) and come to
completely different optimal solutions for the same given values. In
practical formulations of the interpolation problem, grounds for clear choice
of the target functional are not always visible. In such situations, it turns
out that there are many solutions, and the choice of the correct one is not
defined. As a result, with few nodes, careful use of drawing patterns today
often guarantees a better graph than any available algorithm. Hence, more
accurate algorithms are possible.

Note that the simplicity of expressions is characteristic of fundamental
natural-scientific laws, and the graphs of simple elementary functions look
flawless. Probably the best way to evaluate the quality of interpolation
algorithms is to check the most easily computing expressions’ reconstruction
errors and exact reconstruction of the most simple of them. The quality of
interpolation is uniquely characterized by the set of precisely reconstructed
functions.
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Unpredictable poles of the simplest rational interpolants on the
interpolation segment are the main obstacle to the simplest rational
functions’ exact interpolation. A special kind of interpolant (for example,
[2,3]) and interpolation with fixed poles (for example, [4]) allows avoiding
the poles simply. The score is the heavy loss of precision on continuous
simplest rational functions reconstruction.

What is required is an exact reconstruction of just simple rational
functions on segments of continuity.

R. Schaback [10] was the first to understand and implement this. He
constructed a spline that interpolates monotonic sets of values with a
rational function with a linear denominator and non-monotonic ones
with a polynomial one and showed plots of exponential interpolation and
probability density functions that effectively illustrate shape retention and
multiple precision improvements.

Shchabak’s work did not become widespread due to an unsuccessful
selection criterion: the polynomial interpolant was used only in the absence
of monotonicity. For example, when restoring the function y = 22 from its
values at positive points, instead of quadratic polynomials, fractions with
non-degenerate denominators were used.

Purpose of the article is to construct a continuous interpolation that
accurately locally restores both simple polynomials and simple continuous
rational functions and uses the locally closest such function to interpolate
any data.

First consider the more generic task of finding a common efficient way
to combine competing local interpolation procedures into a global one.

Long time ago, drawing patterns (french curve sets, see Figure 2) have
naturally been associated with graphs of simple expressions for functions
that may include numeric parameters. This association is mentioned in
some early works on interpolation [11,13] and either in modern ones on
anti-aliasing [12].

There is a non-trivial technique of using drawing patterns for plotting
graphs by points not reflected in computer literature. The pattern and
position are selected so that several given points named drawn (falling on
the drawn area) points precisely fall on the curve, and several others named
refining (close to those drawn) are expected to be as possible closer to the
curve. This technique combines the selection of pattern with the selection
of drawn and refining points to ensure a perfect fit. Deep difference from
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FIGURE 2. Best pattern position for BC, optimal fit is one-sided here

the techniques previously implemented in interpolation algorithms is the
selection of used nodes set sometimes only from better side.

Figure 2 shows the position of the pattern is selected to draw a section
of the curve between the points B and C'. We see that B is the inflection
point of the curve being drawn, and therefore using the point A instead
of D will give a significantly worse result with convexity upward. This
pattern’s orientation to both A and D with the equal power can also
degrade the result.

The example clarifies that when building interpolants between the
nearest nodes, it happens to be preferable to use additional nodes on only
one side of the area being drawn. When working with drawing patterns,
this situation often arises when one node is close to the inflection point or a
singular point of an algebraic function.

This technique poses two new independent problems:

(1) Calculate the parameters of the interpolants that minimize errors in
the refining nodes at exact values in the drawn nodes.

(2) Model the relation between local interpolation error, choice of nodes
and the errors in the refining nodes.

The first problem is discovered below for the interpolant classes used
in [10].

To solve the second problem, a model is constructed based on an
estimate of the interpolation error of the minimum degree polynomial.
Estimation in the form of a product of distances to knots made it possible
to formalize the described technique in general terms of abstract metric
spaces.

When convex combinations of functions of the interpolant class are
defined, the interpolation operator can be constructed continuous and,
as expected, more accurate. Combinations are calculated with weights
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that are inverse to the error. A special conflict zone of exact interpolants
is highlighted by setting the error’s threshold value, below which the
interpolants are considered to be approximately equivalent. This way
excludes division by zero.

A two-stage sampling algorithm focused on the construction of smooth
interpolants and reasonable depreciation of the jump in the next derivative
completes the article. For a long time, at the first stage, short sections of
the graph (germs) were outlined by human or program in the vicinity of
given values, and then the germs were connected independently at each
segment. This two-stage feature has been inherited by the algorithms in
[13] half a century ago. The calculated values of the derivatives at the
nodes complete the germs.

1. Formalization of competitive pattern selection

The described technique of using patterns is based only on minimizing
distances. This allows it to be formulated in general terms of metric spaces.

For arbitrary metric spaces (X, px) and (), py), consider the generic
problem of interpolation over a finite set of nodes X C X with the given
values y(z), © € X. Suppose that only a finite set of available competing
local interpolants ¢; is known, given in closed subdomains M; C X, j € J,
and the problem is to optimally choose an interpolant for a particular
point z. € M. This point can for example, to be the center of the set M,
— a particular simplex or cell into which the space is divided; the case
M. = {x.} is also allowed. The problem is to choose the optimal local
interpolant for M..

The appropriate choice needs modeling of unknown relation between
interpolation error and sets of nodes.

1.1. Dependence of the interpolation error on the location of nodes

A simple formula appears for one-dimensional polynomial interpolation:

THEOREM 1. The magnitude of one-dimensional polynomial inter-
polation error in the simplest case is proportional to the product of the
distances to the interpolation nodes.

PRrOOF. Let interpolation by k& nodes be considered. Then the
polynomials of degree below k are interpolated exactly and it is necessary
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to consider the error of interpolation for the polynomial of degree k. This
error is a polynomial of degree k and vanishes at the interpolation nodes.
Therefore, it has the form ¢ Hle(x — ;). O

Unfortunately, no simple convincing analogs of this theorem are
foreseen for other formulations of interpolation problems. In the absence of
alternatives, we can only rely on this simple formula heuristically.

1.2. Simple objective function

Let’s exclude from consideration unsuitable local interpolants for which
M. ¢ My or ¢;(z) # y(x) for some node z € X N M. If there are no
candidates left, then the problem has no solution.

Denote X; = {z € XN M, : ;(r) = y(z)} and X} = X N M; \ X;.
Define the degree d(y;) of the interpolants ¢, in terms of the cardinality of
the set of coinciding values by the formula

d(p;) =_  max |B N Xl
BCM;, BNX)=2

We leave only the interpolants with the highest degree.

If X, =Bn X]’- = {z} consists of a single node, then in accordance
with the theorem 1 the target function is

px xzaxc

xeX

If x. coincides with one of the nodes, then the zero factor in the
numerator should be excluded, since in this case we are not talking about
the node itself, but about nearby points with a constant small distance.

If there are several nodes in X,, then it is reasonable to consider their
contributions independent and apply an unbiased error estimate:

@) T
‘ ‘ zeX,
Thus, the optimal local interpolants are calculated by simple enumera-
tion using the target formula 2.
If the probability of zero error is vanishingly small, then such an
algorithm guarantees locally exact reconstruction of the interpolant from
the used family in the absence of conflicts between them.
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1.3. Refinement for linear space

A finite set of interpolants forces unintended essential differences
between possible interpolants. If, for example, there are approximately
equivalent polynomial and rational interpolants, then the choice between
them is not sufficiently justified and, by analogy with independent
measurements, averaging may look like a more reasonable alternative. The
possibility of such averaging appears when all ¢;(z) lie in the ambient
linear space ®.

Let ¢ > 0 — a positive number less than the error of the initial
interpolation data. If only one of the interpolants is accurate enough,
then the result should be approximately it. These considerations can be
combined with averaging with the weights w; = / 1050, + & inversely
proportional to errors in the refining nodes.

If all local interpolants have significant errors, then the weighted sum
can be used as the value of the local interpolant

2 wip;(@)

r;eX,

> wj

(E]'EXr

(3) () =

The only accurate interpolant will be restored exactly.

In the one-dimensional case, all linear functions are usually included in
the set of basic interpolants. So any piecewise linear function with singular
points at sufficiently sparse nodes will be reconstructed almost exactly.

Among the well-known one-dimensional interpolation algorithms, only
linear interpolation has such a useful quality.

It should be noted that the described choice of the best interpolant
defined in M, is aimed exclusively at minimizing the error near ..

2. Polynomial-rational interpolation

We denote

P4 the set of all polynomials of one variable degree at most d on
the segment;

Rdnom:da__ the set of all fractions with a polynomial of degree at most

dnom in the numerator and no more than dq in the denominator; in

this case, the piece R[da“g’]’dq is the subset consisting of all rational
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continuous on [a, b] functions with the specified limitation on the
degree.

In the special case of one-dimensional rational interpolants, the
standard deviation with weight is traditionally used. The weight function
in this case is the modulus of the denominator ¢(z) of the fraction ¢(x),
normalized by the unit leading coeflicient.

(4) Brao(Xp, Xp4,0) = D ¢ (2)(0(@) — y(x))*.
zeX,

This linearizes the problem and makes it possible to dramatically simplify
the calculation of the optimal interpolant.

Let further § = (Rj}"m’dq,Xp,Xr,y) — local formulation of the
interpolation problem on the segment M C X = [a,b] C R and dpom—+dq = d.
Denote d, = | Xp|—1, ds = dnom—dp—1, Ny, = {0,...,dp}, Ny = {0,...,d},
Ny ={0,...,ds} and Ny ={0,...,dq — 1}. For simplicity, we restrict
ourselves to the case d, + dq < dnom-

THEOREM 2. Let dp < dnom — dq. Then the optimal solution ¢ = C(S)
in the estimate (4) has the form

(5) p(x) = p(z) +

where p is a polynomial of degree d, that interpolates over nodes X,,
polynomial w(x) = [] (z —x;), and the coefficients of the polynomials
z;€Xp
s(x) = > siat degree ds and q(x) = > qa' of degree dy, normalized by
IEN; IEN,
qa, = 1, are determined by the system of linear equations

> g X (p(x) — y())w(z)a™!

’iGNq/ zeX,

+ 3 s Y wia)attt =0, l € N,
1€ Ny rzeX,

> a Y (p(x) —y(x))a™!

iENq/ zeX,
+ 3 s 3 (p(@) —y(@))w(@)a’ =0, 1€ Ny,
1€ N zeX,

where w(x) = Hxiexp(x —x;).
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PRrROOF. For the function (5) from the statement of the theorem, the
right-hand side (4) takes the form

(6) D (@) — y(@))g(x) + w(x)s(x))*.
reX,

Equating the derivatives of this expression with respect to the coefficients s
and by the coefficients ¢ to zero and canceling the common factors, we
obtain a system of linear equations for the coefficients:

0= g{ ((p(z) — y(x))a() + w(z)s(z))w(@)a!, L€ N,
0= g{ ((p(z) = y(x))a(z) + w(z)s(2))(p(x) — y(z))2', 1€ Ny

By substituting the representations s and ¢, a system of equations is
obtained from this system under the conditions of the theorem. The
existence and uniqueness of the solution is determined by the correctness of
the statement of the problem S. O

COROLLARY 1. Let S = (P{;, Xp, X1, y) be a local statement of the
interpolation problem. Then the optimal solution ¢ = C(S) in the estimate
(4) has the form

p(x) = p(z) + w(@)s(z),
where p is an interpolation polynomial over the nodes X, and the coefficients
of the polynomial s(xz) = ijj are determined by the system of linear

JEN:
equations
M Y s > WPt = 3 (y(@) - pla))wP(@)e?, e N,
i€N, reX, zeX,

3. Two Stage Polynomial Rational Interpolation

Let in the notation of the previous section there are exactly two nodes
x1 < T2, but in addition to the values of the interpolated function, the
values of its derivatives up to the order [,, > 0 inclusive, m = 1,2. In this
case, both of the higher derivatives specified at each node are assumed
to be approximations, and the remaining [,,, — 1 give exact values for
interpolation. Consider an arbitrary auxiliary polynomial f, whose values
and derivatives at the nodes x; and zs coincide with the given ones, and
denote

w(z) = (x — 2" (z — x5)'2.
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Then the linearizing estimate (4) of the function (5) is replaced by the

estimate
2
x:xm>

by the values of the higher derivatives of y under the condition

B';anomﬂ(mhx?a lla 12797 SD)

2 "
(8) - Z (;xlm ((p(:v) — f(@))q(z) + CU(SC)S(x))

m=1

i
0 0= ()~ F@)ala) +w(@)s(o))

Vi<t Vm=1,2,

T=Tm

equivalent by virtue of the Leibniz formulas for differentiating the product
as required

90(1)(95m) = y(l)(xm) Vi<t Vim=1,2,
and convenient for calculations

(10) p(l)(wm) = y(l) (xm> vl<lmv1ﬂ:1,2~

THEOREM 3. Under the assumptions under consideration, for dq = 0,1,
the optimal solution ¢ = C(S) in the estimate (8) has the form

p(x) = p(x) + w(z)r(z),

where p is the Hermite polynomial in exactly given values of the function
and lower derivatives,

s0+s1z, dq =0,

r(z) = S0 7 dy = 1;

Qo+

Bma_B:va _
o B,.B— B2’ dq =0,
U lAC-4ac

AB-C2 "’ a7

. BC, — B,.C _ A,B-C,C
'~ B,.B_ B2’ ©="qp_c2 ’
A:5f+6§, Am:(ﬁxl—kégmz,

B =b? + b2, B, = bz + b3z,
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2.2 12 2
By = biz] + b3xs,

C = 61b1 + dab2, Cyp = d1b1x1 + d2bozo;
5 = P () — 5 (@), m=1,2

b, = U (X — mm)lﬁi, m=1,2;
m=3—m.

PRrROOF. Expanding the right-hand side (8), taking into account the
zero lowest derivatives of the function w(z) and the identity (10), we
reduce it to the form

2

2
S (0 @) = 5" @) a@n) + w0 @n)s(m))
m=1
Taking into account the equality wm)(z,,) = L (X — )5, substituting
expressions for ¢ and for s, and w=) (2,,) = 1,,,!(,,, — 23 )7, differentiating
the obtained equality for unknown coefficients and equating the derivatives
to zero, we obtain a system of equations for these coeflicients. For dq = 0,
by definition g(x) = 1, and this system has the form

0= ((51 + bl(S() + slxl))bl + (52 + b2(80 + 81.%2))1)27
0 = (51 =+ b1(50 + slxl))blxl + (52 + bQ(SO —+ Slzg))bgzg.

that is, it is a linear system on sy and sy of the form,

= B B
(11) {0 C + Bsg + Bgsi,

0= Cm + BmSO + Bmsl.
For dq = 1, the function s is constant, g; = 1, and the system has the form
0 = (01(qo + 1) + b150)01 + (02(qo + 2) + b2so)d2,
0= (51(610 + 1‘1) + b180)b1 + (52((]0 + $2) + ngo)bg,

or

12 {OzAI—&—AqO—&-C’sm

0= Cz+C(IO+BSO
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4. Sketch of a for polynomial-rational interpolation algorithm

Polynomial-Rational interpolation Algorithm

Purpose of the algorithm

—

The algorithm approximately reconstructs the unknown mapping

f: X >R

If toir = 0, then on each M; as an interpolant the simple function closest to
the specified values is chosen:
e or a polynomial of degree d

« or a continuous rational function with a numerator of degree d — 1 and a
linear (dq = 1) denominator of the form = — ¢ so as to ensure

(1) matching values at nodes with smoothness m in case m > 0,

(2) exact local recovery of each continuous function of the interpolant class
on the convex hull of any d + 2 nodes if the data allows.

For toue > 0, the output family is one, but the optimization uses both families
of local interpolants.

Initial data

—

X = [a,b] C R — interpolation segment;

X = {a:mo <o < Xy :b} C X — a discrete set of nodes,
dividing [a, b] into n segments M; = [x;—1, Z:];

y: X — R — values specified in nodes;

d > 1 — degree of interpolation;

tout — type of interpolant at output:

tout = 0 — polynomial and rational,
tout = 1 — only polynomials,
tout = 2 — only rational (for d < 4 this entails preserving monotonicity).

o # 0 if you really need superior smoothness |95 ], otherwise the smooth-
ness remain max(0, | 452 ]);
€ > 0 — lower error estimate;

When calculating germ in a node, the values in this and no more than d + 1 nearest
nodes on each side are used.

Local calculations using short formulas based on separated differences, avoiding need
for high precision arithmetic.
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Divided differences and Newton’s polynomials

—

pd For (I =0,...,d)For (:=0,...,n—0){

( Riidl—1 — Rit+1,i+1

prata If ([==0)Then {K;; = y;;} Else {K; 4 i= }3}
Ti — Ti+l
\ . def J
PRy Function wj ; (m) =1 Return ( H (.1‘ — Il) )}
=i
»d Function p; ;(z) e 1s (1==73) // the Newton’s polynomial on [, ]

PRetd  Then {Return (x;)}

prcib  Else {Return (pl',j,l(x) + Ki,j wm,l(:r) )1}

// sequential enumeration of nodes is easy

d For (i =0 ni{
e // to parallelize, the locality radius is d + 1

—

Stage 1. Calculate derivatives at all the nodes

Differentiation of Newton’s polynomial p; ;(z;)

prai For (v =0,...,m){ // derwative order in node z; € [z, xz;], j—1<d
rrata For (I = max(0,¢—d),...,min(n,i+d)){

pratai If (1 ==0) Then {pl(?l) (x;) = y(z;)} Else {Pz(,yz)(xi) =0}

mataz For (j =10+ 1,...,min(n,l+ d)){

st i) () 1= w) (i) (@ — ) + vl (),

massad p{") (2:) = pf")_ (@) + kg ()33

For a competitive definition of a germ in x; through the weighted sum of germs of
test interpolants from successive sets of nodes containing x;, we initialize
maz DY = 0; // one-side derivatives being defined at x; node

ol = 0 // the number of terms in the weighted sum or
| 7 /7 minus the number of error-free trial interpolants

L W =0 // the total weight of the one-way derivative or
PRd: = M
| + ’ // minus the sum of error-free terms
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— Loop over [z, 2;4q41] trial segments of d + 1 nodes

pas For (j = max(0,4—d—1),...,min(n—d—1,i—d—1)){

\
Determine the degree dp of the polynomial p in (5) and the numbers of the beginning

of the drawn segment j, and the refining (far) node
rasdi If (|25 — @3] ==|Zj4a+1 — @;|) Then {dp :=d — 1} Else {d, :=d;}
pass If (|25 — ] < |Tjqpd+1 — i) Then {jp =7, jri=7+d+1;}
prasi2 Else {jp =7+ 1; Jri=75}
erase & = T, // the refining node
wasd  Sign = sign(2jp + dp + 1 — 24); // sign of the offset of the node set relative to x;

Weighted sums of one-sided derivatives of trial interpolants

— _—

Let’s start with test interpolants of the form p(z) + s(z)w

rase If (d==dp) // if the node farthest from x; in the set is qualifying

PRdSelj Then { // then we use Newton’s interpolant for other nodes,

(Y(&) = Pjpjpt+d(€)) Wiy, jp+a(§)

Wjpi—1(8) Wit1,5p+a(§)

PRdSe2 Epp =

‘;} /! e s(x) =0

// otherwise the distant nodes are equidistant and the optimality condition

Prase3 Else { W (7) takes the form {Aosg + Bops1 = Cy

, where jp, =7+ 1,
A1sg + Bisy = C1 =17

AO - wJP7]+d(mJ +wﬂp1]+d(€);
Aq = wjp,]+d(xj Tj +w]p,]+d(€ & Bo = Ay;

)

) )
mases By 1= W 1a(25)7] +wj, 40 (€)%

( )

( )

N

Co 1= (y(s) — p(2:)) s a(s) + () = PO)E, s 1a(6);
C1 = (y(x;) — p(x)))w Jpv]+d( i)z + (y(€ )—p(ﬁ))w;p,jer(f)f;

B1Co—BoC1 .
AgB1—A1Bp?

A1Co—ApC1 .

PRd5e5 S = AoB1—A1By’

81 =

2
PRses  €pp = \/ {Z }(y(w) = Pip.i+d(2) = wjt1,j+a(2) (512 + 50)) "}
TEALT;,T;

srast T (epp > €)Then {w = e ;3 Else {w = —1}
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_ Averaging the derivatives of trial polynomial interpolants

prasg For (v =1,...,m){

\
order of the weight-averaged derivative

wasgl If (d==dp)Then {D” :=p ; 4 q(xi)}

wrasgty Else {DY = p¥iy 51 q() + (S0 + s12)wi 1 jpa(Ti) + Sle(':_l,l]')qud(“’i)? }
prasgz  If (Sign < 0)Then { // weighted sum for the derivative on the left
prasgzs If (n— > () Then {

pasgznz If (w > 0)Then {DY +=wD"; W_ +=w; n_++;}

prasgzb2y Else { DY = DY; W_ =1; n_=—1;}}

prasgebs | Else { If (w < 0) Then { DY += DY; W_ +=1; n_ +=—1;33}}

Prasgd If (Sign > 0)Then { // weighted sum for the derivative on the right
prasgat If (4 > 0)Then {If (w > 0) Then {DY +=wD”; Wi +=w;  ng++;}
pasggzs Else {DY :=D"; Wi :=1; ny=—1;}}

Prasgabs Else {

prasgavd If (w < () Then {Di += DY, Wi +=1; ny +=—1;333}

A trial rational interpolant of the form(5)

wlT
p($)+30$( l? dq = 15 go = —¢C, q1 = 1

st If (d==dp) Then { // pure interpolation over d + 1 nodes

S0Wsp+1,jp4d (T)
// from pjp+1,jp+d(x) + % =y(z) forx € {xjp7£}
PRASh2 wjso + 8¢ = x;0;

where
w'so+d0c=w1q8

// coefficients are determined by the system {

Wi = Wit 1,4p+d(T5), 05 = Y(T5) — Djpr1,gpta(T;),
PRdS5h3 /

W' = Wit gerd(@ira), 0= y(Tira) — Pipagera(@ita),

’ ’ ’ ’
§wjdj—0;54d9 ¢ o= U0 —i®i4ad

|
PRdSh4 SO = =7 75 5 . 57 FP )
] w; 0 —w’d; w;d —w’d;
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ip.dp+d (&)
mase €y = |Y(€) = Py jptal§) Sow“’%‘}

// otherwise the far nodes are equidistant and the optimality condition

// interpolants of the form (5) from the Theorem 2
Prdshé Else {

. . . . Apso + Boc = Cp
// s written by the system of equations {Also Y Bie=Cy where
2 2
Ao = —wji1,j+a(®5) — Wit1,+4(E);
prasnt - Ay = (Pjit,g+a(5) — ¥(25))wita(w;)
+ (pi+1.5+a(€) — Y(&))wjt1,5+a(8);
By = A,
PRASh8 2 2
By = (pj1+a(x;) —y(25))” + (Pi41,+a(€) —y(£))%
Co = (pj+1,j+d(x;) — y(x5))wjt1,j+a(T;)z;
PRash9 + (Pi+1,5+a(€) — Y(€))wjt1,5+a(£)E;
2 2
C1 = (pj+1g+a(®s) — y(@;)) @5 + (Pj+1.5+a(8) — ¥(£))7E
. _BiC-BCi A100 — AoCy
PRASh10 = = @ .
07 AyB; — A\By’ AoBi — A1By’
rrasi If (C §§ [xj, 5] ) Then { // only if pole outside interpolation segment
2
Wi+1,j+4d(x
PRdSiZ‘ Crp = E (y(m) — pjp,j+d(1') _ 80M>
‘ zef{x;,x;} Tr—c
prasi3 If (epp > €)Then {w = 1/87‘7‘;} Else {w = —11%}
prasi4 For (v =1,...,m){ // order of the weighted derivative
l 1—1—
PRdSi4a; D" pjp+1,]p+d(3?z) S0 Z ](p)-t,-l,jp (xz)(c - :C) v
PRasiah If (Sign < 0)Then { // weighted sum for the derivative on the left

phasiavz If (n_ > 0) Then {

prasiavzs If (w > 0) Then { DY += wD"; W_ +=w; n_++;}

prasisb2n2  Else { DY = DY; W_ =1; n_=—1;}

prasiavac | Else { If (w < 0) Then { DY += DY; W_ +=1; n_ += —1;}3}}

prasiad If (S;gn > 0) Then { // weighted sum for the derivative on the right
prasiscz If (4 > 0)Then {If (w > 0) Then {DY += wD"; Wi += w; Np++; ¥

PRa5i4c2b2  Else {D+ DY Wi =1; ny =—1;3}

PRasidcec Else {
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prasiac2d If (w < ) Then {Di += D", W+ +=1; ny += —1;3333}

DY D¥
: ;-/+ = Wi; = ﬁ; // the derivatives

PRA5j

Dy W_+ Dy W
prask If (0 > 0)Then { D} := % 7+ = Di_}}

Wo Wy T

e 1f (7==0) Then {Next (pra)}

_ Calculate interpolant between nodes

Justification: Explicit strict analogs of finite difference formulas for multiple
Hermite interpolation over two nodes of arbitrary degree were not found in
the literature.

Let us directly derive them from linear relations

ﬁ(—l)(m) =0,
P2v+1) (F) = Pav—1)()
+(x—z)(x—zi—1)"(Av(z —zi—1) + Bu(z — ).
v ~(v ~(v
DY, _p(21>,—1)(zi) _ P51 (xi-1) — DY

and B, =

From the last Ay = ———————
YT U@ — @i )V vi(x; —xi—q1)v !

s

and its differentiation gives direct formulas for the derivatives of order j > v
at nodes i — 1 and i, into which the separated differences go when the nodes merge:

ﬁﬁélm(%‘—l) = ﬁglfw(xi—l)

I/!(:Di_l —1‘1')2’/73. . BU
_— - A B
+ (2]/_],_1)! (J V)( v+ V)+2V—j )
()

Pay11) (i) = ﬁgl—l)(mi)

vi(j—v v—i
T s e )

v! 2w—j—1
+m(l‘i—xi71) T7H A (2 — x5-1)-

Derivatives at nodes and coefficients of the Hermite interpolant

st P =0, /7 start of array 2 x (m + 1) x (m + 1)
pras For (v =0,...,m){

DY _ﬁ(”)_ ZA)(V)_ DV
PRdEa‘ A, = * @v-1)+ L= (2v-1)

| l/'(xl —ZEifl)Vle’ l/'(l‘z —1'1‘71)”+1,

prass If (1 < M) Then {
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pragbs For (1) = v,...,2v — 1){
PRABb24 ﬁg%l+l>7 = ﬁgl71>7
vi(j —v) 20—
@y TR A B
v! 2v—j—1
- W(xiil — )" 7T Bu(®i — mi1)
~(5) _ 50
PRA8b2Y p(;u+l)+ = péu_l)_,'_
vi(j —v) 2w—j
m(mz *xi—l) J(Au+Bu)
v!

. 2v—j—1 o
+m($l Ti-1) Ay(zi —xi1) I}

Selection of local interpolant ¢; on the segment [z;_1,z;]

/7 If d =214+ 1 is odd, then one
// of two Hermite interpolants:

pras If (dmod2==1) Then {

prass If (tour 7 2) Then { // or polynomial interpolant,

the local Hermite polynomial p(2, 41), calculated by the analog of Newton’s formula
for Hermite polynomials:

masd p(p)i(7) = Py (@) E X, _o(w—m:)" (@ —wi-1)" (Av(@—2im1)+ By (w—
i)

pragvd If (four == 1) Then { Pi = Ppyi ¥

0} 1|2
‘P(p)i(mj) — Dj| ¥}

pragvas  Else {§(py; = \/ >

je{i—1,i}
prasd If (tour 7 1) Then { // or a rational interpolant of the form

(z—z)(@—z_1)) 7!
0 T—c )

PRdScZ: V(i () () + 5 // calculate so and c.

The system of equations gogi))i(:cj) = D;, j € {i—1,i} is reduced to linear ;

prases For (j € {i —1,1})¢ // its coefficients
PRdScaaj Aij = ((32] — xz)(xj — $171))l_1, Cij = .TjD;- —ﬁdfg(itj)}

1 !
D;_1Co—D;C1 ._ _A1Cyg—AeCy .

\
PRd9c4 S = =
| 20T ADl_ —A, DD AgDl_ —A; DL’
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prascs If (loyr==2) Then { ©i &of Pryit

2
pragcsy  Else {0(y; i= ’Lpglr))l ;) — Dé }}
ge{z 1,4}

prasd If (tout==0) Then { // choice of two interpolants
Pllds)d’zI If (5(7‘)1 > (S(p)i)Then { ©; d:ef (p(p)z}

def
prasdzs Else { 0; = ()3 13}
prase Else { // d =2l is even and the least squares method works
prasf Tf (tout 2 2) Then { // the polynomial interpolant has the form

srased Q)i (2) E Py (z) + so0((z — z:) (@ — zi—1))’

// Here the coefficient so minimizing the squared error

2
/] 82 > <p(l) (z;) — DY) — min, is determined from (62
(p)i — ge{z‘—l,z}< (p)i~™7 ])

// where @EQ)Z.(J:Z') ﬁEQZ )(xl) +U1So(x — z-1)!, by the formula

(p)i 90

l N(
‘ pg;l 1)(.1'7,) + (_1)lp52)l_1)(xi—l)
PRA9E3 S 1= :
(@ — zi1)!

prastd If (four==1)Then { (; = Ppyi ¥

rraoter Else {0(p); = >
je{iz1,i}

prasg If (foyr 7 1) Then { // the rational interpolant is

) (=) (x —m1)" "

xrc

O (z;) — D 1
Ppyi\Li 5

’

et (i (2) 2 o (@) + (50 + 512

// where so,s1 and ¢ solve a problem similar to minimizing (4):

2
(25 = ey = (w5 =)D} +1D5™H)" — min,
/7  je{i—1,i}

(@) (@) V]ama, = (@)D 4 (1= )DV2, e {i—1,i).

// In this conditional extremum problem

=0,
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(& = &) (@) (@) = 8573 (@) + (& — )% 4(2)
7 +51(((x — zi) (@ — )~
+ (s0 + s12) (((z — i) (z — z-1)) "),

// and the Lagrange multiplier method yields a system of five
// equations with five unknowns, but it can be simpler.

// From the conditions
PO D (@) (@i — ) + (L= DI(So + s1as) (@ — wi1)!
= Dﬁfl(:ci —co)+ (I — 1)D£72
//
ﬁ;ll:?(xi_l)(wi_l —c)+ (= 1D)!(s0 +s1ai—1)(wi1 — 2;)!
=Dl (@io1 — )+ (1 —1)D' 72
// express the coefficients of linear dependences so = Ac+ B and
// s1 =Cc+ FE

PRngS: F = (l — 1)'(XZ — i — 1)l((—1)l$i71 - :CZ)
sl A= (P43 (@) = DI = P} (@i1) + DIZ) /P
B = (wi (958 (e) = DI7Y) = (1= 1)D} ™
PRA9g5
— Tio1 (ﬁéll:? (i-1) — Dﬁj) - Dt?)/F
rasd €= (21 (B8 (@) = DI7Y) — o (5% (@ia) = DI}) ) /P
B (mi_l (m (ﬁgl:?(xi) - Dgfl) — (- 1)D572)
PRA9g7, -1
— @ (ﬂci—l (ﬁéz:s) (zi-1) — Dij) + Dﬁj))/F
// Substitution of found expressions for so and s1 reduces the problem
2
D> (((ﬂﬁj — i) — (x; — )DL + lDé-_l) — min
je{i—1,i}

/] to (A1c— E1)? + (Asc — E2)? — min, i.e. to the linear equation
/7 (A% + A%)c = A1E1 + A E>

PRngB: Aq = (l — 1)'(A +Cxi_1 + C’xll)(mz — wi_l)l_2)) + Di — ﬁgl)_:,,(mi),
masgd Az = (I — D)I(A+ Oz + Caimal) (s — 2i-1)2)) + DLy — 5 o (wim1),
| By= D) — 1D = 55 () + waply) o ()
PRA9g10 -1
| + (= Dz —zi1)"(E+ Bl + Elx;)
| Bz = w1 Df = IDT1 — 575 (wimn) + w1y (@)

PRA9g11

‘ —|—(l—1)!($i_1 —xi)l_l(E—l—Bl—i—Ela:i_l)
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. AEL 4+ AxE»
PRA9g12 C =

\ AT+ A3

PRnglB‘ (5(7,)2- = Z
‘ je{i—1,:}

prasgid If (fout==2) Then {Result: i = (p(,«)i}}

so=Ac+ B, s1=Cc+ F

2
1
o) (@;) — DY

prasit If (fout ==0) Then { // Best choice of two interpolants

prashs If (C ¢ [-T/L - 1,-Ti] and 6(7‘)7«' < 5(P)i)

prasn2a | Then {Result: ¢, = ©(r)i+ Else {Result: ¢; = 0111}

4.1. On numerical testing of the algorithm

The construction of the algorithm guarantees for ¢,,; = 0 exact
reproduction of quadratic and linear-fractional functions by a sufficient
number (n > d + 1) of values in interpolation nodes, regardless of the
values of other parameters. This quality significantly distinguishes it from
well-known interpolation algorithms. In particular, any fractional linear
function is reproduced by this algorithm more accurately than by the
algorithms of polynomial interpolation or interpolation by polynomial
splines.

In addition, if smoothness is not required (o = 0), then the function
y=+V22= || is exactly reconstructed for a sufficient number of given both
positive and negative values, and therefore , reproduced more accurately
than rational interpolation.

The construction gives reason to expect that the quality of interpolation
in the examples considered by Shchabak will be as high as in the presented
in his work graphs.

On the other hand, a random polynomial of degree n will be accurately
reconstructed by polynomial interpolation from n 4 1 value, but not by the
described algorithm.

Thus, the demonstration of selected examples does not provide
meaningful information about the possibilities of using the algorithm. The
ultimate way to obtain useful information is to consider a representative
independent sample. In our settings, such a sample can be formed by sets
of prime mathematical functions from common programming languages
with sufficiently representative sets of meshes. The proposed continuation
naturally requires a separate publication.
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Conclusion

The basic ideas of the algorithm for interpolation of metric mappings,

which exactly locally restores mappings of classes of interpolants, are
substantiated and formulated.

A general algorithm is preliminary described that exactly reconstructs

simple polynomials, continuous rational functions with a linear denominator,

and

some piecewise smooth functions.

Reasons are shown to expect a significant improvement in the quality

of recovery of elementary functions by a few values that convey the nature
of the dependence.
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