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Abstract. The possibility of constructing a multifunctional inertial
navigation device based on a hybrid-type modulation micromechanical gyroscope
is considered. A mathematical model of the device ("heavy" gyroscope) as a
high-quality three-dimensional oscillatory system is constructed. It is numerically
shown that, under certain conditions, the reaction of the system to the motion
of an object has, along with precession, the observed nutation, which carries
information about the linear motion of the gyroscope base. It is noted that the
possibility of measuring linear accelerations is ensured by the presence of a small
symmetrical distance between the axes of the elastic suspension relative to the
center of mass of the sensing element.

The results obtained make it possible to implement a two-component angular
velocity meter and a two-component linear acceleration meter in one device.
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Introduction

The article presented by the authors is a continuation of a series of
works devoted to the improvement of gyroscopic devices [1–4].

Despite the significant progress [5–11] in the development of microme-
chanical gyroscopes (MMG), problems remain that limit the accuracy of
their measurements. The most important of them is the presence of a small
mass of the sensitive element, which is unable to create the required value
of the gyroscopic moment when measuring small values of the portable
angular velocity, which imposes a requirement for an ultra-high sensitivity
of the instrument’s information retrieval system. The solution to this
problem is associated with the trend of transition to hybrid MMGs that
has emerged in recent years, combining the methods of planar technology
for manufacturing an inertial mass using an electromechanical drive. Based
on the hybrid MMG, it was possible to create a biaxial angular velocity
sensor with slightly increased dimensions, but with a significantly increased
accuracy [5–7].

Another problematic factor that worsens the metrological properties
of the device is a significant level of "zero bias" associated with its
manufacturing technology. In contrast to the method described in [7],
the authors of this article propose to use the modulation principle for
collecting and processing primary information in a mechanical circuit to
solve this problem, which has proven itself well in vibrating gyroscopes [1].
A distinctive feature of the modulation MMG is that the registration of the
angular rotation of the base of the device is carried out not by measuring
this rotation relative to the main axis of the gyroscope, which is stationary
in inertial space, but by measuring the amplitude and phase of oscillations
of its rotor in a rotating coordinate system. In this case, information about
the angular movement of the base is contained in the indicated parameters
of the AC signal, and the presence of a constant component caused by the
so-called “zero shift” does not affect the accuracy of taking MMG readings.

The mathematical model of the movement of the hybrid type modulation
MMG proposed below and the analysis of the numerical results allow
concluding that it is possible to significantly expand the measuring capacity
of such devices.

1. Problem Statement

A two-coordinate hybrid MMG is capable of measuring the value of
the base angular velocity vector lying in the plane of its sensitivity. When
the device is tuned to resonance with respect to the measured angular
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Figure 1. Kinematic scheme of modulating hybrid MMG-N

velocity, it works like an integrating gyroscope, since the deflection of its
rotor (under conditions of low attenuation) is proportional to the angle of
rotation of the base.

The purpose of this study is to develop theoretical foundations for
creating a multifunctional device, which, along with the ability to measure
angular deviations in two orthogonal directions coinciding with its sensitivity
axes, makes it possible to measure the magnitude of the inertia force vector
caused by the accelerated linear movement of the base. That is, it is
required to investigate the possibility of developing an angular velocity
sensor that simultaneously performs the function of an accelerometer.

The figure 1 shows a kinematic scheme of the proposed modulating
micromechanical gyroscope — a hybrid type forcemeter (MMG-N), including
a movable base 1, a valve drive 2, a rotor 3, an elastic suspension 4, rotor
fastening elements 5, an angle transducer 6 connected to the drive shaft.

Let us show that linear acceleration can be measured due to a small
symmetrical spacing of the elastic suspension axes relative to the center of
mass of the sensing element.

2. Mathematical model

Figure 2 shows a general view drawing of the MMG-N rotor, the
distinguishing feature of which is non-crossing of elastic supports 1, 2,
creating "pendulosity" of rotor 3 due to the displacement of its center
relative to the axes.

To describe the motion of a modulating gyroscope-forcemeter (MMG-N)
mounted on a movable base, we introduce a coordinate system with the
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Figure 2. General view drawing of the rotor of the modulating
hybrid MMG

Figure 3. The position of the object in the base coordinate
system

origin at the center of mass of the gyroscope rotor and the axes directed to
fixed stars, i.e. moving translationally in inertial space (Figure refbakfig1).
We associate with the moving base the coordinate system X0Y0Z0, the axis
OZ0 of which coincides with the axis of rotation of the MMG-N rotor
(figure 3).

The motion of the base of the device will be considered known, i.e. at
each instant of time, the orientation of the coordinate system X0Y0Z0

relative to the inertial frame ξ∗η∗ζ∗ is known, and the projections Φ̇x,
Φ̇y, Φ̇z of the base absolute angular velocity vector on the system axis
ξ∗η∗ζ∗ are given functions of time. In addition to the above systems, four
more systems of axes XBYBZB , XpYpZp, X1Y1Z1, X2Y2Z2 are required,
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Figure 4. The position of the sensitive element of MMG-N
relative to the moving object

connected, respectively, with the drive shaft, with the axes of the main
moments of inertia of the rotor and with the corresponding axes of elastic
supports (torsion bars), as shown in the figure 4.

The origin of the axes of the XBYBZB and XpYpZp systems lies at
the MMG-N center of mass, and their position relative to the X0Y0Z0

system is given by successive rotations in the positive direction by an
angle Ωt relative to XBYBZB and angles Θx,Θy relative to XpYpZp (Ω is
angular velocity of the rotor).

The presence of non-crossing of the torsion axes, due to the value of Z,
as well as the displacement of the center of mass of the rotor relative to the
corresponding axes of elastic supports by ∆Z1 and ∆Z2 (figure 4), creates
a static imbalance (pendulosity) of the rotor, which allows attributing such
a device to the class of "heavy" gyroscopes.

The projections of the angular velocity of the base movement on the
system axis XBYBZB after turning through the angle Ωt have the form

ω′′
x = Φ̇x cosΩt+ Φ̇y sinΩt,

ω′′
y = Φ̇y cosΩt− Φ̇x sinΩt,

ω′′
z = Φ̇z +Ω.

The projections of angular velocities on the axis of the system XpYpZp

after rotation by the angle Θy can be written as

ω′
x = ω′′

x cosΘy − ω′′
z sinΘy,

ω′
y = ω′′

y + Θ̇y,
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ω′
z = ω′′

z cosΘy + ω′′
x sinΘy,

and after rotation by the angle Θx, respectively
ωpx = ω′

x + Θ̇x,

ωpy = ω′
y cosΘx + ω′

z sinΘx,

ωpz = ω′
z cosΘx − ω′

y sinΘx.

Since the MMG-N rotor has a "pendulosity", as a result of its movement
with angular velocities ωpx, ωpy the center of mass moves translationally
with a linear velocity (figure 4), projections of which on the system axis
XpYpZp have the form

Vpx = −ωpy∆Z1, Vpy = −ωpx∆Z2, Vpz = 0.

To obtain a mathematical model of the gyroscopic system under
consideration, we use the Ostrogradsky-Liouville variational principle [12],
choosing as generalized coordinates the rotor rotation angles Θx and Θy,
which uniquely determine its position, and as generalized forces: damping
moments, elastic moments of torsion bars and moments caused by inertia
forces. The latter, under the condition that the angles Θx and Θy are
small, are defined by the following expressions:

Mix = m∆Z2(V̇y cosΩt− V̇x sinΩt),

Miy = m∆Z1(V̇x cosΩt+ V̇y sinΩt).

The linearized mathematical model of MMG-N after factorization and
taking into account generalized forces up to the first order of smallness has
the form

(J +∆J)Θ̈x + µΘ̇x + (kx + (C − J +∆J)Ω2)Θx − (2J − C)Θ̇y =

−(J +∆J)(Φ̈x cosΩt+ Φ̈y sinΩt)− Ω(C + 2∆J)(Φ̇y cosΩt− Φ̇x sinΩt)

+(M +∆M)(V̇y cosΩt− V̇x sinΩt) +Mx cosΩt+My sinΩt,(1)

(J −∆J)Θ̈y + µΘ̇y + (ky + (C − J −∆J)Ω2)Θy + (2J − C)ΩΘ̇x =

(J −∆J)(−Φ̈y cosΩt+ Φ̈x sinΩt) + Ω(C − 2∆J)(Φ̇x cosΩt+ Φ̇y sinΩt)

−(M −∆M)(V̇x cosΩt+ V̇y sinΩt) +My cosΩt−Mx sinΩt.

The equations (1) are obtained for the case when the MMG-N drive
shaft rotates with a constant angular velocity Ω, the stiffnesses kx, ky of
the torsion bars are small compared to their bending stiffness, and the base
acts as an angular movement with speed Φ̇x, Φ̇y, Φ̇z, and translational
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(a) angular velocity (b) linear accelerations

Figure 5. Solution of the problem in the case of an asymmetric
rotor

movement with acceleration V̇x, V̇y, V̇z. The following designations are
introduced here:

J =
A+B +m(∆Z2

1 +∆Z2
2 )

2
, ∆J =

A−B +m(∆Z2
1 −∆Z2

2 )

2
,

M =
m(∆Z1 +∆Z2)

2
, ∆M =

m(∆Z1 −∆Z2)

2
,

µx = µy = µ is coefficient of viscous friction, kx = ky = k is torsional
rigidity of torsion bars, A, B, C are equatorial and polar moments of
inertia of the rotor, m is mass of the rotor, Mx, My are external moments
acting along the corresponding axes of gyroscope sensitivity.

3. Numerical Modelling

The system of equations (1) was solved numerically in the Maple
environment under zero initial conditions

Θx = Θ̇x = 0, Θy = Θ̇y = 0.(2)

Figure 5 shows the graphs for solving the problem (1)–(2) in the case
of an asymmetric rotor (A ̸= B). Figure 5a corresponds to the channel for
measuring the angular velocity then Φ̇y = 0.1, Φ̇x = 0 (linear accelerations
V̇x and V̇y in equations (1) are equal to zero), and Figure 5b corresponds
to channel for measuring linear accelerations then V̇x = 0.01, V̇y = 0 (the
angular velocity components Φ̇x and Φ̇y in equations (1) are equal to zero).
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(a) angular velocity (b) linear accelerations

Figure 6. Solution of the problem in the case of a symmetric
rotor

It can be seen from the graphs in Figure 5 that the use of an asymmetric
rotor leads to its precession, accompanied by nutation both in the channel
for measuring the angular velocity and in the channel for measuring linear
accelerations. The amplitude of nutation oscillations in the case of a
high-quality sensitive element is quite large.

Figure 6 shows similar solutions to the problem (1)–(2) in the case of a
symmetric rotor with the same equatorial moments of inertia (A = B).

A distinctive feature of the graphs in Figure 6 is the absence of
nutation in the channel for measuring the angular velocity (Figure 6a,
which is associated with the dynamics of the input information of the
gyroscope, which responds not only to the angular velocity, but also to
the angular acceleration, and if the equatorial moments of inertia of a
symmetrical rotor are equal, it is possible to actually suppress its nutation
oscillations through the channel for measuring the angular velocity. Along
with precession, nutation is observed in the channel for measuring linear
accelerations (Figure 6b).

Thus, the precessional motion reflects the response of the gyroscope’s
sensitive element to the angular and translational motion of the base, while
nutational oscillations occur only during its translational motion. Nutation
oscillations become informational, since their amplitude and phase contain
information about the magnitude and direction of the measured linear
accelerations of a moving object.

Note that information on the linear acceleration measurement channel
can be obtained only if the factors (M +∆M) and (M −∆M) in the
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equations (1) are not equal to zero, i.e. when ∆Z1 ̸= 0 and ∆Z2 ̸= 0
(presence of non-crossing of the torsion axes of the elastic suspension).

4. Conclusion

The authors have constructed a mathematical model of the movement
of a modulating micromechanical gyroscope of a hybrid type. Based on
the numerical analysis of the simulation results, it is shown that, under
certain conditions, the response of the system to the movement of an
object has, along with precession, the observed nutation, the parameters of
which contain information about the magnitude and direction of the linear
accelerations of the moving object. It is noted that the measurement
of linear acceleration can be implemented due to a small symmetrical
separation of the axes of the elastic suspension relative to the center of
mass of the sensitive element.

The results obtained make it possible to solve the important problem
of inertial navigation associated with the creation of a multifunctional
device that performs the functions of measuring both angular velocities and
linear accelerations.
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