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1. Introduction

Parallel and distributed applications are often modeled as directed
acyclic graphs (DAGs) of computational tasks with data dependencies
between them. Such applications arise in scientific computing [1], distributed
machine learning [2], and big data [3]. The DAG scheduling problem
involves determining for each task the machine on which it is executed and
the time at which the execution starts. Traditionally, DAG scheduling
algorithms were focused on minimizing the makespan, that is, the execution
time of the graph. However, if the graph is executed in the cloud instead of
an on-premises cluster, another important metric arises: the execution cost.
While it is appealing to optimize both criteria at once, such an approach
usually yields several incomparable Pareto-efficient schedules, and choosing
the final schedule requires the intervention of a decision-maker, making it
unsuitable for autonomous scheduling systems. Therefore we consider
the single-objective case when one metric is optimized with respect to a
constraint on the other metric (budget or deadline), or even without
regarding the other metric whatsoever.

The main contribution of this paper is an improved MILP model for
the special case of multi-stage DAGs with homogeneous data dependencies.
As it will be shown later, this case is of certain practical importance.
The model is compared to the general MILP model for DAG scheduling
presented in [4].

2. Problem Statement
2.1. DAG Model

A directed acyclic graph G = (T, D) consists of a set of tasks T
(vertices of the graph) and a set of data dependencies D (edges of the
graph). For each task ¢ its execution time on each machine v is known and
denoted as p;,. Usually, the execution time is obtained by dividing task
size in flops by machine speed. However, we use a more general model
because we want our model to be applicable to more complex scenarios
when execution time does not scale linearly with machine performance (e.g.
I/O-bound tasks).

Edges of the graph correspond to data dependencies between tasks.
Each edge is represented by a tuple (7, j, w) meaning that task j requires w
bytes of data produced by task i. Naturally, a task cannot start executing
until it receives all required data. If the task that produced the data was
executed on another machine, the data has to be sent over the network,
incurring communication delay. We call two tasks independent if there is
no directed path between the corresponding vertices in the DAG in any
direction.
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Ficure 1. Example of a multi-stage DAG with homogeneous
dependencies. Solid arrows denote dependencies between
adjacent stages and dashed arrows denote dependencies between
non-adjacent stages.

In practice, some tasks may receive external input data and may send
output data to an external storage. In the existing research this is usually
incorporated into the model by adding a single input task that distributes
the input data and a single output task that collects the output data. We
follow the same approach.

2.2. Multi-Stage DAGs with Homogeneous Dependencies

We focus our research on graphs with certain structural properties. We
call a graph «multi-stage DAG with homogeneous dependencies» if the
following holds:

« The vertices of the graph can be split into k stages L1, ..., L such that
all tasks within one stage are independent, for all pairs of adjacent
stages (L;, L;1+1) any task in L;; directly depends on any task L;, and
all such dependencies have equal size.

« There may be dependencies between a non-adjacent pair of stages,
but in this case the same conditions as above must apply (equal-size
dependencies between all pairs of tasks).

As it will be shown later, some DAGs arising in practical applications
fit this definition up to a precise approximation. By a precise approximation
we mean that the dependencies may not actually have equal size, but the
difference between them is negligible (e.g. tens or hundreds of bytes), not
affecting network transfer time in practice.

An example of a multi-stage DAG with homogeneous dependencies is
shown in Figure 1.
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2.3. Cloud Resource Model

We consider the scenario when a graph is executed on a set of virtual
machines (VMs) leased from an IaaS cloud provider. The most common
TaaS cloud resource model used in the existing research is the following.
The user has access to a set of virtual machines V' where each machine
belongs to one of the types offered by the provider (that is, the set of
machines is usually heterogeneous, but some machines may have equivalent
characteristics). Each VM type is characterized by price ¢, and performance.
As we have established earlier, we do not specify the performance explicitly,
but define it in terms of how fast does each task execute on the given VM.
We assume that a machine can execute one task at a time and the tasks
cannot be interrupted during the execution.

We assume that the transfer of data dependencies between the tasks
executed on different machines is performed via shared cloud storage (e.g.
Amazon S3). The data produced by a task is uploaded to the storage as
soon as it is computed and is fetched from the said storage on demand by
dependent tasks. Transferring data of size w over the network between a
machine and storage requires time w/B where B is the network bandwidth.
We assume that concurrent transfers do not contend for the bandwidth.
Our results can also be straightforwardly adapted to a model without
shared storage.

Cloud providers usually offer VMs based on an on-demand pay-as-you-
go model with the billing interval P as a parameter. If VM v is created at
time svm, and deleted at time fum,,, the machine’s lease cost is computed
as
) Oy = g LU 20y,

The total cost of executing the DAG is then calculated as the sum of
individual VM lease costs. We do not consider shared storage costs because
for compute-intensive DAGs they are negligible compared to VM lease
costs [4].

There are some natural constraints that must be satisfied when
computing VM creation and deletion times. A VM must be running during
all task executions scheduled on the given VM and during all data transfers
to or from the given VM.
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3. MILP Model
3.1. Basic Model

Before we introduce the MILP model for multi-stage DAGs with
homogeneous dependencies, we describe the general MILP model for DAG
scheduling in the cloud as presented in [4]. We require some additional
notation.

For simplicity, we redefine dependency set D to contain tuples (i, j, At)
where At denotes data transfer time to/from storage instead of tuples
(4,7, w) where w denotes data size. N denotes the set of all pairs (4, j) of
tasks where there is no path in the DAG from i to j and vice versa.

U denotes a loose upper bound on the makespan, computed as the
sum, over all tasks, of the maximum execution time of the task and the
maximum data transfer time over its outgoing dependencies, including
both upload to and download from the shared storage. This bound is
deliberately chosen with a large safety margin, so it is sufficient for all
big-M constraints used below. Finally, ¢ denotes a very small positive
number used to convert strict inequality constraint into non-strict.

For simplicity, we assume that the graph has a single output task,
denoted by out. If this is not the case, it is possible to introduce a new
task with size 0 and add zero-weight dependencies from all output tasks to
this new task.

The model contains the following decision variables:

xip € {0,1} equals 1 iff task i is placed on VM w.
st; € R4 denotes the start time of task 1.
fti; € R denotes the finish time of task 4.

wi,j € {0, 1} captures overlap between independent tasks ¢ and j. If the
executions of these two tasks overlap, then both w; ; and w;; are set to
1.

svm, € R, denotes the start time of VM wv.

fom, € R, denotes the finish time of VM v.

I, € Z denotes the number of billing intervals used by VM wv.
M € Ry denotes the makespan.

C € R, denotes the execution cost.
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The model has the following constraints:

(2) > miy=1 VieT

veV

(3) sti+ Y piw- @i =fti VieET

vev
(4) ftj—st; <U-w; V(i,j) e N
(5) wijtwjit+Tie+Tiu<3 Vi, j)eNVveV
(6) svmy, < fum, YveV
(7) sum, < st; +U - (1 —x54) YoeVVteT
(8) fomy +U - (1 —z54) 2 ft; YoeVVieT
(9) I, - P> fuom, — sumy, YoeV
(10) (I, —1)- P < fom, — sum, — ¢ YveV
(11) M = flou
(12) C= Z cy - Iy

(13) sty = ftp +2A¢ - (xpy — Tsp) Yo eV ¥(p,s,At) € D
(14) sumy, < sty +U - (1 —x5,) — At - (250 — Tpo)

Vv eV Y(p,s,At) € D
(15)  fomuy+U-(1—zpp) = ftp + At (2py — Ts0)

Yo eV ¥(p,s,At) € D

Constraint 2 ensures that each task is executed on exactly one VM.
Constraint 3 relates task finish times to task start times. Constraints 4 and
5 ensure that the overlap variables are correct. Constraints 6-8 set VM
start and finish times, not including the data transfers. Constraints 9
and 10 ensure that the number of billing intervals is counted correctly.
Constraints 11 and 12 define makespan and execution cost respectively.
The constraints that account for data transfers are different for each data
transfer strategy. Constraint 13 ensures that each task does not start
before receiving all data from its parents. Constraint 14 ensures that all
data transfers to a VM lie within its lifetime. Constraint 15 does the same,
but with the transfers from a VM. Finally, the objective functions, as well
as the budget and deadline constraints, are trivially expressed using the C
and M variables.
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Variables and constraints presented above may also be used to build a
classic (makespan-only) DAG scheduling model. To do this, one should
remove svm,,, fvm,, I, C' variables. As for constraints, 2-5, 11, and 13
should be kept.

3.2. Multi-Stage Model

In what follows, we assume that there is an arbitrary linear order on
the set of VMs V. The VMs are compared according to this order and are
numbered according to this order with numbers 1,...,|V|. By a slight
abuse of notation, we will sometimes conflate the VMs in the set V' with
indices 1,...,|V].

The key observation that allows us to build more compact models for
multi-stage homogeneous DAGs is the following.

LEMMA 1. For any correct schedule, the following properties hold:

1. If i < i, then each task j € L; ends no later than each task j' € Ly
starts.

2. If tasks 7 and j' of stage L; are executed on VM v with no other tasks
in between, it is always possible and optimal to start j' as soon as j
finishes.

3. Suppose that task j of stage L; starts on VM v at time t. If task
j' € L; starts immediately after j, they can be interchanged so that j'
starts at time t and j starts immediately after j'. This operation keeps
the schedule correct and changes neither makespan nor cost.

PROOF. 1. By definition, there are dependencies between all pairs of
tasks for all pairs of adjacent stages. It implies that if ¢ < ¢/, each task in
L, directly or indirectly depends on each task in L;, therefore each task in
L; cannot start until all tasks in L; are finished.

2. By definition, tasks j and j’ belonging to the same stage L; have
the same set of predecessors, and for each predecessor the size of data sent
to 7 and j' is assumed to be equal. It means that if task j received all
required data by time ¢, then task j' can receive its data as well. Therefore,
j' can start immediately after j. Removing the gap between the tasks
cannot prolong the lifetime of any VM, therefore neither makespan nor cost
is increased.
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3. By the same logic as above, both j and j’ received all required data
by time ¢, so both of them can start at time ¢. As for the tasks dependent
on j and j’, each such task depends on both j and j' and the dependencies
have equal size. Since in both cases the last of j and j’ finishes at time
t + pjv + Pj v, the interchange does not affect the dependent tasks. The
makespan and the cost remain the same because no VM lifetime is affected
by the interchange. O

The lemma basically states that for almost all purposes we only need
to consider time segments [l; ., 7;,] when tasks from stage i execute on
VM v. Within the segment the tasks are executed without idle gaps, and
the exact order of tasks does not matter at all because they can be freely
interchanged. By using this idea, we base our model on the following
decision variables:

xj, € {0,1} equals 1 iff task j is placed on VM v.

li» € R4 denotes the start time of stage ¢ on VM v.

T;v» € Ry denotes the finish time of stage 4 on VM v. If no task from
stage 4 is executed on v, 75, = l; 4.

rfv € R denotes the maximum finish time of stage ¢ on any VM v’ < v or
some small negative number if no VM v’ < v executes stage .

7"¢>, » € Rdenotes the maximum finish time of stage ¢ on any VM v’ > v or
some small negative number if no VM v’ > v executes stage 1.

hiw € {0,1} equals 1 iff any task from L, is placed on VM v.

ﬁi,v € {0, 1} equals 1 iff any task from L; is not placed on VM v.
sum,, € R, denotes the start time of VM v.

fom, € R, denotes the finish time of VM v.

I, € Z denotes the number of billing intervals used by VM wv.
M € Ry denotes the makespan.

C € R, denotes the execution cost.

In what follows, given stage i by S; we denote the set of pairs (i’, At)
such that there are edges from all tasks in L; to all tasks in L;; with
transmission time At. Analogously, we denote the set of pairs (i/, At)
such that there are edges from all tasks in L; to all tasks in L; with
transmission time At by P;. The layers are numbered from 1 to k and
[i, k] denotes numbers i, + 1,...,k. U denotes the same makespan upper
bound as in the basic model. The model has the following constraints:
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daje=1 VjeT

veV
liw 2 Tic10 Vie 2,k VveV

liw+ Y Piwtjo=rio Vi€[Lk|VweV

JEL;
hiw < Y e ViE[LE VeV
JEL;
|Li| - hip > Z Tjo Vie[l,k]VoeV
JEL;
iy = Tiel1 Vie[l,k]VoeV,vo>1
T;v > Tiv—1 — U- (]- - hi,vfl)

Vie[l,k]YveVio>1

Ty 2 Tiui Vi€ [1,k] Vo € Vv < |V]|
Ty 2 Tiws1 — U - (1= hiyy1)

Vie[l,k] Vv e Vo <|V|
liw +U - (1= hin) =15, +2At
Vie L,k V@', At) e P,Yv eV
liw +U - (1= hin) =15, + 24t
Vie [kl V(' At) e P,Yv eV
Riw <|Lil =Y w50 Vi€[LkVoeV

JEL;
Ll - hiw > 1Li| = > w0 Vie[l,KlVoeV
JEL;
svmy, < iy YveV
fomy = rp YveV
svmy < Ly — At - (b +ﬁi/,v -1
Vie [kl V(' ,At) e P,Yv eV

fvmv = Tiv T At - (hi,v + ﬁi’,v - 1)
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Vie [,k V@', At) e S; Vv eV

(33) I, - P > fom, — sum, YoeV
(34) (I, —1)- P < fom, —svm, —e  YoeV
(35) M=>r,, YweV

(36) C=> c1I,

Constraint (16) ensures that each task is executed on exactly one VM.
Constraint (17) ensures that each subsequent stage is executed after the
previous one. Constraint (18) relates start and finish times for each stage.
If no tasks of stage i are executed on VM v, we have [; , = 7; 5.

Constraints (19) and (20) define the h;, variables. Constraints
(21)-(24) define the r;5, and the 77, variables. They work by computing

running maxima of r; ,, for v that execute at least one task of stage i over
prefixes and suffixes of V.

Constraints (25) and (26) ensure that each task receives all required
data before executing. Constraints (27) and (28) define the h;, variables.

Constraints (29) and (30) ensure that VM lifetime includes all tasks
executed on that VM. Coupled with (17), they additionally ensure that
svmy, < fom,,.

Constraint (31) ensures that all data transfers to a VM lie within its
lifetime. Constraint (32) does the same, but with the transfers from a VM.

Constraints (33) and (34) ensure that the number of billing intervals is
counted correctly. Finally, constraints (35) and (36) define makespan and
cost, respectively.

3.3. Comparison

Consider a DAG with k stages and [ pairs of stages with edges
between them. In practice k < |T'| and [ < |D|. The basic model has
O(|T||V| 4+ |T|?) integer variables and O(|V||T|* + |V||D|) constraints.
Note that |T'|? is a bound on the size of the set N of pairs of independent
tasks, and in general |T'|?> may be an overly pessimistic bound (as an
extreme example, consider a chain DAG, which has A" = &). However, for
DAGs encountered in practice the size of N is often O(|T)?).
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In contrast, our model has O(|T||V|) integer variables and O(|T| +
(k +1)|V]) constraints.

Another important metric is the number of big-M constraints, since
these are known to impact solver performance negatively. The basic model
has O(|T|?+|V|(|T| +|D|)) big-M constraints, while the multi-stage model
has only O((k + 1)|V]).

4. Experimental Evaluation
4.1. Dataset

A widely used dataset in modern DAG scheduling research is Wfln-
stances [1]. Wilnstances contains DAGs collected from 9 real-world
distributed scientific computing applications. While the DAGs in the dataset
do not precisely fit our definition of a multi-stage DAG with homogeneous
dependencies, some of them fit it approximately. By approximately, we
mean the following:

1) Not all edges between a pair of stages are exactly equal, but the
transmission time for different edges differs by at most 10~2 seconds
(assuming typical cloud bandwidth of 5 Gbps).

In this case we can set all transmission times equal to their mean at
the expense of a small error, which can be discarded in practice (in the
worst case makespan error will be at most 10~3n seconds). It should be
noted that taking the mean transmission time may make the resulting
schedule infeasible in some rare cases.

This issue can be mitigated by taking a more conservative approach
and setting all transmission times to their maximum instead. However,
it has negligible effect on the resulting MILP model, and in the
experiments below we use mean transmission time. For applications
requiring guaranteed feasibility with respect to the original DAG, the
maximum transmission time can be used instead without changing the
formulation.

2) There may be a pair of stages such that some tasks are directly
dependent and some are not, but in this case one of the stages is
either the first stage consisting of a single input task or the last stage
consisting of a single output task, and the existing dependencies have
near-zero transmission time (at most 1073 seconds).
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FIGURE 2. An approximately multi-stage DAG with homo-
geneous dependencies may not have the full set of all-to-all
dependencies between the input task and some layer or between
some layer and the output task, but these dependencies must
have very small size.

In this case we can add the missing edges with zero transmission
time. The insight behind this procedure is that the tasks that do not
receive external input or send output still communicate their status
to the scheduler, and it can be viewed as external input/output of
negligible size. Thus, adding extra zero-size edges from the input task
or to the output task does not make the model unrealistic. An example
is shown in Figure 2.

Analyzing the Wflnstances dataset, we found the following applications
that approximately fit our special case:

« BLAST. DAGs belonging to this bioinformatics application have a
simple three-stage fork-join structure.

« BWA. Similar to BLAST, but the first stage has two tasks instead of
one.

« Seismology. These DAGs have simple two-stage structure: the first
stage consists of parallel tasks, and the second stage is just a single task
that processes and merges the results of the previous tasks.

Examples showing the structure of BLAST, BWA, and Seismology
graphs are shown in Figure 3. For clarity, the graphs are drawn without
the artificial input and output tasks.
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O

(a) BLAST

(c) Seismology

() BWA

Ficure 3. Graph structure examples

4.2. Experimental Setup

We compare the performance of two MILP models on Wflnstances
DAGs from the three applications mentioned above. We limit ourselves to
DAGs with no more than 110 tasks, including extra input and output tasks.
Following [4], we consider a set of VMs for 4 cheapest VM types in each of
the Amazon EC2 m5 and ¢b families, 3 VMs for each type (24 VMs in
total). The billing interval is 1 second.

The models were solved with CPLEX 20.1 on Intel(R) Xeon(R) Silver
4216 CPU @ 2.10GHz with 128 GB RAM. The solver was allowed to use
up to 32 parallel threads. The time limit for solving the model was 1 hour.

We test three problem formulations: makespan minimization without
additional constraints, deadline-constrained cost minimization, and budget-
constrained makespan minimization. The last two formulations require
setting a deadline or a budget.
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TABLE 1. Makespan minimization model size in the number of
integer variables and constraints

Model size
DAG baseline MILP multi-stage MILP
M constraints | () constraints
unconstrained
blast-chameleon-large-* 13545 257480 3231 1573
blast-chameleon-small-* 3105 43100 1791 1513
bwa-chameleon-small-* 13780 259956 3255 1574
seismology-chameleon-100p-* = 13081 252554 3041 1239
deadline/budget-constrained
blast-chameleon-large-* 13570 277042 3256 1959
blast-chameleon-small-* 3130 51142 1816 1899
bwa-chameleon-small-* 13805 284366 3280 1960
seismology-chameleon-100p-* | 13106 262372 3066 1529

(1) Number of integer variables

The standard approach [4-6] is to take some crude estimation of
optimal makespan or cost and to convert it into a constraint by multiplying
by some pre-defined parameter a. Cost estimation was performed by
running all tasks sequentially on the cheapest VM type, as in [4, 5].
Makespan estimation was performed by running each task on a separate
instance of the fastest VM type, assuming that data transfers are instant,
as in [4, 6].

Parameter a was set to 10 for deadline and to 2 for budget. The
reason behind taking different « for different constraints is that setting «
too low would make the problem trivially infeasible and setting « too high
would make the constraint trivially satisfiable and therefore useless. What
is too low or too high depends on the quality of estimation, which is
different for makespan and cost, therefore different parameters.

4.3. Results

Table 1 show the number of integer variables and constraints in the
MILP models for unconstrained and deadline/budget-constrained problems
respectively (note that both deadline-constrained cost minimization and
budget-constrained makespan minimization have MILP models of equal
size).
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Tables 2, 3, and 4 present model solution time, solver gap, and solver
status for unconstrained makespan minimization, deadline-constrained cost
minimization, and budget-constrained makespan minimization respectively.

Solver gap is calculated as % - 100% where best is the best
schedule found by the solver and bound is the best lower bound on the
optimal objective value found by the solver. If the model is solved to
optimality, then the gap is 0. If the model found no feasible solution, then
the gap is co. If the gap is oo and the solver terminated before reaching

the time limit, it means that the problem is provably infeasible.

Solver status is one of the following;:

“optimal”if the model was solved to optimality,
“feasible”if some feasible solution was found, but not proved to be optimal,
“infeasible”if the solver proved that no feasible solution exists, and

“unknown”if no feasible solution was found, but infeasibility couldn’t be
proved either.

The solver failed to solve the basic MILP model to optimality for any
problem on any DAG within 1 hour. The multi-stage model was solved on
blast-chameleon-small-* DAGs (with a few exceptions), seismology DAG
(except for makespan minimization), and on two BWA DAGs in the case of
deadline-constrained cost minimization.

Even though in most cases multi-stage model cannot be solved to
optimality within 1 hour, for BLAST and seismology DAGs it produces
solutions with an optimality gap below 4% (with a single exception of
budget-constrained optimization on blast-chameleon-small-001) if the
problem is feasible (and in many cases the gap is less than 1%). Its
performance on BWA DAGs is somewhat degraded, but it still produced a
smaller gap than the basic MILP model.

Basic MILP model on the other hand often produces solutions with
more than 60% gap, and for deadline-constrained optimization the gap is
never below 90%. As for the model size, we achieved up to 200x reduction
in the number of constraints and up to 4x reduction in the number of
integer variables.



TABLE 2. Makespan minimization solution time, status, and gap

baseline MILP

multi-stage MILP

DAG
time (s) @ status  gap (%) time (s) | status gap (%)
blast-chameleon-large-001 3600.00 | feasible 90.63 3600.00 | feasible 0.25
blast-chameleon-large-002 3600.00 | feasible 92.64 3600.00 | feasible 0.12
blast-chameleon-large-003 3600.00 | feasible 95.44 3600.00 | feasible 0.24
blast-chameleon-large-004 3600.00 | feasible 93.08 3600.00 | feasible 0.17
blast-chameleon-large-005 3600.00 | feasible 93.37 3600.00 | feasible 0.17
blast-chameleon-small-001 3600.00 | feasible 80.22 3600.00 | feasible 3.09
blast-chameleon-small-002 3600.00 @ feasible 71.92 20.40 optimal 0.00
blast-chameleon-small-003 3600.00 | feasible 69.96 1578.76 | optimal 0.00
blast-chameleon-small-004 3600.00 | feasible 71.43 638.41 optimal 0.00
blast-chameleon-small-005 3600.00 feasible 71.31 42.10 optimal 0.00
bwa-chameleon-small-001 3600.00 | feasible 19.23 3600.00 | feasible 4.81
bwa-chameleon-small-002 3600.00 | feasible 21.95 3600.00 | feasible 9.91
bwa-chameleon-small-003 3600.00 | feasible 23.34 3600.00 | feasible 15.50
bwa-chameleon-small-004 3600.00 | feasible 21.29 3600.00 | feasible 11.50
bwa-chameleon-small-005 3600.00 | feasible 21.04 3600.00 | feasible 7.49
seismology-chameleon-100p-001 | 3600.00 | feasible 65.79 3600.00 | feasible 0.14
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TABLE 3. Cost minimization w.r.t. deadline (o = 10) solution time, status, and gap

baseline MILP

multi-stage MILP

DAG
time (s) @ status | gap (%) time (s) status | gap (%)
blast-chameleon-large-001 3600.00 | unknown ) 3600.00 feasible 0.15
blast-chameleon-large-002 3600.00  unknown o 3600.00 feasible 0.07
blast-chameleon-large-003 3600.00 | unknown ) 3600.00 feasible 0.17
blast-chameleon-large-004 3600.00 | unknown ) 3600.00 feasible 0.18
blast-chameleon-large-005 3600.00  unknown oo 3600.00 feasible 0.11
blast-chameleon-small-001 3600.00 | unknown ) 0.07 infeasible )
blast-chameleon-small-002 3600.00 feasible 93.22 59.95 optimal 0.00
blast-chameleon-small-003 3600.00 feasible 93.34 3222.04 optimal 0.00
blast-chameleon-small-004 3600.00 feasible 92.86 3600.00 feasible 2.34
blast-chameleon-small-005 3600.00 feasible 93.45 3600.00 feasible 0.13
bwa-chameleon-small-001 3600.00 feasible 100.00 42.41 optimal 0.00
bwa-chameleon-small-002 3600.00 feasible 100.00 3600.00 feasible 0.01
bwa-chameleon-small-003 3600.00 feasible 100.00 3600.00 feasible 1.27
bwa-chameleon-small-004 3600.00 feasible 100.00 16.40 optimal 0.00
bwa-chameleon-small-005 3600.00 feasible 100.00 3600.00 feasible 1.34
seismology-chameleon-100p-001 | 3600.00 feasible 100.00 75.13 optimal 0.00
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TABLE 4. Makespan minimization w.r.t. budget (v = 2) solution time, status, and gap

baseline MILP

multi-stage MILP

DAG
time (s) = status | gap (%) time (s) status @ gap (%)
blast-chameleon-large-001 3600.00 | unknown [eS) 3600.00 | feasible 0.52
blast-chameleon-large-002 3600.00 feasible 96.74 3600.00 | feasible 0.20
blast-chameleon-large-003 3600.00 feasible 95.78 3600.00 | feasible 0.24
blast-chameleon-large-004 3600.00 | unknown [e9) 3600.00 | feasible 0.37
blast-chameleon-large-005 3600.00 = unknown 00 3600.00 | feasible 0.19
blast-chameleon-small-001 3600.00 feasible 76.62 3600.00 | feasible 8.76
blast-chameleon-small-002 3600.00 feasible 74.32 44.74 optimal 0.00
blast-chameleon-small-003 3600.00 feasible 72.85 2194.55 | optimal 0.00
blast-chameleon-small-004 3600.00 feasible 71.63 109.33 optimal 0.00
blast-chameleon-small-005 3600.00 feasible 73.26 29.13 optimal 0.00
bwa-chameleon-small-001 3600.00 feasible 22.49 3600.00 | feasible 2.54
bwa-chameleon-small-002 3600.00 feasible 72.44 3600.00 | feasible 22.73
bwa-chameleon-small-003 3600.00 = unknown oo 3600.00 @ feasible 5.85
bwa-chameleon-small-004 3600.00 | unknown 00 3600.00 | feasible 11.60
bwa-chameleon-small-005 3600.00 = unknown 00 3600.00 | feasible 13.19
seismology-chameleon-100p-001 | 3600.00 feasible 99.58 821.60 optimal 0.00
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5. Conclusion

In this paper, we present a novel compact MILP model for scheduling
multi-stage DAGs with homogeneous dependencies in the cloud. This
model is much smaller than the conventional one due to stage compression.
The experiments show the advantage of the proposed model: it significantly
reduces the number of integer variables and constraints, and in most cases
produces optimal or near-optimal feasible solutions within the 1-hour time
limit. A promising future direction is strengthening the formulation to find
optimal solutions in more cases.
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Komvmnakraas MILP-monens njiss miiaHupoBaHUS
MHOT'OCTAIUNHBIX I'PadOB BHIYUCJIEHUN C OJHOPOIHBIMU
3aBUCHUMOCTSIMHU B ODJIaKe

[Opuii dvurpuesna Cemernos™, Oner Bukroposuu CyX0opocIoB?
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AHHOTauus.

B craTpe paccmaTpuBaeTcs 3a/1a4a IJIAHUPOBAHUS OPHEHTHPOBAHHBIX AI[UKJINIECKIX
rpados (DAG) BBIYHCIMTENBLHBIX 33489 B OOJIAMHON Cpefie C HEeIbI0 MUHUMU3AIUN
JJTATEbHOCTH PACIIMCAHUS WM CTOMMOCTH BBIITOJIHEHUSI. BaKHBIM HanpaBIeHHEM
WCCJIETOBAHNI, CBI3aHHBIX C PEIIeHNeM CIOKHBIX 337189 IJIAHUPOBAHUS, SBJISIETCS
pa3paboTka Mofeseil CMEIIaHHO-TIeJI0YNCIEHHOTO JIMHETHOTO TPOrPaMMIPOBAHIST
(MILP), KOTOpBIE MOT'YT UCIOJIB30BATHCS C TOYHBIMU PEIIATESIMEA MU CIIy2KUTh
OCHOBOI JIJIsI TIOCTPOEHNUs JTHHEHHBIX penakcanuii. Cymectytomue MILP-monemmn
noist ianuposanusa DAG B obiiake cozmepkar GOJIbINOE UUCIO MEPEMEHHBIX U
OTpaHWYEHUI ¥ U3BECTHBI KAK IPE3BBIYANHO TPYIHBIE [IJTsI PelleHnsi. XOTs B 00IIemM
C/IydYae YIyduTh TaKue MOJEJIN CJIOYXKHO, Tpadbl, BCTPEYAOIINECs] HA MPAKTUKE,
9aCcTO 00JIaIal0T BHIPAYKEHHBIMU CTPYKTYPHBIMU CBOMCTBAMM, KOTOPBIE MOXKHO
HCIIOJIB30BATh JJIsI TOCTpoeHust 6osiee 3 HEKTUBHBIX MOIEIIEH.

B pabore Takue cBoiicTBa UCIOIB3YIOTCS ISl pa3pabOTKH 6ojiee KOMIAKTHOMN
u Jrydre niomatorieiicss permennto MILP-momenn njisi rpadoB, cocrosiimmx us
HECKOJIBKUX CTa il (CJIOEB) ¢ OJHOPOJHBIMA 3aBHCUMOCTSIMU 110 JaHHBIM. [Ipenmyrne-
CTBa MPEJJIOYKEHHON MOJIESIN JIEMOHCTPUPYIOTCS C MOMOIIBIO BBIYUCIUTETBHBIX
9KCIEPUMEHTOB.

(Ceazamnmvie mexcmo, cmamovt Ha AH2AUTCKOM U HA PYCCKOM A3LIKAT )
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1. BeeaeHue

[TapanyenbHble U pACTIPEIEEHHBIE TPUIOKEHNS TaCTO MOJETUPYIOTCS KAK
nanpassiennple anukindeckue rpadol (DAG) BblYucIUTENbHBIX 32084 C 3aBUCH-
MOCTSIMH TIO JIAHHBIM M€Ky HUME. Takue MpUIOKeHHsl BOSHUKAIOT B HAYTHBIX
BBIYHCIeHnsX 1], pacrnpenenéHHoM MammuHAEOM 00y veHun [2] 1 GoIbIIX
maHHbX [3]. 3amavua wianuposanus rpada 3aKIIOIAETCS B OMPEIETEHUN IS
KaXKI0# 3871441 MAallluHBI, Ha KOTOPOI OHA OyJ/IeT BBIOJIHITHCS, U BPEMEHU
HAYAa/Ia BBINOJTHEHNsI. TPaJUInoOHHO aJrOpUTMbI IIJIaHUPOBaHus rpada GbLIn
COCPEJIOTOYEHBI HA, MUHUMU3AIMN BPeMeHU BbINojiHeHus rpada. OpHako ecin
rpad> BBINOJHAETCS B 0OJIaKe, a He B JIOKAJTBHOM KJIaCcTepe, BOSHUKAET JIPyrasi
BasKHAs METPUKA: CTOMMOCTD BBIIIOJTHEHUS. XOTS 3aMaHINBO OITUMUBUPO-
BaTh 06a KpUTEPUsl OJHOBPEMEHHO, TAKOMN MOJIXO0J OOBIYHO JAET HECKOJBKO
HecpaBHUMBIX [lapeTo-3¢dheKTUBHBIX pacHucaHuil, 1 BIGOP OKOHYATETHHOIO
pacmmucanusi TpedyeT BMeIaTeThCTBA JIUIA, TPUHUMAOIIETO PENIeHUsI, ITO
JIEJIAET €ro HEeIPUTOIHBIM [T ABTOHOMHBIX CHCTEM IIaHUpoBaHus. [losromy
MBI PaCCMATPUBAEM OJIHOKPUTEPUAIbHBINA CIIydail, KOrja OJiHa MeTPUKa
OIITUMU3UPYETCs [IPU OTPAHUICHUN Ha JPYTYI0 METPUKY (GIO/ZKET UJId CPOK
BBIIIOJIHEHW ) WK Jlazke Boobine 6e3 ydaéra Jpyroii MeTPUKU.

OCHOBHBIM BKJI&JIOM 3TOU cTaThu sBjsgercs yiaydmentnas MILP-momens nist
YACTHOTO CJIydast MHOTOCTAMAHBIX TPadOB ¢ OJHOPOHBIMA 3aBACUMOCTSIMA
o jasHbiM. Kak GyjieT moKasaHo jajiee, 3TOT CIydaii MMeeT ONpeIeIeHHYI0
MIPpaKTUIeCKyIo 3HaInMOoCcTh. Mosens cpaBuuBaetcs ¢ obmeit MILP-momenbio
JJIst TUTaHUpOBaHus rpadoB, MPEJICTABIEHHON B [4].

2. MocraHoska 3agaun
2.1. Mogenb rpada 3agau

Hanpasaennsiit anukiandeckuii rpad G = (T, D) cocTouT U3 MHOXKECTBA
sagaa T (BepmmH rpada) 1 MHOKEeCTBa 3aBHCUMOCTel 10 naHHbIM D (péGep
rpada). st Karxk10ii 381841 ¢ N3BECTHO BPEMsl €€ BBIIOJHEHHsI Ha KarXKJI0M
MallliHe v, 0603HaYaeMoe KaK Py ,,. OOBITHO BpeMs BBITOTHEHNUS ITOJIYIaeTCs
JleJIeHreM pa3Mepa 3a/a9u Bo (Jioncax Ha CKOpoCcTh MamuHbl. OHAKO MBI
HCHOJIb3yeM GoJiee ODIIYI0 MO/JIE/Ih, IIOCKOJIBKY XOTHM, YTOOBI HAIA MOJIETh
ObLIa, TpUMEHNMa, K 00Jiee CJIOYKHBIM CIIEHAPUSIM, KOTJIa BPEMSs BBIIIOJIHEHUs HE
MacITabupyeTcs JTUHEHHO ¢ MPOU3BOIUTEIHHOCTHIO MAIIUHLL (HAIIPUMED,
34712491, OIPAHUYEHHBIE BBOJOM-BBIBOJIOM ).

Pébpa rpacda cooTBeTCTBYIOT 3aBHCHMOCTSIM IO JTAHHBIM MEXKIY 3aTadaMHM.
Kaxxnoe peGpo npejcrasiisiercs Tpoiikoii (i, j, w), o3Hadaome, 910 3a1a4a i
TpebyeT w HafiT MAHHBIX, MPOU3BEIEHHBIX 3aaqeit ¢. KerecTBeHHO, 3a1a49a He
MOXKET HA4YATh BBIIIOJIHEHNE, 10K He IIOJIyIUT BCe HeOOXOIMMble JaHHble. Ecian
3a/1a4a, IPOU3BeIIasi NaHHble, OblIa BBIIOJHEHA HA JAPYIOil MaIliuHe, JaHHbIE
JIOJI?KHBI OBITH IT€PE/IAHbI 110 CETH, YTO BHI3BIBAET KOMMYHUKAIMOHHY O 33/I€PKKY.
Ms1 Ha3bIBaeM JiBe 3a@9l HE3ABUCUMBIMHE, €CJIH MEXKJY COOTBETCTBYIOITIMUI
BepIIrHAMU B rpade HeT HAIPABJIECHHOIO IIyTH HU B OJHOM HAIlPaBJIEHUU.
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Ha npakTuke HEKOTOpPBIE 3a/I1a¥ MOTYT MOJyYaTh BHEITHUE BXOIHBIE
JAHHbIE U OTIIPABJISTH BBIXOJHBIE JaHHBIE BO BHEITHEe XpaHuauiie. B cy-
MIECTBYIONINX UCCJIETOBAHUSX 3TO OOBIYHO BKJIIOYAETCH B MOJEJIb IIYTEM
J100aBJIeHNsT OTHOW BXOHON 33/1a4H, KOTOPAas PACIpeIesiseT BXOAHbIE TaHHbIE,
1 OJTHO BBIXOJHOI 3a/1a41, KOTOpasi cobupaer BBIXOAHBIE JaHHbIe. MbI ciiemyem
TOMY K€ TIOIXOJLY.

2.2. MHorocraguiitbie rpadbl C 04HOPOAHBIMMN 3aBUCMMOCTSAMM

Huxe paccmarpuBarorcst rpadbl ¢ OOpPeAeIéHHBIMU CTPYKTYPHBIMEI
cBoiictBaMu. Mbl Ha3biBaeM rpad «MHOTOCTAIMITHBIM IPadOM C OJHOPOIHBIMU
3aBUCUMOCTAMM», €CJIM BBLIIIOJIHAETCA CJleylolee:

« Bepmunnr rpada MoxkHo pa3dbuth uHa k craguit Ly, ..., Ly Tak, 9TO BCe
3a/1a91 BHYTPH OJHON CTa MU HE3ABUCUMBI, JIJIS BCEX T1ap COCEHUX CTaJIuil
(Li, Li+1) nmobas 3ama4da u3 L;11 HEIOCPEICTBEHHO 3aBUCUT OT JIFOOOM
3amaun u3 L;, 1 Bce TaKue 3aBACUMOCTHU MMEIOT OJUHAKOBLIA pa3mep.

« MoryT cymniecTBoBaTh 3aBUCUMOCTH MEXKJLy HECOCEIHEeH napoil cTainii,
HO B 9TOM CJIy4ae JIOJIXKHbI BBIIOJJHITHCS T€ YK€ YCJIOBUs, YTO U BBIIIE
(3aBHCHMOCTH OJIMHAKOBOTO pa3Mepa MezKJly BCeMHU HapaMy 3a7a9).

Kaxk 6ymer nokazaHo majee, HEKOTOPbIe Tpadbl, BOSHUKAIOIINE B TPAKTH-
YeCKUX IIPUJIOXKEHUAX, COOTBETCTBYIOT 3TOMY OIIDEJIeJIEHUIO ¢ TOYHOCTBIO JI0
TOYHOI anmpokcuMaruu. 11og ToUHON anmpoKCuMaIyei Mbl TOAPa3yMeBaeM,
YTO 3aBUCHMOCTH MOI'YT Ha CaMOM /Jiejie He UMeTh OJIMHAaKOBBII pa3Mep, HO
Pa3HUIA MEXKJy HUMHA IPEHEOPEKUMO MaJia (HAIPUMED, JECATKU UJId COTHU
GaiiT), UTO HA MPAKTHUKE He BJIUSET Ha BPEMsl I€PEIadn 10 CeTH.

[Ipmmep muOTOCTaAMITHOTO Tpada ¢ OMHOPOIHBIMA 3aBHCAMOCTSIMI [TOKA3AH
Ha pucyske 1.

Pucynok 1. Ilpumep mHOrocTaguitHOro rpada ¢ oJHOPOIHBIMUA
3aBrcuMOCTsiME. CILIONIHBIE CTPEJIKN 0003HAYAIOT 3aBUCUMOCTH
MEXKJIy COCEHUMU CTAJMSIMU, & MYHKTUPHbIE CTPEJIKU 0003HAUAIOT
3aBUCUMOCTH MEXKJIy HECOCEHUMU CTaJIASIMHU.
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2.3. Mopenb obnayHbIx pecypcos

Mser paccMaTpuBaeM CIieHapHii, B KOTOPOM Ipad BBIMOJIHSIETCsS HA Habope
Buptryasibabix Mammi (BM), apennosanubix y laaS-o6sagnoro nposaiizepa.
Hawuboustee pacupocrpanéHHast MOjie/b 0OJIaYHBIX PECYPCOB [aaS, ucIosb3yeMast
B CYyIIECTBYIOIIUX HCCIIEIOBAHUSIX, 3aKI09aeTcsd B cueayiomeM. [loap3oBaTesn
nMeeT [OCTYIl K HAOOPY BUPTYAJbHBIX MAIIUH V, T/e KaxKIas MAIInHa
[PUHA/JIE’KUT K OJHOMY U3 THUIIOB, [IPEJJIaraeMblX [IPOBaiiilepoM (TO ecTb
HaOOp MaIuH OOBIYHO reTEePOTeHeH, HO HEKOTOPhIe MAIUHBI MOT'YT UMETh
9KBUBaJeHTHBIE XapakrepucTuku). Kaxapii tunr BM xapakrepusyercs neHoit
Cy ¥ TPOU3BOJUTEHLHOCTHIO. KaK MBI yCTAHOBU/IN paHee, Mbl HE 33/1a6M
[IPOU3BO/IUTE]BHOCTD SIBHO, & OIIPEJIEJIsieEM €€ depe3 TO, HACKOJILKO OBICTPO
KaXK/1asi 3a71a9a BeImoJHAeTcd Ha nanuoit BM. Mol npeanosaraem, 9ro mMamusia
MOXKeT BBIIOJIHSTD OJIHY 3a/a49y 3a pa3, n 3aJadu He MOIYT ObITh IIPEPBAHBI BO
BpeMsI BBIIIOJTHEHUS.

Mpur nipesiosiaraeM, 9To Tiepegada 3aBUCUMOCTEN MeXK Ty 3aJadaMu,
BBITIOJTHSIEMBIME Ha PA3HBIX MAIIMHAX, OCYIIECTBIIsIETCS Uepe3 obiree 00adaHoe
xpanusuine (Hanpumep, Amazon S3). lanuble, npousBe¢HHbIE 3a1a4eil,
3arpy2KaroTcs B XPAHUJINIIE CPa3y MOCTe UX BBITUCCHUS U U3BJICKAIOTCI U3
YKA3aHHOTO XPAHUJINUINA 110 TPeOOBAHWIO 3aBUCUMBIME 3ajadamu. [lepemada
JAHHBIX pa3Mepa w MO CeTU MeXK/Iy MAIMHON U XPaHUJIUIIEM TpedyeT
BpeMeHn w/ B, Tje B — IpoIycKHast ClIocoGHOCTD ceTr. MbI mpe/inosaraem,
9TO OJHOBPEMEHHBIE TIepeIadn He KOHKYPHUPYIOT 33 IMPOIYCKHYIO CIIOCOOHOCTS.
Hamu pesynbrarsr Takke MOIyT OBITH HEIOCPEICTBEHHO aAIlITHPOBAHBI
K Mojiesin 6e3 OOIero XpaHUInIIA.

Ob6iaunble TpoBaligepbl 0OBIYHO Hpejyiarator BM Ha ocHOBe Mojie/n
OILIaTHI 110 (paKTy MCIIOJIB30BaHUsI C MHTEpBaJIOM OmytnHra P B KadecTBe
mapamerpa. Ecan BM v co3zana B MOMEHT BpeMeHU SUM,, U YAAJI€HA B MOMEHT
BpeMeHU fvm,, CTOUMOCTh apEH bl MAINHBI BBITUCIISIETCS KaK

f VMy — SUNy
(1) Co=cy- [ P 1.

O611ast cTOMMOCTH BBIMIOJTHEHUST T'pada 3aTeM PACCIUTHIBAETCS KAK CyMMa
WHIUBUYAJBHBIX 3aTpaT Ha apeHay BM. Mol ne yunthiBaeMm 3aTparhl Ha
o01IIiee XPAHUIIAIIE, TIOCKOJIBKY JIJIsl BBIYHCINTEbHO-MHTEHCUBHBIX rPad 0B OHI
npeHebPEKIMO MaJIbl [I0 CDABHEHHUIO ¢ 3aTparaMu Ha apeHay BM [4].

Cy1ecTByIOT HEKOTOPBIE €CTECTBEHHBIE OI'PaHIYEHUsI, KOTOPbIE JOJIZKHBI
BBITMIOJTHATHCS TIPU BBIYHUCJICHUN BpEeMeHU co3/ianus u yaaaenus BM. BM
JIOJTKHA OBITH 3aIlyIeHa BO BPeMsI BCEX BBLIMOJTHEHUH 3a/1a4, 3aIlJIAHIPOBAHHBIX
na nmarHoit BM, u Bo BpeMs Bcex mepejiad JJaHHLIX Ha Januyio BM uin ¢ meé.
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3. MILP mopenu
3.1. ba3soBas mopgennb

IIpexxme wem mpeacrasuth MILP-Momens mist MHOrOCTaIMAHBIX IpadoB ¢
OTHOPOIHBIMU 3aBUCUMOCTSAMU, MBI ormireM obmryro MILP-momens aisa mianu-
poBanusi rpadoB 3aj1a4 B obs1ake, npejcraBaeHayo B [4]. Ham norpeGyrorcs
JIOTIOJTHATEIbHBIE 0O03HATEHUSA.

st IpOCTOTHI MBI IIEPEOIIPEIesIsieM MHOXKECTBO 3aBucuMocTeir D Tax,
9T00BI OHO COAEPKAI0 TPOHKH (i, j, At), rae At 06o3HaYaeT BpeMs Iepeaadn
JIAHHBIX B/M3 XpaHWJIMIIA, BMECTO TPoeK (i, f, w), Tie w 0003HaYaeT pasMep
Jarabx. N 0603HATaeT MHOXKECTBO BCeX map (7, ) 3a7ad, Me¥KIy KOTOPLIME
HET MyTH B rpade HU OT ¢ K j, HI HA0DOPOT.

U obo3HavaeT BEpXHIOI I'PAHUILy BPEMEHH BBIOJIHEHUS Ipada, BhIUucise-
MYIO KaK CyMMA II0 BCEM 3aJladaM MAaKCHUMAJIbHOTO BPEMEHU BBITOJTHEHUS
3a/[a91 1 MaKCUMaJIbHOI'O BpEMEHU I1epe/lavdu JJaHHBIX II0 eé NCXOAAITM
3aBUCAMOCTSIM, BKJIFOYasi KAK 3arpy3Ky B 00Iee XPAHWIUINE, TAK U CKAIMBAHUE
U3 Hero. JTa rpaHuIla HAMEPEHHO BBHIOpaHa ¢ OOJIBIINM 3aIlacoM HaJIEXKHOCTH,
TaK 4TO €€ JOCTATOYHO JJIsI BceX orpaHmdenuil big-M, ncrosab3yembix HUKeE.
Hakomerr, € obo3nagaer 04eHb MAJIOE MOJIOKUTETHHOE YUCTIO, UCIOIb3yeMOe
JTsl IpeoOPa30BaHusl CTPOrOTO HEPABEHCTBA B HECTPOTOE.

JJist mpocTOTHI MBI TIpeAIoiaraeM, IYTo rpad UMeeT eINHCTBEHHYIO
BBIXOJIHYIO 33J1a4y, 0003HadaeMyto out. Eciin 3T0 He Tak, TO MOXKHO BBECTH
HOBYIO 33241y pa3mepa 0 u 106aBUTh 3aBUCUMOCTH HYJIEBOTO BECA OT BCEX
BBIXOJIHBIX 3a/1a4 K 3TOIl HOBOIt 3a1a4e.

Mopienb COMEPKUT CJIEIYIONTIE TepEMEHHBIE:
xin € {0,1} paBro 1 Torza u TOALKO TOrAA, KOIJA 3a/a49a | Pa3MeIleHa Ha
BM v.
st; € R, obosnagaer Bpemst Hadaa BBITOJHEHUS 3aa49M i.
fti € Ry obosnavaer Bpems 3aBeplieHus] BLIIOJHEHM 3a0a49H 1.

wi,j € {0, 1} duxcupyer mepekpoITHe MKy HE3ABUCHMBIME 3aa4aMi i U j.
Ecu BBIIOJIHEHNSA 3TUX JBYX 3324 [I€PEKPBLIBAIOTCH, TO U Wy j, B Wy, i
YCTaHABJIUBAIOTCA B 1.

svm, € R, obosnavaer Bpemst Hagasa paborsl BM v.

fom, € R, obosnauaer Bpems 3aBepiuenus paborsl BM v.

I, € 7 obo3nagaeT 9NCI0 WHTEPBAIOB OMUJLINHTA, UCIOIb30BAHHBIX BM v.
M € R, obo3natdaeT BpeMs BBIIOIHEHHS rpada.

C € R, 0603Ha49aeT CTOMMOCTD BBIIOJIHEHNs rpada.
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Mopennb collepKUT caeayIonye OrpaHuIeHnsd:

(2) wazl VieT
veV
(3) sti+ Y piw-Tiw=fti VET
vev
(4) ftj—st; <U-w;;  V(i,j)eN
(5) Wi+ Wi+ Tiw +Tje <3 V(i,j) EN Y eV
(6) svm, < fom YveV
(7) svmy, < sty + U (1 —2z0) YoeVVteT
(8) fomy +U - (1 —254) 2 ft; YoeVVieT
(9) L, - P> fum, — sum, Yo eV
(10) (I, = 1)- P < fom, — sum, — ¢ YoeV
(11) M = flout
(12) C=> c1I,
veV
(13) sts = ftp + 200 (Tpp — Tsw) Yo eV V(p,s, At) € D
(14) sumy < st +U - (1 —x54) — At - (50 — Tpo)

Yo eV ¥(p,s,At) € D
(15) fomy +U - (1—2apy) = ft, + At (2py — Ts,0)
Vv eV Y(p,s,At) € D

Orpannvenue (2) rapaHTHPYET, UTO KaxKas 38,198 BBIOJHSIETCS POBHO
na oxnuoit BM. Orpanuuenue (3) cBa3blBaeT BpeMs 3aBepIIEHUs 38129
¢ BpemereM nx Hadasa. Orpannuenust (4) u (5) obecreunBaOT KOPPEKTHOCTh
nepeMeHHbIX 1epekpbiTusd. Orpannyenus (6)—(8) ycranapiuBaioT BpeMsi
3aIlycka u 3asepiienus BM, ne Bkjovas nepenadn ganubix. Orpanudenus
(9) u (10) obecrednBalOT KOPPEKTHBII HOACIET KOJMIECTBA OUJITHHIOBBIX
naTepBanos. Orpannuenust (11) u (12) onpeaessiioT BpeMsi 1 CTOUMOCTh
BBIIIOJIHEHUST COOTBETCTBEHHO. OrpaHNYeHNs], YIUTHIBAIONINE TIEPEIAdN JTAHHBIX,
Pa3JIMYAOTC JIJI KazK 0l crpareruu nepefadun ganubix. Orpanundenue (13)
rapaHTUPYeT, YTO HUKAKAs 3712498 HE HAYUHAET BBLIIOJHEHHE J0 MOy IeHUs
BCEX JAHHBIX OT CBOUX POIUTENbCKUX 3a1a4. Orpanudenue (14) rapanrupyer,
9TO BCe Iepeadn Janubix na BM jexkar B npesesiax BpeMeHu €€ KU3HU.
Orpanunuenue (15) mesaer To ke camoe, HO Jyist nepegad ¢ BM. Hakowerr,
nesieBble (DYHKIUN, & TAKYXKe OIPAHUYEHHs] HA OIOJZKET U CPOK BBIIOJIHEHUSI
TPUBUAJBLHO BBIPAYKAIOTCSI C UCIIOJb30BaHueM Nepemenubix C u M.



\RUmENE Komnaktauasg MILP-MOJENbL /15 TJIAHUPOBAHWS MHOI'OCTA/IMMHBIX I'PA®OB 301

Ilepemennble n orpaHnuvdenus, peJICTaBIEHHBIE BBINIIE, MOTYT TaKXKe
HUCIOJIb30BATHCS JIJIs IIOCTPOEHUS KJIACCHYIECKON MOMEsN IIJIAHUPOBAHUSI
rpada (TOJabKO ¢ MUHUMU3AIMEH BpeMeHU BbIoJHenus ). st 9Toro ciemyer
YAAJUTH TIEPEMEHHBIE SUM,,, fvmy,, I, C'. YTo Kacaercs orpaHuveHuit, cjaeryer
coxpaHuTb 2-5, 11 u 13.

3.2. Mogenb gns mHoroctaguiiibix rpacos

B nanpueitniem mMbl ipejiosiaraem, 9to Ha MHOXKecTBe BM V' 3ajian
IPOU3BOJIbHBIN JIMHEHHBII TOpamoK. BM cpaBHUBaIOTCS COTJIACHO STOMY

HOPSIIKY M HYMEpYIOTCSL B COOTBETCTBHE ¢ HUM uucaamu 1, ..., |V]. Honyckas
HEKOTOPYIO BOJBHOCTh B 0003HAUEHUSAX, Mbl HHOT/IA Oy/ieM OTOXKaecTBIATE BM
u3 MHOXKecTBa V' ¢ mHmekcamu 1, ..., |V].

KimoueBoe HabIIOCHIE, TTO3BOJIAIONIEE TOCTPOUTD HOJIee KOMITAKTHBIE
MOJIE/IN JIjIsi MHOTOCTIUAHBIX I'PadOB € OJHOPOIHBIMU 3aBUCUMOCTSIMHU,
3aKJII0YaeTCd B CIIeLyIONIEM.

JIEMMA 1. Jlas 4106020 KOpPexmmo20 PacnucaGHUA 8MOAHAIOMESA CAEIYIO-
wue ceoticmsa:

1. Ecau i < ', mo xaoicdan 3adava j € L; sasepwaemces ne nossice, wem
Hawuraemces xaoicoas sadaua ' € Ly .

2. Ecau 3adavu § u j' cmaduu L; evnoansomes nwa BM v 6es dpyeuzx 3aday
MENCIY HUMU, 6Ce20a 603MONCHO U ONTNUMAALHO HA%AMY j' Cpasy nocae
308ePUWEHUSA, J.

3. Ipednonooicum, wmo sadava j cmaduu L; navunaemes na BM v 6 momenm
epemenu t. Ecau 3adaua j' € L; nawunaemes cpasy nocae j, ux MOHCHO
NOMEHAMY MECTNAMU MAK, Mo j Hawnémces 6 momenm t, a j — cpasy
nocae j'. Oma onepayua corpanAem KOPPEKMHOCTG PACTIUCAHUA U He
UBMEHAEM HU BPEMA BLINONHEHUA, HU CTNOUMOCTD.

JIOKABATEJILCTBO. 1. Ilo ompenenenunio, MexK/ Iy BCeMU TapaMu 3312t
JIJIsl BCeX Iap COCEJHUX CTaJHii CYIIeCTBYIOT 3aBUCUMOCTH. DTO O3HAYAET, YTO
ecan 1 < 1, KaxKnaga 3ama49a u3 L; OpaMO WM KOCBEHHO 3aBUCHT OT KaXKIIOM
3aa9n u3 L;, ciaegoBaTe/IbHO, KaxK1asd 3a1a9a n3 L; He MOXKeT HAYaThCs,
IIOKa, BCe 3aJ1a4u u3 L; He 3aBepIeHbI.

2. Tlo onpenenennio, 3aa9u j U j', IpuHAAJIEXKAIE OJHON CTaInn
L;, “M€IOT O/THO W TO K€ MHOYKECTBO TIPEJINIECTBEHHUKOB, U /T KaKJI0TO
IIPE/INECTBEHHUKA, Pa3Mep JAHHBIX, OTIPABIAEMbIX B j U j', IIpeonaraercs
OJINHAKOBBIM. DTO O3HAYAET, YTO €CJIN 3aJa4a j IOJIydnia Bce HeOOXOIUMbIE
JIAaHHBIE K MOMEHTY f, TO 3aJa4a j' TaKzKe MOXKET HOJIy9IATh CBOU JTAHHbBIE.
CrnenoBatennno, j/ MoXKeT HadaThcd Cpa3y II0CiIe j. YCTpaHeHHe POMeXKYyTKa
MEXK/Ty 3a/[a9aMi He MOXKET IPOJJIUTh BpeMs XKI3HU Kakoii-imubo BM, mosromy
HU BpeMsI BBITIOJIHEHUSI, HI CTOMMOCTD HE yBEJIMIUBAIOTCS.
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3. Ilo Toii ke JorUKe, 9TO M BbIE, 06e 387891 j 1 j' MOy InIn Bee
HEOOXOIMMbIE JTAHHBIE K MOMEHTY ¢, II09TOMY 00€ MOI'yT HA4aThCH B MOMEHT t.
Yro Kacaercs 3ajad, 3aBUCAIINX OT j U j', KayKjas Takas 3a/1a49a 3aBUCHT
oT 00enx j 1 j', U 3aBUCHMOCTH UMEIOT OJIMHAKOBBIA pasMep. II0CKOJIbKY B
000X CIIydasx HOCIeIHsIs U3 j U j' 3aBepIIAaeTCs B MOMEHT t + Dj  + Dj v,
IIepeCTaHOBKA HE BJIUsieT Ha 3aBUCHUMbIE 3a/1adn. BpeMsi BBIIOJIHEHUS U
CTOMMOCTB OCTAIOTCs IIPEXKHUMU, TIOCKOJIBKY BpeMsi KU3HU HU ojHOi BM He
3aTPAruBaeTCs IIEPECTAHOBKOI. O

JlemmMa, 1O CyIecTBy, yTBEPXKIAET, YTO IOYTH Jjisi BCEX Iiesieil Ham
JIOCTATOYHO PACCMATPUBATE JIMIIL BPEMEHHbIE OTPE3KU [l; 4, T 4], B T€UCHHE
KOTOPBIX 33189 CTaanu ¢ BuIMoTHsIIoTC Ha BM v. BuyTpn oTpeska 3amaxm
BBITIOJTHSIIOTCsT O€3 IMMPOCTOEB, W TOYHBIN MOPSIOK 3329 HE NMeeT 3HAYEHUS,
ITOCKOJIBKY UX MOXKHO CBOOOJIHO MEHSITH MecTaMu. VICIoJIb3yst 9Ty HJIe0, MbI
CTPOUM Hallly MO/IeJIb Ha OCHOBE CJIE/IYIOIUX IIE€EPEMEHHbIX!:

Tjn € {0,1} paBro 1 Torma m TOJBKO TOT/A, KOT/Ja 3a/]a9a j pa3MeIrnena Ha
BM v.

l; v € R4 obosnavaeT BpeMst Havama cTaauu ¢ Ha BM v.

;0 € Ry obo3nadaer Bpema 3apepmenus craauu ¢ Ha BM v. Ecin nukakas
3871448 CTa MU { He BBIIOTHAETC HA U, Ty = ljy-

ri<’v € R obo3HavaeT MaKCUMaJIbHOE BPeMsl 3aBEPIINEeHIS CTAJIUN § Ha JII00OH
BM v/ < v mm HEKOTOpPOE MaJIoe OTPHIATENHLHOE YUCIIO, €CIM HI oxHa BM
v’ < v He BBIIOJIHSAET CTaIHUIO §.

T’i>’ » € Robo3HauaeT MakcHMaJsIbHOE BpeMsl 3aBepIIeHns] CTaIiI ¢ Ha, 000t
BM v’ > v miam HEKOTOpOE Masioe OTPULATENHLHOE YUCJI0, €CaM HU onHa BM
v’ > v He BBINOJHSAET CT3IHUIO i.

hiw € {0,1} pasro 1 Torma u ToIBKO TOrA, KOLAa XOTs ObI OZHA 33248 U3
L; pasmeriena na BM v.

?LM S {0, 1} paBHO 1 TOTJI@ U TOJILKO TOT/Ia, KOTJIa XOTs OBl OJTHA 33/1ata U3
L; ve pasmeriena Ha BM v.

svm, € R, obosnavaer Bpems: Hadasa paborst BM v.

fom, € R, obosnauaer Bpems 3asepiuenus paborsl BM v.

I, € Z, 0bo3HaUaET UNCIO MHTEPBAJIOB OMJIJIMHTA, MCIOIb30BaHHBIX BM v.

M € R, obo3HataeT BpeMs BBINOJIHEHHsT Tpada.

C € R, o6o3Ha9aeT CTOMMOCTD BBIIOJIHEHUs rpada.

B manbreiimem ay1s1 3a1aHHOM cTa Uy ¢ 9epe3 S; Mbl 0003HAYAEM MHOKECTBO
nap (i', At) Takux, 9TO CyIIECTBYIOT PEOpa OT Beex 3ajad u3 L; Ko BceM
3ajstayaM u3 L ¢ BpemeHeM miepegadn At. AHAJIOTUYHO, MHOXKECTBO IIap
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(¢, At) Takux, 9T0 CymiecTByIOT pEOpa OT Beex 3a7ad u3 L, KO BceM 3ajadaM
u3 L; ¢ Bpemenem nepegaun At, Mbl 0603HaYaeM yepe3 P;. Dralnbl HyMepyoTcs
or 1 5o k, a [i, k] obosnavaer uncna 4,7+ 1,..., k. U obosHauaer Ty ke
BEPXHIOIO I'PAHUILY BPEMEHU BBINIOJHEHNUsI, YTO U B 6a30Boit Momesn. Mosenn
UMeEET CJIeYIONe OrPAHUIEeHNUS:

(16) Z Tjou = 1 Vj eT
veV
(17) liv>ric1e Vi€[2,k]VweV
(18) liw + Z PivTiw=Tiv Vie[LLE]VveV
JEL;
(19) hiw < Z Tjv Vie[l,k] VoeV
JEL;
(20) Lil - hiw > Y w0 Vi€[LKYoeV
JEL;
(21) Ty 2Tl Vie[l,k]VoeV,vo>1
(22) iy 2 Tiw—1 — U (1= hiy_1)
Vie[l,k]VveVivo>1
(23) Ty 2T Vie[LEYveVv<I|V|
(24) T3 > Tiv+l — U- (1 - hi,v+1)

Vie[l,k] Vv e Vo <|V|
(25)  lip +U-(1—=hiy) =75, +2At

Vie [,k V(i',At) e P,Yv eV
(26)  liw+U-(1—hip) =71y, +2At

Vi e [1,k] V(' At) e P,Yv eV

(27) Riw <|Lil =Y w0 Vi€[LEVoeV
JEL;

(28) Ll hiw > 1Lil = > @0 Vie[l,kKlVweV
JjEL;

(29) sUMy < 11y YoeV

(30) fomy =1, YoeV

(31) sumy < iy — At - (hiy + hiry — 1)

Vie [,k V(' At) e P,Yv eV
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(32) fvmv > Tiw + At - (hi,v + /ﬁi’,v - 1)
Vi e [1,k]V(i',At) € S; Vv eV

(33) I,- P> fum, — sum, YoeV
(34) (I, = 1)- P < fom, —sum, — ¢ YveV
(35) M>re, YweV

(36) C=> c1I,

Orpannvenue (16) rapanrupyer, 9To KaxKas 3a/a4a BBIIOJHIETCA POBHO
ua oxuoit BM. Orpanudenue (17) rapanTupyer, 910 KaxKJIas HOCJIELYIOMAs
CTaiusl BBIIOJIHETCH 110cse upeapiayeii. Orpanndenue (18) cBa3biBaer
BpeMsl HayaJjla U 3aBepIIeHus I KazkIoi craaun. Kciau Hu onHa 3a1a4a
cTajuu ¢ He BeIIoJHAeTcA Ha BM v, nmeem [; , = 1 4.

Orpamnuenns (19) u (20) onpenensior mepeMenusle h; ,. Orpanndenus
(21)-(24) ompenernsior mepementsie 75, u 7, OHH paGOTAIOT Ty TEM BLITHCIIE-
HUST TeKYIIUX MAKCHMYMOB 7 , JJISL U, BBIIOJIHSIOMIX XOTsI ObI OHY 3aIardy
cragun ¢, o upedukcam u cydbukcam V.

Orpannuenns (25) u (26) rapaHTHPYIOT, YTO KaXKAasl 33/1a9a [0y IaeT
BCe HeOOXOIMMBbIe JIaHHBIE Tiepest BoioaHenneM. Orpanndenus (27) u (28)
OIIPENIETIAIOT IIePEMEHHBIE N 4.

Orpannyuenust (29) u (30) rapaTupyiot, 4T0 BpeMs ku3uun BM Bkiouaer
BCe 3aJ1a4H, BbIIOJIHseMble Ha 910it BM. B coveranun ¢ (17) oHE JONIOJHUTETLHO
TapaHTUPYIOT, UTO SUM, < fUm,.

Orpanuuenue (31) rapanTupyer, 4To Bee Lepejadn JaHHbIX Ha BM sexar
B 1penesiax Bpemenu eé xkusuu. Orpanudenue (32) Jesaer To XKe camoe, HO
s mepegas ¢ BM.

Orpannuennst (33) u (34) obecrednBaloT KOPPEKTHBIH MOJCUET UHTEPBATIOB
Guummara. Hakowen, orpanndenns (35) u (36) onpe/essitor BpeMst 1 CTOUMOCTh
BBIIIOJTHEHUS Ipada COOTBETCTBEHHO.

3.3. CpasHenne mogenei

Paccmorpum rpad ¢ k cragusivu v | TapaMu CTa i, MKy KOTOPBIME €CTh
pébpa. Ha npakruke k < |T| ul < |D|. Basosas mozeas conepxur O(|T||V | +
+ |T|?) nenouncnennsrx nepemennbix u O(|V||T|? + |V||D|) orpanudenwui.
Bamernwm, uro |T'|2 — 310 rpanura pazmepa mMuoxkectBa N Hap HE3ABUCUMbIX
3amad, u B obmewm caydae |T|? MoxkeT GBITH IPE3MEPHO MECCHMUCTITHOL
rpanuneii (B Ka1ecTBe SKCTPEMAIBLHOTO IPUMEPa PACCMOTPHM rpad-IIenouKy,
y xoroporo N = &). Oanako jyist rpadoB, BCTPEUAIONMXCsT Ha IPAKTHKE,
pasmep N wacro cocrasiser O(|T|?).
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B ornmune or 6a30Boit Mozesty, Hata Moaes umeer O(|T||V]) nemotnc-
nennbix nepemenHbix U O(|T| 4+ (k + 1)|V]) orpanndenuii.

Emé omnoit BaxKmoit MeTpUKOil sIBISeTCS KOJIMIECTBO orpanndennit big-M,
OCKOJILKY M3BECTHO, UTO OHU HEraTUBHO BJUSIOT HA IPOU3BOIUTEILHOCTD
perratess. Bazosas momens mveer O(|T|? + |V|(|T| + |D|)) orpanmenmit
big-M, B TO Bpemsi Kak MHOrocTauitHast Mojesb umeer sumb O((k +1)|V]).

4. DkcnepumeHTanbHOE CpaBHeEHWe moaeneit
4.1. OanHbie

[Tupoko mcnoab3yeMbiM HAOOPOM JAHHBIX B COBPEMEHHBIX HCCJIEIOBAHIAX
no wianupoBanuio rpados 3amnaq seasercs Wilnstances [1]. Wilnstances co-
nepKuT rpadsl, coOOpaHHbe N3 9 PeaTbHBIX PACIPEIEIEHHBIX IPUIOXKEHU s
HAYYHBIX BbIUYUC/IEHUIA. XOTs rpadbl B 3T0M HabOpe JAHHBIX HE COOTBETCTBYIOT
B TOYHOCTHU HAIEMY ONPEJIEJEHII0 MHOTOCTAIMIHOTO rpada ¢ 0JHOPOIHBIMEI
3aBUCHMOCTSIME, HEKOTOPBIE U3 HUX COOTBETCTBYIOT emy IpubJimkeénHo. [log
«IIpUOIMKEHHO» MBI TIOJIPA3YMEBAEM CJIEIYIOIIEe:

1) He Bce pébpa Mexk Iy mapoii cTauii B TOYHOCTH PABHBI, HO BPEMS TePeIadn
JUTsl pasHbIX pébep oTimyaeTcs He Gostee weM Ha 1073 cekynmp1 (pH
TUNWYHOMN TIPOIYCKHOM criocobrocTn obaunoii ceru 5 I'6ur/c).

B 9TOM CJIydae Mbl MOXKEM IIOJIO2KUTH BCE€ BpEMEHa Iepe/ladi paBHBIMU
UX CPeJHEMY 3HAYEHHIO IEHONW HEOOJIBINON TOTIPEITHOCTH, KOTOPOi Ha
[PAKTUKE MOXKHO NpeHebpednb (B Xy/IIEM CJIydae [HOIPENIHOCTb BPEMEHH
BBITIOJTHEHUs cocTaBuT He Gosee 10730 cexynn). Creyer OTMETHTD, 9TO
HCIIO/Ib30BAHNE CPEIHET0 BPEMEHU IePe/ladn B HEKOTOPBIX PEIKUX CJIyIasx
MOKET CJIeJIATH PE3YIbTUPYIOIEee PACIHCAHIE HEJOIYCTUMbIM.

D1y npobiieMy MOYXKHO CMSATYIUTh, IPUMEHUB 00JIee KOHCEPBATUBHBIN
IOJIXO/] ¥ yCTAHOBHUB BCE BPEMEHA IIE€PE/IaYN PABHBIMUA UX MAKCHMYMY.
O/1HAKO 9TO OKA3BIBAET MIPEHEOPEIKIMO MAJIOE BJIMSHIE Ha PE3YILTUPYIOILY IO
MILP-Mozneb, 1 B 9KCIIEpUMEHTAX HUZKE MBI HCIOJIb3YEM CPeJTHEee BpeMst
nepenadn. s npusiokenuii, Tpebyomnx rapaHTUPOBAHHON JOITYCTUMOCTH
OTHOCUTEJIBHO UCXOTHOTO Tpada, BMECTO 3TOTO MOXKHO MCIIOJIb30BATh
MaKCUMaJIbHOE BpeMsI IepeJiatin 6e3 u3MeHeHnsT (DOPMYJINPOBKU.

2) Moxketr cyiecTBOBaTh Takas mapa CTajdil, 9TO HEKOTOPbIE 3aJ1a9u
HEIIOCPEICTBEHHO 3aBUCAT JAPYT OT APYra, & HEKOTOPbIE — HET, HO B 9TOM
cliydae OJfHA U3 CTa Uil sIBJIsieTCsI JTUOO TepBOit cTajinel, cocTosIeit n3
€IMHCTBEHHOI BXOIHOI 3a1a4u, JIMOO MOCaeaHeil cTaaueil, cocTodamein us3
€/INHCTBEHHOM BBIXOIHON 33J[a4H, U CyIIECTBYIONINE 3AaBUCHMOCTH UMEIOT
TOYuTH HysleBoe BpeMs mepeadn (He 6osee 1073 cexyHIpI).
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B srom ciygae mbl MOXKeM J100aBUTH HEJIOCTAIOINIE PEOPA C HYJIEBBIM
BpeMeHeM mepenadn. Ves, sexkaias B OCHOBE 3TOi IPOIETYPBI, COCTOUT
B TOM, 9TO 33/Ia4H, KOTOPbIE HE IIOJIyYalOT BHEIIHNE BXO/IHbIE JAaHHbIE
WM HEe OTHPABJILAIOT BBIXOJHBIE JAHHBIE, BCE PABHO COOOIAIOT CBOM
CTATyC IUIAHUPOBIIHMKY, U 9TO MOYXKHO PACCMATPUBATH KaK BHEITHUE
BXO/[HbI€ / BLIXOJIHBIE JAHHBIE [IPEHEOPEKUMO MaJIoro pasMepa.

Takum 06pazoM, J0OaB/IeHNE TOTOJHUTEIBHBIX PEOEP HYJIEBOIO pasMepa OT
BXOJTHOM 3aJIa9M MM K BBIXOJHON 3aJ1ate He JIeJaeT MOJE/b HEPEeAJTUCTHIHOM.
IIpumep mokaszam Ha pucynke 2. Hekoropas cTajius MOKET JIAMb JACTUIHO

Pucynok 2. I'pad, npubInKEHHO yIOBIETBOPSIOIINIA OMIpeIesie-
HIIO MHOTOCTQIMITHOTO Tpada ¢ OJHOPOIHBIMA 3aBUCAMOCTSIIMU

3aBUCETH OT BXOJHOI CTAJINH, U BBIXOIHAS CTAIUS MOYKET JIUIIb YACTUIHO
3aBUCETh OT HEKOTOPOI CTa/MK, HO 9TO He CTPAIIHO, €CJIU STH 3aBUCUMOCTH
OYeHb MAJIOTO pa3Mepa.

Anammsupys mabop jganabix Wilnstances, Mbl oOHAPY KU CJIETYTO-
e TPUIOXKEHNS, KOTOPbIe MTPUOJINZKEHHO COOTBETCTBYIOT OIPEJICICHUIO
MHOTOCTaIUIHHOTO rpada ¢ OIHOPOJHBIMEA 3aBUCHMOCTSIMU:

« BLAST. I'padst 37010 6MonadGOpMATHIECKOTO TPUIOXKEHUST TMEIOT
IPOCTYIO TpEXcTanmitayo cTpykTypy fork-join.

« BWA. Anajoruuso BLAST, Ho niepBasi crajiusi UMeeT JiBe 3aJia9i BMECTO
OIHOIA.

« Seismology. 91u rpadsr UMEIOT TPOCTYIO ABYXCTAIUNHYIO CTPYKTYPY:
IepBasi CTa sl COCTOUT U3 HNapPAJJIEIbHBIX 331, a BTOPasi CTaJIus IIPeJi-
cTaBisieT coboil Bcero ofiHy 3ajady, KoTopas obpabaTrbiBaeT U 00beMHSIeT
Pe3yJIbTATHI IPEIBIIY X 33,1a4.

ITpumepsr, nokazsiBatomnue crpykrypy rpados BLAST, BWA u Seismology,
puBejieHbl Ha pucyHke 3. Jlnst HarisgHOCTH rpadbl M300paskeHbl 0e3
HUCKYCCTBEHHBIX BXO/JHOI W BBIXOJIHON 3a/1a4.
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O

(a) BLAST O——=0

(6) Seismology

(6) BWA

Pucynok 3. Ilpumeps crpykTyp rpados
4.2. OnucaHue 3kcnepumeHTta

Msr cpaBHuBaeM mpousBoauTeabHOCTh 1ByX MILP-moseneit Ha rpadax us
Wilnstances mjist Tpéx yIOMSIHYTBIX BBIIIE IIPUIOKEHWHA. Mbl orpaHnInBaeMcst
rpadamu, cogepxamumu He 6osiee 110 3a1a9, BKIIFOYAS JIOMOJTHATEIbHBIE
BXOJHYIO 1 BbIxonHyW 3amaun. Criemys [4], Mbr pacemarpusaem maGop BM u3
4 cambix nmeméBbix TumoB BM B kaxkgoM u3 cemeiicts Amazon EC2 mb u cb,
mo 3 BM kaxxoro tuna (Bcero 24 BM). nrepsas 6usumHra cocTapiser
1 cexynny.

Mogenu pemanucs ¢ nmomornbio MILP-pemarens CPLEX 20.1 na mporec-
cope Intel(R) Xeon(R) Silver 4216 CPU @ 2.10GHz co 128 I'B oneparusHoil
maMsaTH. Perraresio ObLIO pa3perreHo UCIoIb30BaTh 10 32 MapaJslIebHBIX
moTokoB. OrpaHnyveHne 110 BpEMEHU Ha PellleHne MO COCTaBJIsAIo 1 Jac.

MpbI TecTUpyeM TpH IMOCTAHOBKM 33/Ia4N: MUHUMU3AIUS BPEMEHU BBITIOJ-
HeHnsa 0e3 JOMOJHUTEILHBIX OTPAHNICHNH, MUHIMMI3AINST CTOMMOCTH TP
OI'DaHMYEHUN Ha CPOK BBINIOJTHEHUS] M MUHUMU3AIUS BPEMEHU BBIIOJHEHUS IIPU
orpannvenun Ha OrokeT. [locientne qBe MOCTAHOBKU TPEOYIOT 3a/IaHUS CPOKA
BBITIOJTHEHUST WU OIO/I2KeTa.
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Crangaprbiii noaxos [4-6] cocrout B ToM, 4TOOBI B3sITh HEKOTOPYIO
rpyOyIo OIEHKY ONTHUMAJBHHOTO BPEMEHH BBITIOJIHEHUS WA CTOUMOCTH U
peobpa3oBaTh €€ B OrpaHUYIeHNe IMyTEM YMHOXKEHIS Ha HEKOTOPBIH 3apamee
onpeenéHHbIil mapamerp . ONEeHKa CTOMMOCTH BBIUHC/ISIACH IIYTEM TOCTIE 0~
BaTeJIBHOIO 3allyCKa BCEX 3a/1a4 Ha caMoM jemésoM ture BM, kak B [4, 5].
OrneHKa BpeMeHU BBIMOJHEHNs] BBIYUC/ISLIACH IIyTEM 3aIyCKa KaXKO0N 3a1a9m
Ha OTJEJBHOM JK3eMILIsipe caMoro ovicTporo tuiia BM B mpejmnosioxenun, 9ro
nepeauy JaHHBIX IPOUCXOMST MIHOBEHHO, Kak B [4, 6].

[Tapamerp « ObuT ycTanoBieH paBHbIM 10 [JIst CpOKa BBIIOJHEHUS U 2 s
oromekera. [IpuunHaa UCIIOIb30BaHMST PA3HBIX (v JJIsi PA3HBIX OI'DAHUIEHUI
3aKJII0YAETCS B TOM, 9TO CJIUIIKOM MaJjioe 3HAYeHUe (v CIeJIAJI0 Obl 3a/1ady
TPUBHUAJILHO HEJIOIYCTUMOI, & CJIMIIIKOM OOJIBIIIOE 3HAUEHUE (v CIIeJIaJI0 ObI
OrpaHMYeHNe TPUBUAJIBHO BBIIOJHUMBIM U, CJIeJI0BATE/IbHO, OeCojie3HbIM. UTO
SABJISIETCS CJAUNIKOM MAJIBIM MJIM CJIUIIKOM OOJIBITIM, 3aBUCUT OT KAaJIeCTBa
OIEHKH, KOTOPOE PA3JUIAETCS I BPEMEHW U CTOUMOCTH, MTOITOMY U
mapamMeTphbl pa3HbIe.

4.3. Pe3synbtatbl

B Tmabaure 1 mokazaHo KOJUYECTBO TEJOIUCTEHHBIX EPEMEHHBIX U
orparnuennii B MILP-moesnsix fyist 3aa1 6e3 orpaHndeHuii U ¢ OrpaHnIeHIAMI
HA CPOK BbINOJIHEHMsI/GIO/IZKET COOTBETCTBEHHO (3aMETUM, YTO MUHUMUSAIMS

TAB/IMIA 1. Pasmepnl Mojiesieit B KOJIMIECTBAX HEJTOUUCTIEHHBIX
IIEPEMEHHBIX M OTPAHUYEHUH JJIsT MUHUMHU3AIMA BPEMEHU BBIITOJTHE-

HUS
Paszmep monenn
I'padbr obuei MHOI'OCTaAUNHON
@ orpanmuennii = [(1) | orpanmuenmii

6e3 orpaHUYEHUN HA CPOK BBINOJIHEHUS WUJIU OIO/>KET
blast-chameleon-large-* 13545 257480 3231 1573
blast-chameleon-small-* 3105 43100 1791 1513
bwa-chameleon-small-* 13780 259956 3255 1574
seismology-chameleon-100p-* | 13081 252554 3041 1239

[pU OrpaHUYEnsiX HA CPOK BBIMOJHEHMUS WU Oroa>KeT
blast-chameleon-large-* 13570 277042 3256 1959
blast-chameleon-small-* 3130 51142 1816 1899
bwa-chameleon-small-* 13805 284366 3280 1960
seismology-chameleon-100p-* | 13106 262372 3066 1529

& KOJINYECTBO IEJIOYUCJICHHbIX II€PpEMEHHBIX

CTOMMOCTH IIPY OT'PDAHUYEHNH Ha CPOK BBINOJIHEHNS U MUHUMH3AIIAS BPEMEHU
BBIIIOJIHEHUS IIPU OT'PaHUYeHNH Ha Oio/KeT nopoxkmaioT MILP-monenn
OJIMHAKOBOT'O pa3Mepa).
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B rabumnax 2, 3 u 4 npescTaBiieHbl BpeMsI PEIIeHUs] MOJEJIN, OTHOCH-
TeJILHBIN 3a30p PelaTesis U CTaTyC PelaTess I MUHIMU3AIid BPEMEHN
BBIIIOJIHEHNsl 0€3 OrpaHMyeHnil, MUHUMU3AlMd CTOUMOCTH DU OIPAHUYCHUN Ha,
CPOK BBIIIOJIHEHUSI 1 MUHMMU3AIAU BPEMEHY BLIIOJIHEHMsI DY OrPAHUYCHUH Ha,
OIOJIZKET COOTBETCTBEHHO.

3azo0p perraTesisi BEIYUCISIETCST KAk W -100%, rue best — myqmee
pacnucanue, HaliJeHHOe perrraresieM, a bound — Jrydinast HUZKHSST TPAHUIIA
ONTUMAJILHOTO 3HAYEHUSI T1eJIeBOil (DYHKIMM, HalijleHHas periaTesieM. Ecin
MOJIeJIb PEIleHa 0 ONTUMAaJbHOCTH|, TO 3a30p paseH 0. Ecim Monens e
HaIIlJIa HE OJIHOI'O JIOIyCTUMOTO PEIIeHus], TO 3a30p paBeH oo. Eciu 3a30p
PaBeH 0O U peliaTe b 3aBEPINUJI PAdOTY 10 JOCTUKEHUs! JIMMUTA BPEMEHHU, TO
9TO O3HAYAET, UTO 3a/a9a JIOKA3yeMO HEJIOIyCTUMA.

Craryc peraresist — OJIHO U3 CJIeLyIOIIEero:

«optimaly, eciiu Mozesb ObLIa PEIeHa 0 ONTUMAJIBHOCTH;

«feasibles, ecu GBLIO HalZIEHO HEKOTOPOE JOIYCTUMOE PEIlleHNe, HO ero
ONTUMAJILHOCTD HE JIOKA3aHA,

«infeasibles, ecanm pemarenb J0Ka3al, 9TO JOIYCTUMOTO PEIICHUs He CyTIe-
CTBYeT; 1

«unknown», ecm JOIMyCTUMOE PeIeHne He ObLIO HalJIeHO, HO W HEJIOMYCTH-
MOCTDb TaK2Ke He y/IaJIOCh JOKa3aTb.

Pemratenio #e ymamocs pemuth 6a30By0 MILP-Mozens 10 onTuMaabHOCTH
HU JIjIsl OJIHOM 3aJia9u HU Ha OfHOM rpade B Tedenue 1 gaca. Muorocrauitnas
Mogess Gblta pemeHa Ha rpadax blast-chameleon-small-* (3a HecKOMbKUMM
UCKIITOUeHnsIME ), Ha rpade Seismology (Kpome MUHUMHU3AIUU BpEMEHU
ucrosHeHus) n Ha JByx rpadax BWA B ciyuae MUHHMU3AIME CTOUMOCTH [PH
OrPaHUYEHUN Ha CPOK BBIOJHEHUS.

Hecmotps Ha TO, 9YTO B GOIBIIMHCTBE CIIyYaeB MHOTOCTAIUIHYIO MOJIETH
He YIaéTCsl PEIUTh JI0 ONTUMAJIBHOCTH B Tedenue 1 gaca, mis rpagos BLAST
u Seismology oHa AT perneHus ¢ 3a30pOM OonTHMalbHOCTH HuXKe 4% (3a
€/IMHCTBEHHBIM UCKJIIOYEHUEM B JIAIE ONTUMU3AIAY [IPU OIPAHUYEHUN Ha
6romker miist blast-chameleon-small-001), ecnin 3amaua gonyctuma (1 BO
MHOIHX CJIydasx 3a30p cocrasiser meHee 1%). E€ nponssoauTessHOCTD Ha
rpadax BWA meckosbKo yXysimaercs, HO OHa BCE DABHO JIAET MEHBINHiT 3a30D,
gyeM OazoBast MILP-moness.

Bazosas MILP-mozennb, ¢ Ipyroit CTOPOHBI, YaCTO JAET PEIIeHNUs C 3a30POM
Gosee 60%, a JUIs ONTUMUBAINK TIPY OTPAHUYEHWN HA CPOK BBITIOJHEHUS 3a30D
nukora He 6piBaer Hizke 90%. Yro Kacaerca pasMepa MOJE/IM, MHOTOCTa,IUHAL
MOJIEJIb JIOCTUTAET COKpAIlleHnsl KojimdecTBa orpanndenuii 1o 200 pa3 u
COKDAIIEHHsT KOJNYIECTBA IeJIOUNCIEHHBIX IIEPEMEHHbBIX 10 4 pa3.



TAbBmUIA 2. Munumusanysi BpeMeH! BBIIOJIHEHHsT 0e3 OrpaHUYeHNIA: BpEMsl PEIleHusI, 3a30D U CTaTyC

pemaress

obG1asi Moaesib

MHOrocTaguiHasi MoeJib

rpad Bpems (c) | craryc @ 3asop (%) Bpems (c) craryc 3asop (%)
blast-chameleon-large-001 3600.00 feasible 90.63 3600.00 feasible 0.25
blast-chameleon-large-002 3600.00 feasible 92.64 3600.00 feasible 0.12
blast-chameleon-large-003 3600.00 feasible 95.44 3600.00 feasible 0.24
blast-chameleon-large-004 3600.00 feasible 93.08 3600.00 feasible 0.17
blast-chameleon-large-005 3600.00 feasible 93.37 3600.00 feasible 0.17
blast-chameleon-small-001 3600.00 feasible 80.22 3600.00 feasible 3.09
blast-chameleon-small-002 3600.00 feasible 71.92 20.40 optimal 0.00
blast-chameleon-small-003 3600.00 feasible 69.96 1578.76 optimal 0.00
blast-chameleon-small-004 3600.00 feasible 71.43 638.41 optimal 0.00
blast-chameleon-small-005 3600.00 feasible 71.31 42.10 optimal 0.00
bwa-chameleon-small-001 3600.00 feasible 19.23 3600.00 feasible 4.81
bwa-chameleon-small-002 3600.00 feasible 21.95 3600.00 feasible 9.91
bwa-chameleon-small-003 3600.00 feasible 23.34 3600.00 feasible 15.50
bwa-chameleon-small-004 3600.00 feasible 21.29 3600.00 feasible 11.50
bwa-chameleon-small-005 3600.00 feasible 21.04 3600.00 feasible 7.49
seismology-chameleon-100p-001 3600.00 feasible 65.79 3600.00 feasible 0.14
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TABINIIA 3. MuHUMH3ALUS CTOMMOCTHU C IIpejebHbIM cpokoM (« = 10): Bpemsi pelieHusi, 3a30p U CTATyC
permaress

i

rpad oburasi Moelib MHOrOCTagulHasg MOeJIb
Bpems (¢) | craryc | sasop (%) Bpems (c) | craryc  3asop (%)

blast-chameleon-large-001 3600.00 unknown ] 3600.00 feasible 0.15
blast-chameleon-large-002 3600.00 unknown 00 3600.00 feasible 0.07
blast-chameleon-large-003 3600.00 unknown oo 3600.00 feasible 0.17
blast-chameleon-large-004 3600.00 unknown o0 3600.00 feasible 0.18
blast-chameleon-large-005 3600.00 unknown ] 3600.00 feasible 0.11

blast-chameleon-small-001 3600.00 unknown 00 0.07 infeasible e’}
blast-chameleon-small-002 3600.00 feasible 93.22 59.95 optimal 0.00
blast-chameleon-small-003 3600.00 feasible 93.34 3222.04 optimal 0.00
blast-chameleon-small-004 3600.00 feasible 92.86 3600.00 feasible 2.34
blast-chameleon-small-005 3600.00 feasible 93.45 3600.00 feasible 0.13
bwa-chameleon-small-001 3600.00 feasible 100.00 42.41 optimal 0.00
bwa-chameleon-small-002 3600.00 feasible 100.00 3600.00 feasible 0.01
bwa-chameleon-small-003 3600.00 feasible 100.00 3600.00 feasible 1.27
bwa-chameleon-small-004 3600.00 feasible 100.00 16.40 optimal 0.00
bwa-chameleon-small-005 3600.00 feasible 100.00 3600.00 feasible 1.34
seismology-chameleon-100p-001 3600.00 feasible 100.00 75.13 optimal 0.00

IT¢ €90dVdd XIIHUUTVIOOIOHWN BUHVEOdUHVII BIrT qu‘E[ﬁOI/\I-d"II]/\[ BVHLMVINOM



TABMUA 4. MunuMusanys BpeMeHH BBIIOJHEHUs ¢ 010/pKeToM (o =

pemaress

2): BpeMsl pellleHus], 3a30p U CTaTycC

obG1asi Moaesib

MHOrOCTaguiHasg MOJeJIb

rpac Bpems (c) | craryc 3asop (%) Bpems (c) craryc 3azop (%)
blast-chameleon-large-001 3600.00 unknown 00 3600.00 feasible 0.52
blast-chameleon-large-002 3600.00 feasible 96.74 3600.00 feasible 0.20
blast-chameleon-large-003 3600.00 feasible 95.78 3600.00 feasible 0.24
blast-chameleon-large-004 3600.00 unknown 0o 3600.00 feasible 0.37
blast-chameleon-large-005 3600.00 unknown 00 3600.00 feasible 0.19
blast-chameleon-small-001 3600.00 feasible 76.62 3600.00 feasible 8.76
blast-chameleon-small-002 3600.00 feasible 74.32 44.74 optimal 0.00
blast-chameleon-small-003 3600.00 feasible 72.85 2194.55 optimal 0.00
blast-chameleon-small-004 3600.00 feasible 71.63 109.33 optimal 0.00
blast-chameleon-small-005 3600.00 feasible 73.26 29.13 optimal 0.00
bwa-chameleon-small-001 3600.00 feasible 22.49 3600.00 feasible 2.54
bwa-chameleon-small-002 3600.00 feasible 72.44 3600.00 feasible 22.73
bwa-chameleon-small-003 3600.00 unknown oo 3600.00 feasible 5.85
bwa-chameleon-small-004 3600.00 unknown 00 3600.00 feasible 11.60
bwa-chameleon-small-005 3600.00 unknown 0o 3600.00 feasible 13.19
seismology-chameleon-100p-001 3600.00 feasible 99.58 821.60 optimal 0.00
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5. 3akniouenue

B nannoit pabore npejoxkena HoBasg kommnakTHas MILP-monens s mia-
HUPOBAHUS MHOTOCTAIMIHBIX rpadOB 3a/1a4 ¢ OJHOPOIHBIME 3aBUCUMOCTSIMU B
obJtake. DTa MOJIE/b 3HAYATEILHO MEHBIIE CTAHAAPTHON Momenn baaromapst
CYKATHUIO CTAIUN. JKCIEPUMEHTHI IEMOHCTPUPYIOT IPEUMYIINECTBO TPEJIO-
JKEHHOU MOJIEJIN: OHA CYIIECTBEHHO COKPAIAET KOJUIECTBO MEJIOINCIEHHBIX
[IEpEMEHHBIX U OTPAHUYEHUN U B OOJIHIMUHCTBE CJIYYAEB HAXOIUT ONTUMAJIbHBIE
nJjan 6J'II/13KI/IG K OIITUMaJIBHBIM JIOIIYCTHUMbIC DEIIeHUsI B IIpe/iesiax 1-qaCOBOFO
JINMUTa BpeMeHU. [lepCrieKTUBHBIM HaIlpaBjIeHueM OyIyIIUX MCCJIEI0BAHMI
sIBJIsieTCsl ycusieHne (bOPMYJIMPOBKH JIJTsi HAXOXKIEHUST OMTUMAJIBHBIX PEIeHuit
B OOJIBIIIEM HUHCJIE CIIYYaEeB.
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